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A B S T R A C T  
 

 

This paper presents a three-level supply chain model which includes single supplier, several 

distribution centers and sets of retailers. For this purpose, by adopting the queuing approach, a mixed 

nonlinear integer programming model is formulated. The proposed model follows minimizing the total 
cost of the system by determining: 1) the number and location of distribution centers between 

candidated ones; 2) the possibility of allocating each of the retailers to the distribution centers; 3) the 

amount of retailers demand; and 4) the policy of distribution centers. In the proposed model, the cost of 
waiting in queue is also considered. In order to make the problem more realistic, we consider uncertain 

demand and lead-time, which follow Poisson and Exponential distributions, respectively. Hence, we 

apply continuous-time Markov process approach to obtain the amount of annual ordering, purchase and 
inventory. Then, the results are used to formulate the location-inventory problem. Finally, the proposed 

model is solved using GAMS software version 24.1.3. 

doi: 10.5829/ije.2018.31.06c.13 
 

 
1. INTRODUCTION1 
 

A supply chain is a network of suppliers, factories, DCs, 

retailers and customers through which raw materials are 

acquired, transformed and delivered to customers in 

order to minimize (maximize) cost (profit) of the total 

chain. Thus, supply chain management plays an 

essential role in reducing the total costs of companies 

and improving competitive conditions. Supply chain 

management is considered as a set of strategic, tactical, 

and operational decision-making functions, which 

optimizes supply chain performance. The strategic level 

describes the supply chain network by selecting 

suppliers, transportation routes, manufacturing facilities, 

production levels, warehouses, etc. The tactical level 

plans and schedules the supply chain to meet actual 

demand while the operational level executes plans. 

Tactical and operational level decision-making 

functions are normally distributed across the supply 

chain [1]. In a competitive market, companies eagerly 
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try to reduce costs in order to ensure higher profits. 

Therefore, if the supply chain for a certain company 

adds more cost than value to the product, then the 

company will face an issue in expanding or even 

surviving in the market [2].  

One of the important issues in supply chain 

management is location-inventory decisions. Supply 

chain networks for many industries are regarded as the 

operating basis [3, 4]. On the other hand, if demand 

turns out to be lower than expected, the company will 

face unnecessary costs of inventory stored at 

distribution centers (DCs). If the commodity is 

perishable, the company will face a higher cost of losing 

inventory with time [2, 5]. The problem of joint 

inventory facility location has been introduced where 

strategic and operational issues have been dissolved in 

an integrated framework with regard to relationships 

between retailers, distributors, suppliers and other 

supply chain partners. Inventory models focus on 

finding the optimal strategy of distribution centers 

(DCs), and it is usually assumed that the number and 

location of DCs are specified. The model is aimed at 

minimizing the costs of maintenance and ordering. On 
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the one hand, in the location models, the focus is on the 

development of models to determine the optimal DCs 

and their locations as well as to allocate customers to 

each DC. The models attempt to minimize 

establishment and allocation costs; however, the 

inventory shortages are ignored. On the other hand, the 

cost of transportation in location models is dependent on 

the frequency of orders at different facilities that is a 

function of inventory policy. Similarly, in the inventory 

issues, the cost of inventory at each facility is dependent 

on the amount of order that can be assigned, and this 

assignment needs information regarding the allocation 

of demand nodes to each facility.  

The interaction between the location policies and 

inventory indicates that an integrated model, taking the 

costs of transportation, inventory, and construction into 

account, is required to solve these problems. 

Nevertheless, the joint problems considering facility 

location and inventory control decisions have been 

mathematically modeled [6]. This paper presents a joint 

location-inventory model consisting of a supplier, 

multiple Distribution Centers (DCs) and retailers. In 

other words, the problem determines four different 

decisions: 1) the number and location of distribution 

centers between candidate ones; 2) the possibility of 

allocating each of the retailers to the distribution 

centers; 3) the amount of retailers’ demand; and 4) the 

policy of distribution centers.  

