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A B S T R A C T  
 

 

In this paper, the stability analysis and control design of heterogeneous traffic flow is considered. It is 

assumed that the traffic flow consists of infinite number of cooperative non-identical vehicular 
platoons. Two different networks are investigated in stability analysis of heterogeneous traffic flow: 1) 

inter-platoon network which deals with the communication topology of lead vehicles and 2) intra-

platoon network which deals with communication topology of individual platoons. The unidirectional 
communication topology is employed to describe the inter-platoon and intra-platoon networks 

topologies. By introducing a new decoupling approach, the 3N-order closed-loop dynamics of both 

networks is transformed to N third-order dynamical equations. Both inter-platoon and intra-platoon 
string stability are performed by presenting new approaches. Several simulation results are provided to 

show the effectiveness of the proposed approaches. 

doi: 10.5829/ije.2018.31.06c.14 
 

 

NOMENCLATURE 

 Greek symbols  Inter/Intra-platoon headway (s) /h h  

Inter-platoon control gains , ,    Length of vehicle (m) L  

Intra-platoon control gains , ,  
 Inter/Intra-platoon safety distances (m) 

* *,L L  

Spacing error (m)   Engine’s time constant (s) T  

Lag and communication delay (s) ,
 Inter-platoon spacing parameters (m) 

* *

1 2,S S
 

 
1. INTRODUCTION1 
 
Increasing in traffic density will reduce safety, increase 

air pollution, traveling time, and fuel consumption [1-3]. 

Vehicular platooning is a useful solution for reducing 

the impact of traffic congestion [4]. Cooperative 

adaptive cruise control (CACC) as a powerful tool in 

vehicular platooning, has received much attention in 

recent decades [5, 6]. 

For vehicular platoons, in addition to internal 

stability (asymptotic stability), the string stability should 
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be investigated. A vehicular platoon is string stable if 

the spacing errors are not propagated along the group 

[7]. In general, two policies are employed for spacing 

control of vehicular platoons: constant spacing policy 

(CSP) and constant time headway policy (CTHP). In 

CSP, the distance between vehicles is constant. While, 

in CTHP, it varies linearly by velocity [8]. 
In recent years, a large amount of research works 

have been accomplished on control design of vehicular 

platoons: robust control [9], adaptive control [4, 10], 

model predictive control [5], time delay analysis [1, 11-

13], PDE-based approaches [14] and scalability analysis 

[5]. 

 

 

A Third-order Decentralized Safe Consensus Protocol for Inter-connected 

Heterogeneous Cooperative Vehicular Platoons 

Please  cite  this  article  as:  H.  Chehardoli,  M.  Homaienezhad,  A  Third-order  Decentralized  Safe  Consensus  Protocol  For 
Inter-connected Heterogeneous Cooperative Vehicular Platoons, International Journal of Engineering (IJE), IJE TRANSACTIONS C: Aspects 
 Vol. 31, No. 6, (June 2018)   967-972 



H. Chehardoli and M. Homaienezhad / IJE TRANSACTIONS C: Aspects  Vol. 31, No. 6, (June 2018)   967-972                    968 
 

Centralized control scheme improves the stability 

margin but this strategy may lead to undesirable effects 

such as communication delay, data losing, switching 

network, etc. Therefore, it is necessary to study the 

whole traffic flow as interactions between several inter-

connected vehicular platoons.  

In this paper, internal and string stability were 

studied for both inter-platoon and intra-platoon 

networks. The main contributions of this paper are: 1. 

presenting a new approach to decouple the infinite 

dimension of closed-loop dynamics of heterogeneous 

traffic flow, 2. inter-platoon and intra-platoon string 

stability analysis of traffic flow, 3. considering both 

communication and parasitic delays in stability analysis 

of traffic flow with infinite dimension. The rest of this 

paper is organized as follows. In section 2, the problem 

is introduced. In section 3, internal stability of inter-

platoon and intra-platoon were studied. In section 4, the 

string stability problem is investigated for traffic flow. 