In the proposed model, the cost of waiting in queue 

was also considered. In order to make the problem more 

realistic, we consider uncertain demand and lead-time, 

which follow Poisson and Exponential distributions, 

respectively. Hence, we apply continuous-time Markov 

approach to obtain the amount of annual ordering, 

purchase, inventory. It is assumed that each opened DC 

has an (S – 1, S) inventory policy. According to (S – 1, 

S) inventory policy, if the inventory level is less than S 

either due to a demand or a failure, we place an order to 

bring the inventory level to S [7]. 

 

 

2. LITERATURE REVIEW 
 

Strategic decisions of facility location can be influenced 

by tactical decisions like inventory decisions. Location 

policies (i.e., long-term or medium-term policies) and 

inventory policies (i.e., short term or medium-term 

policies) must be considered in distribution networks. As 

a result, the models known as location-inventory models 

have been presented, which simultaneously have 

minimized the costs, inventory, and locations. The idea 

of combining inventory cost in the location model has 

been firstly introduced by Baumol and Wolfe [8]. A two-

level supply chain network with uncertain demand has 

been presented by Shu et al, [9]. Kaya and Urek [10], 

have introduced a mixed integer non-linear programming 

for location, inventory, and pricing decisions in a closed 

loop supply chain and have found an upper bound for the 

objective function of the proposed model. Finally, they 

have presented three different metaheuristics algorithms 

for solving the mathematical model.  

An integrated stochastic supply chain model with 

uncertain demand and lead-time was formulated by Jabal 

Ameli et al. [11]. They assumed that in order to reach a 

certain service level for the customers, each DC has a 

certain amount of safety stock and presented a nonlinear 

integer-programming model to address this problem. 

They solved their model by a hybrid algorithm. Mak and 

Shen [12] analyzed a location–allocation problem with 

service constraints and stochastic demand. In their 

research, manufacturing process was modeled as a 

queuing system in order to optimize the base stock levels 

and to determine the location of DCs and allocation of 

customers to DCs simultaneously. Authors formulated 

the problem as an MINLP model to minimize the total 

expected cost of the system. They also developed a 

Lagrangian heuristic to solve the model.  

Schwarz et al. [13] examined an M/M/1 queuing 

system with unrestricted capacity and proposed the first 

closed form solutions for service facilities with attached 

inventories and stochastic lead times. A single server 

queuing system with inventory control was studied by 

Krishnamoorthy et al. [14]. They thought that customers 

refer to retailers according to a Poisson process and 

inventory is refilled according to an (S, s) policy with 

zero lead-time. Additionally, they considered that the 

server is interrupted according to a Poisson process and is 

repaired at an exponential rate. Saffari et al. [15] handled 

an M/M/1 queue with inventoried items for service. 

Continuous review (R, Q) policy was assumed for the 

inventory system and lead-times were considered to be 

exponentially distributed. Krishnamoorthy and 

Viswanath [16] investigated an(S, s) production-

inventory system and presented an explicit product form 

solution for the steady-state probability vector, using a 

simple approach. The motivation behind their work 

comes from the paper of Schwarz et al. [13]. Berman et 

al. [17] proposed an integrated location-inventory 

problem with a periodic-review (R, S) inventory policy at 

each DC. Two types of coordination were introduced: 

partial coordination, where each DC may choose its own 

review interval and full coordination, where all DCs have 

a similar review interval. The problem was formulated as 

a nonlinear integer-programming model and a 

Lagrangian relaxation algorithm was presented to solve 

it. 

Maleki et al. [18] have studied a bi-objective 

remanufacturing problem within queuing framework in 

which an outsourcing strategy was considered. Then, the 

bi-objective optimization problem was converted into a 

single-objective optimization problem applying the best 

MODM method out of six. Then, a genetic algorithm 
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(GA) was developed to solve it. Ghomi-Avili et al. [19] 

develops a model for the closed-loop supply chain 

network design with disruption risk. By considering 

supply disruption, two factors including extra inventory 

and lateral transshipment are used as resilience strategies. 

A two-stage stochastic approach is implemented to tackle 

uncertainty. The model is solved by GAMS 24.3/CPLEX 

and with random data. The simple and powerful reduce 

and optimize approach (ROA) was used to solve the 

multi-product multi-period inventory lot sizing with 

supplier selection problem presented by Cárdenas-Barrón 

et al. [20]. According to the computational results, the 

developed heuristic algorithm outperformed the CPLEX 

MIP solver in both solution quality and computational 

time. Cárdenas-Barrón and Treviño-Garza. [21] 

presented a more general integer linear programing (ILP) 

model for a three echelon supply chain network (SCN). 

Their proposed ILP model reduced to the proposed model 

by Kadadevaramath et al. They showed that all instances 

proved in Kadadevaramath et al, can easily be solved 

optimally by any integer linear programming solver. The 

corrections made in corrigendum do not affect the 

contributions of main’spaper.  

Chen et al. [22] have investigated the problem of 

location-inventory, in which a built facility might have 

been interrupted with a known probability. They have 

proposed an integer-programming model for the problem 

and developed a method based on a Lagrange relaxation 

solution. Luo et al, [23] have studied an inventory 

allocation methodology for a supply chain consisting of a 

capacitated retailer with limited shelf space, and two 

unreliable capacitated suppliers in an uncertain 

environment. They provided both a closed-form solution 

and a heuristic method, and illustrate the bounds on the 

optimal solution. Finally, they showed that the cost 

function is L-convex in some cases. A queueing-based 

optimization model for planning inventory of repaired 

components in a service center was formulated by 

Srivathsan and Viswanathan [24]. They supposed 

modular products and a single-echelon service center for 

a particular component. They used continuous time 

Markov chain (CTMC) model to obtain the steady-state 

probabilities and expected queue length values, identify 

bounds on the decision variables, and utilize these 

bounds to develop algorithm that can determine the 

optimal maximum inventory level of repaired and faulty 

components to be kept and the optimal repair capacity. 

Diabat et al. [25] presented a joint location-inventory 

model for the network design of a supply chain with 

multiple Distribution Centers (DCs) and retailers. They 

formulated the problem as a nonlinear integer 

programming model. To solve the presented model for 

large size problems, a hybrid solution algorithm based on 

simulated annealing and direct search method was 

adopted. 

 

3. MODEL DESCRIPTION 
 
In this paper a three levels supply chain with single 

supplier, multiple distribution centers, and multiple 

retailers is studied. The problem is studied to examine 

four different decisions: 

1) The optimal number and location of opened DC(s)  

2) The best allocation of retailers to DC(s)  

3) The amount of demand assigned to retailer(s)  

4) The inventory policy of opened DC(s);  

According to continuous-time Markov process if we 

divide the time into three parts: past, present and future 

periods, the future of this process does not depend on 

the path that has gone before, and only depends on its 

position in the present. The state of the system can be 

changed at any moment. The time is an exponential 

random variable and follows Exponential distribution. 

Based on continuous-time Markov process the amount 

of annual ordering, purchase, inventory and shortage are 

obtained. While uncertain demand and lead time are 

considered. Demand and lead time to arrange follow 

Poisson and Exponential distributions. The waiting time 

in the queue is also considered. There are some 

hypothesis. System assumptions are: 

-  Each retailer is assigned only to one DC. 

-  Each DC has the demand which follows poisson 

distribution with parameter λ that equals the sum of 

demand rates of its assigned retailer(s). 

-  The lead-time is uncertain and is exponentially 

distributed with parameter μ. 

-  The studied three-level supply chain, includes a 

supplier, several opened DC(s) and sets of retailers. 

-  Shortage is allowed. 

-  Time waiting time in queue is considered. 

-  Each opened DC orders to the supplier based on  (S- 

1, S) inventory policy. 

-  Each opened distribution center provides demands of 

its allocated retailer(s) according to FIFO policy.   