In section 5, simulation results are provided to show the 

effectiveness of the proposed approaches. Finally, this 

paper is concluded in section 6. 

 

 

2. PROBLEM DESCRIPTION 
 
In Figure 1, the traffic flow is considered as the 

combination of infinite numbers of inter-connected 

cooperative heterogeneous vehicular platoons. Di,i-1 

illustrates the inter-platoon spacing and , 1i id  is the intra-

platoon spacing. These assumptions are considered for 

this work: 1. The traffic flow consists of inter-connected 

heterogeneous vehicular platoons, 2. Each platoon 

consists of N following and one lead vehicles, 3. The 

communication topology in the whole traffic flow is 

unidirectional. 

The dynamics of vehicle i in platoon k is as follows: 

, , , ,i k i k i k i kT a a u   (1) 

where , , ,, ,i k i k i kT a u are engine’s constant, acceleration 

and control input, respectively. 

 

 

3. INTERNAL STABILITY ANALYSIS 
 

3. 1. Inter-Platoon Internal Stability          The 

tracking error between consecutive leaders is defined as: 

 

 

 
Figure 1. Traffic flow as the inter-connected vehicular 

platoons 
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where x0, v0 are position and velocity of lead vehicle, 

is communication delay, jL is the length of jth vehicle, 

kh is time constant headway of kth platoon, Nk is the size 

of kth platoon, 
, 10 kv   , 1sup{ ( ) : [0, )},0 kv t t  

*v is a 

function of inter-platoonspacing which will be defined 

later and 
0,ke is defined as follows: 
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To increase the traffic capacity, it is defined that: 

*

0, 1

* * * *
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 (4) 

where * *

1 2,S S are positive constants and *

0,( )kv e is 

defined as follows: 

 * * * *

0, max 0, 1 2 1( ) 1 cos ( ) / ( ) / 2k kv e v e S S S    
 

 (5) 

where maxv is the maximum velocity of platoon. By 

defining new variables 1, 0, 2, 0, 3, 0,, ,k k k k k kz e z e z e   and 

using Equation (1), the dynamics of each vehicle is as 

follows: 

1, 2,

2, 3,

3, , 1 0, 0, 0, 0,

*

0, 0, 0, 0,

( ) / /

/ /

k k

k k

k 0 k k k k k

k k k k k k k

z z

z z

z a t u T a T

h u T h a T h v









    
   

 (6) 

In the control design procedure, , ( )0 ku t is considered as:

, ,1 ,2( ) ( ) ( ).0 k k ku t u t u t   Where ,1( )ku t and ,2( )ku t  satisfy 

the following expressions: 

1 1

2 2

*

0, 0, 0, 0,

0, 0, 0, ,

*

, 1 0,

( ) ( ) / ( ) /

( ) ( ) / ( ) ( ) /

( ) /

k k k k k k

k k k k 0 k k

0 k k k

u t u t h T u t h

u t u t h a t a t h

a t T h v

  

   

  

 (7) 

By solving Equation (7), , ( )0 ku t will be in the following 

form: 
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By defining 
0, 1, 2, 3,( ) ( ) ( ) ( )k k k ku t z t z t z t      

, , 0    and replacing Equation (8) into Equation (6), 

the closed-loop dynamics of k-th leader is in the 

following form: 

1, 2, 2, 3, 3, 0,, , ( )k k k k k kz z z z z u t    (9) 

By applying the parasitic delay, Equation (9) resulted in 

the following form: 

,( ) ( ) ( ),

0 1 0 0 0 0

0 0 1 , 0 0 0

0 0 0

k k k 0 kt t t

  

   

   
   

    
        

Z AZ BZ

A B

 
 (10) 

Theorem 1. Under the control law Equation (8) and 

sufficiently small parasitic delay, the inter-platoon 

asymptotic stability is assured if: 

, 0,      (11) 

Proof. The characteristic Equation (10) is as follows: 

 0,

,0 , 0 , 0

2

3 2

det

0

k

kk k

s

k

ss s

CE s e

s e s e s e  



 

   

   

I A B
  (12) 

Equation (12) after simplification will be in the 

following form: 

0,3 2

3 2 2 2 2 2

( )

( 2 ) 0,

k s
s s s e  

        


    

     
 (13) 

Since only one sign change occurs in Equation (12), 

there is only one positive root for for any parametric 

selection. The phase equality condition of Equation (12) 

is in the following form.  