-  Each retailer supplies its demands only from opened 

DC. Distribution centers received their demands from 

suppliers. 

 

 

4. MATHEMATICAL FORMULATION 
 
To formulate the model we adopt the queuing approach 

based on Equations (1) and (2):  

   , , ( ) (0) ,k k k kr
P i j t N t j N i i j Ep      (1) 

   lim , ,k k
t

P j P i j t


  (2)   

Which Ek is the state space in opened DC(k), Nk(t) is 

level of inventory in opened DC(k) at time t, P is the 

probability and Ek = {Sk, Sk-1,…,-1,-2}. 
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The assumed continuous-time Markov process is based 

on the amount of inventory available at each opened 

distribution center and the distribution centers is assumed 

as servants. So the retailers refer to distribution centers 

for theirs demands. Therefore, according to rate diagram 

of continuous-time Markov process (Figure 1), 

equilibrium equations will be: 

   1k k k k kP S P S    (3) 

     1 ( 1) 1k k k k k kP j P j P j j S           (4) 

 sin 1 :
k

k

j E

ce P j result
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  1 k
k kP S




   

(6) 

  1 1

kS j

k k
k kP j j S

 

 



  
     
  

 (7) 

Based on the policy of (S-1, S) for each opened 

distribution center and using backlogged shortage, 

the annual order quantity is equal to the amount of 

annual demand: 

k kR   (8) 

 The expected annual shortage quantity: 

Each retailer is faced with a shortage when level of 

inventory in each opened distribution centers 

becomes less than or equal to zero. So annual 

shortage quantity in each distribution center can be 

determined by Equation (9): 

( )( 0)

K

k k k k

S
k

P X


 


   
 

(9) 

 The expected annual Purchase quantity: Based on the 

policy of (S-1, S) in each opened distribution center 

with shortage, the annual purchase amount is the 

annual order quantity as Equation (10): 

 (10) 

 

 

 
Figure 1. Rate diagram 

 The expected inventory quantity: Let us introduce 

these notations: 

I: Inventory level (a random variable) 

X: The amount of demand in lead-time (a random 

variable) 

B: The amount of shortage in lead-time (a random 

variable) 

S: Base stock level. 

Inventory position = inventory on-hand + inventory on-

order – backorder level. 

Based on (S– 1, S) policy, the inventory position is 

always kept at the base stock level. Also, the inventory 

on-order/ backorder level equals to the amount of 

demand in lead-time/ amount of shortage in a lead-time. 

So the expected inventory quantity could be found 

through Equations (11) to (16): 

S I X B          (11) 

     E I S E X E B  
  (12) 

   k kI S E X E B  
  (13) 

  kE X
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k k
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kS

k k
k kI S

 

 

 
    

   

(16) 

Let us define notations used in the stochastic location 

inventory problem: 

Sets: 
K set of potential DCs 

I set of retailers 

Parameters: 

CK unit purchase cost of DC( k) from the supplier (∀k∊k) 

πk unit shortage cost at DC(k) (∀k∊k) 

FK 
fixed (per unit time) cost of openin DC( k) DC( k) 

(∀k∊k) 

Tki 
unit transportation cost from DC( k) to to retailer i 

(∀k∊k) (∀i∊I) 

AK unit ordering cost at DC( k) (∀k∊k) 

hk unit holding cost at DC( k) (∀k∊k) 

Wk waiting time of demands in queue at DC(k) (∀k∊k)  

Di demand rate (Poisson) at retailer i (∀i∊I)  

λΚ demand rate at DC(k) (∀k∊k) 

μ exponential parameter of lead-time 

Decision variables: 

1 if DC(k) is opened, 0 otherwise (∀k∊k) Ζk 

k kP 

Now, the performance measures of the system in the 

steady-state condition are: 

 The expected annual order quantity:  
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1 if demand at retailer i are assigned to DC( k), 0 

otherwise (∀k∊k) (∀i∊I) 
yki 

base stock level maintained at DC(k) (∀k∊k) Inteager Sk 

Therefore, according to the results of queuing analysis 

we can formulate as a MINLP model as below: 

Min z=
K K ki ki i

k k k k i I

F Z T y D
  

  

[

kS

k k
k K k

k k

h Z S
 

 

  
   

   


kS

k
k K kZ


 



  
   

   

  ]k k k KA C Z 
K K

K

Z W  

(17) 

s.t: 

1ki

k k

y i I


    
(18) 

,ki Ky Z i I k K      (19)                                         

ki i k

i I

y D k K


    
(20) 

k k K     (21) 

 0,1KZ k K     (22)                    

 0,1 ,kiy k K i I      (23)                                        

0kS Integer k K    (24)                              

So the stochastic location-inventory problem is 

formulated. As Equation (17) indicates, the objective 

function follows  minimizing the fixed cost of locating 

opened distribution centers, transportation cost from 

distribution centers to retailer, the annual inventory 

costs including the holding, ordering, shortage and 

purchase costs, also the cost of  waiting  time  in  queue. 

Constraints 18-24 state as follows: 

Constraint 18: Each retailer directly allocated to one 

opened distribution center. 

Constraint 19: Each retailer can be only allocated to the 

distribution center which is open. 

Constraint 20: The demand of each distribution center is 

equal to the sum of Poisson rate(s) of its assigned 

retailer(s).  

Constraint 21: The limits of stability and reliability 

inventory system in each opened distribution center is 

showed. In fact, if demand is greater than μ in any 

opened distribution center the system will be in shortage 

forever. 

Constraints 22, 23: Binary variables are introduced. 

Constraints 24: Integer variable is introduced. 

 
 
5. COMPUTATIONAL RESULTS  

 
The problem is solvable using GAMS 24.1.3 software 

and run on a system equipped with Intel (R) Core (TM) 

i5-3210 M CPU @ 2.50 Hz with 2.00 GB RAM and 

DICOPT solver (CPLEX for MIP and KNITRO for 

NLP). To obtain the exact result, GAMS was selected.  

We present a numerical example in which the 

parameters follow a random and normal uniform 

distribution, which their ranges are in the second 

column and the random number in the third column. 

Distribution of parameters is presented in Table 1. Some 

test problems were designed considering different 

numbers of DCs and retailers. The results are reported 

in Table 2 and Figures 2 and 3. 

 

 
TABLE 1. Distribution of parameters 

Parameter Uniform Distribution Value 

CK (20, 100) 38 

πk  (20, 100) 63 

FK
 

(1000, 9000) 4411 

Tki (20, 100) 55 

AK  (20, 100) 48 

hk (20, 100) 50 

Wk (120, 900) 685 

Di (100, 800) 217 

Parameter Normal 

distribution 
Mean Standard deviation 

 Sk  45                  20                      31 

 

 
TABLE 2. Computational results for test problems 

Size Ζ1 Ζ2 Ζ3 Ζ4 Ζ5 Solution type 

2*5 51105.5202 370.167 38.078 16232.729 2075.7359 l 

3*3 92827.2686 189.7934 49.7812 46005.868 3366.4126 b 

4*3 123868.0752 571.8764 52.4753 44973.703 7837.6080 b 

4*4 130259.8660 436.9080 31.5214 54190.673 4230.7971 b 

5*4 99654.7162 420.4771 33.2861 49150.215 4251.4611 b 

5*5 96319.5482 467.4584 29.5368 44635.605 5376.9348 b 

6*5 146259.5041 272.0774 59.9707 83543.990 4686.2408 b 

6*6 134929.0795 289.5790 58.1007 75113.360 5210.7009 b 
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The parameters in columns and rows of Table 2 indicate 

as below: 

b: best solution found. 

l: locally optimal solution found. 