0

1

, 2

1
tan (4 1)

2
k k

 

  


  

     
   

 (14) 

When delay increases from the value calculated by 

Equation (14), when other parameters are kept fixed, the 

related imaginary root can cross to the right hand side of 

s-plane. Therefore, the minimum value of 0,k calculated 

by Equation (14) is the maximum allowable time delay. 

 
3. 2. Intra-platoon Internal Stability Analysis     
The intra-platoon tracking error is defined as 

 
, 1, , 1, 1,

*

, ,

( ) ( ) ( )

( )

i k i k i k i k i k

i i k i k

e t x t x t L d

h v v e

      

 
  (15) 

where ih is intra-platoon time headway and *

,( )i kv e is 

defined similar to Equation (4). 

Theorem 2. Under the following control law, the intra-

platoon asymptotic stability is assured if , 0,      
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where, 1 , 2 , 3 ,( ), ( ), ( )i k i k i kw e t w e t w e t   and
, ( )i ku t 

1, 2, 3,( ) ( ) ( ); , , 0.k k kw t w t w t          

Proof. The closed-loop dynamics of each following 

vehicle is in the following form 

,( ) ( ) ( ),

0 1 0 0 0 0

0 0 1 , 0 0 0

0 0 0

i kt t t

  

   

   
   

    
        

W AW BW

A B

 
 (17) 

The stability analysis can be completed similar to 

previous theorem. 

 

 
4. STRING STABILITY ANALYSIS 

 
4. 1. Inter-platoon String Stability Analysis      
Time derivative of both sides of Equation (1), 

employing Equation (8) and taking Laplace transform of 

both sides of the resultant equation leads to: 
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Time derivative of Equation (2) and then Laplace 

transform of it, yields   

0, 0, 1(1 ) ( ) ( )s

k k k ksE e h s G s V s


      (19) 

By performing the same procedure for 0, 1( )ke t , we have 

0, 1 1 1 0, 1/ ( ) (1 ) ( )s

k k k ksE e G s h s V s

   
      (20) 

Therefore, the spacing error ratio is as follows: 

10,*
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 (21) 

If *: ( ) 1,G j   the inter-platoon string stability is 

assured. 

Theorem 3. Under the following condition, the inter-

platoon string stability is guaranteed. 

0,

2

0, 1

k

k

T

T




  (22) 
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Proof. *( ) / 1 0.G j a b b a      According to 

Equation (22), it is inferred that: 

6 2

0
( , , , ) k

kk
b a C h   


    (23) 

The low frequency region is the most determinant 

region in string stability analysis [1, 4, 7]. Therefore, it 

is concluded that if 
0 0,C  the inter-platoon network is 

string stable. After algebraic manipulations and 

simplifications, we have 2 3 2 2

0 0, 0, 1 0,4 .k k kC T T T  
 

So 

that,
0 0C  if Equation (22) holds. 

 

4. 2. Intra-platoon String Stability Analysis  
Theorem 4. Under the following condition, then intra-

platoon string stability is guaranteed 

0,
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k
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Proof. For each vehicle in the platoon we can write 
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By following the proof of theorem 3, Equation (24) is 

obtained. 

 

 

5. SIMULATION STUDIES 
 

In this section, it is assumed that traffic flow consists of 

ten heterogeneous vehicular platoons. The inter-platoon 

and intra-platoon spacing errors are defined as 
1

0, 0, 1 0, , 1 , 1

kN

k k k j k k kj 0
x x L D 

  
    and , 1, ,i k i k i kx x  

1, 1 .i kL d   , respectively.  