Min z1=
K K ki ki i

k k k k i I

F Z T y D
  

  

[

kS

k k
k K k

k k

h Z S
 

 

  
   

   


kS

k
k K kZ


 



  
   

   

  ]k k k KA C Z  K K

K

Z W  

(25) 

Min z2=
K K

K

Z W  
(26) 

Minz3=
k kS S

k k k
k K k k K k

k k

h Z S Z
  

 
  

      
        

         
  

(27) 

Min z4=
ki ki i

k k i I

T y D
 

  
(28) 

Min z5=
K K

k k

F Z


  
(29) 

Figure 2 is the clustered column chart that indicates the 

costs amount for each problem size.  

 

 

 
Figure 2. problem size and cost amount 

 

 

 
Figure 3. share of each cost on each problem size 

In problem size n*m, n indicates the number of DCs and 

m indicates the number of retailers. Figure 3 is the 

stacked column chart that shows the share of each cost 

on each problem size. 
 

 

6. CONCLUSION 
 
In this paper a stochastic location-inventory problem 

was studied. we considered three-level supply chain 

network, that includes: a single 

supplier, multiple distribution centers (DCs) and 

multiple retailers. Of course the locations of the supplier 

and retailers are known. The results of the model are 1) 

the number and location of DC(s) 2) the best allocation 

of retailers to DC(s) 3) the amount of demand of 

retailers who responded 4) the inventory policy of 

opened DC(s). 

We have a MINLP problem and the proposed model 

tries to minimize the total cost of the location, 

transportation, waiting time and inventory. To get a real 

world situation, we considered other aspects of the 

uncertainty associated the inventory problem. In other 

words, we considered uncertain demand and lead-time, 

which follow Poisson and Exponential distributions 

respectively. Also waiting time is considered. 

Therefore, a queuing approach to determine the annual 

order quantity, purchase and shortage, and the average 

balance of steady state conditions have been 

implemented. So based on the results, the problem is 

formulated. The model is solved using GAMS. The 

results indicated that the maximum cost in each 

combination of distribution centers and retailers is the 

cost of transportation and after that, the fixed cost. The 

best allocation is relating to size 2*5.  

There are a number of issues recommended for 

future research: 

-  It can be assumed other inventory policies.   

- The model could be extended for multi products and 

multi periods problems. 

- It can be assumed that each retailer supplies its 

demands from multiple opened DCs. 
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چكيده
 

 

ز ای اجموعهزیع و مکننده، چندین مراکز توشود که شامل یک تأمیندر این مقاله، یک مدل زنجیره تأمین سه سطحی مطرح می

شود. مدل با ترکیبی فرموله می غیرخطی باشد. به این منظور با اتخاذ رویکرد صف یک مدل عدد صحیحفروشان میخرده

-ز پخشی که از بین مکانمراک( تعیین تعداد و مکان 1باشد: هدف کمینه کردن هزینه کل سیستم، به دنبال تعیین مقادیر ذیل می

یین مقدار تقاضایی از ( تع3فروشان به مراکز توزیع؛ ( بررسی امکان تخصیص هر یک از خرده2های کاندید باید افتتاح شوند؛ 

ر دظار در صف نیز ( تعیین سیاست موجودی مراکز توزیع. در مدل ارائه شده، هزینه انت4فروش که پاسخ داده شود؛ و خرده

یع شود که به ترتیب از توزرفته میگتقاضا هر دو به صورت احتمالی در نظر  مقدارزمان پیشبرد و شود. همچنین ه مینظر گرفت

ا زمان پیوسته بعدم قطعیت به صورت پارامترهای تصادفی بر اساس رویکرد صف مارکوفی  کنند.نمایی و پواسون پیروی می

نتها گردد. در ااسبه میمیزان کمبود و موجودی با استفاده از این رویکرد مح مقدار سفارش سالیانه، میزان خرید، مطرح شده و

 .شودحل می 24.1.3نسخه  GAMS مدل ارائه شده با استفاده از نرم افزار
doi: 10.5829/ije.2018.31.06c.13 

 

 
 

 
 

 

 
 

 