 

Scenario 1. In this scenario the inter-platoon and intra-

platoon stability analyses were studied. Figure 2-a 

shows the stable region of time delay. In this figure, it is 

assumed that all control parameters are fixed except .

Therefore, by employing the CTCR method the stable 

region of delay versus is presented. Figure 2-b depicts 

the unstable behavior of platoon for point ‘b’. Figure 3 

shows the inter-platoon spacing error.  

According to this figure, amplitude of error 

decreases along the platoon indicating the string 

stability of platoon. Figure 4 shows the velocity of lead 

vehicles. Figure 5 depicts the spacing error of intra-

platoon network. According to this figure, internal and 

string stability of platoon 3 are assured. Figure 6 shows 

the velocity of platoon 3. 

  
(a) 

 
(b) 

Figure 2. Stable region of delay (a) and unstable behavior (b) 

 

 
Figure 3. Inter-platoon spacing error 

 

 
Figure 4. Inter-platoon velocity 
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Scenario 2: In this scenario, the performance of string 

stability is studied when a disturbance signal is applied 

to lead vehicle’s motion. Figure 7 shows the 

performance of string stability of inter-platoon network. 

Figure 8 illustrates the spacing error of platoon 3. 

 

 

 

 
Figure 5. Intra-platoon spacing error 

 

 

 
Figure 6. Velocity of platoon 3 

 

 

 

 
Figure 7. Performance of inter-platoon string stability 

 

 
Figure 8. Performance of intra-platoon string stability 

 
 
6. CONCLUSION 
 

In this paper the problems of internal stability and string 

stability were studied for heterogeneous traffic flow. It 

was assumed that the traffic flow consists of infinite 

number of heterogeneous cooperative vehicular 

platoons. A new method was introduced to decouple the 

closed-loop dynamics of inter-platoon and intra-platoon 

networks. The communication and parasitic delays were 

investigated in system modeling and control design 

which is based on CTCR method, the stable region of 

time delay was introduced. By presenting new 

theorems, necessary conditions on control parameters 

assuring asymptotic and string stability for both inter-

platoon and intra-platoon networks were presented. 

Several simulation studies were presented to show the 

effectiveness of the proposed approaches.  
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 چکیده
 

 

شود. تمرکز ای پرداخته میدر این مقاله به تحلیل پایداری و کنترل جریان ترافیکی ناهمگن با لحاظ ایمنی و پایداری رشته

 کنشتحقیقات گذشته بر تحلیل پایداری فقط یک گروه خودرو استوار بوده است. از آنجایی که جریان ترافیکی شامل برهم

گروهی خودروها وجود دارد. با توجه به حجم های ناهمگن خودرو است، ضرورت مطالعه رفتار بین گروهی و درونگروه

باشد. لذا در های چندعاملی، پاسخگوی تحلیل جریان ترافیکی نمیهای موجود در تحلیل سیستمزیاد جریان ترفیکی روش

خودرو جلو برای دیکاپل کردن معادله حلقه بسته جریان ترافیکی ارائه  این مقاله روشی نوین با استفاده از اطلاعات شتاب

سازی و شود و تاخیر زمانی ارتباطی و عملگری در مدلگردد. ساختار ارتباطی به صورت یکسویه درنظر گرفته میمی

ک سطح بالای برای توصیف دینامی سهگردد. مدل دیفرانسیل مرتبه کنترل حرکت بین گروهی و درون گروهی لحاظ می

جریان ترافیکی ایرشتهو  داخلیشود و شرایط لازم روی پارامترهای کنترلی که متضمن پایداری خودرو درنظر گرفته می

 .گردندهای بیان شده ارائه میهای متعدد برای نشان داده کیفیت روشسازیگردد. شبیهباشند ارائه می

doi: 10.5829/ije.2018.31.06c.14 
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