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ABSTRACT

In many processes in real practice at the start-up stages the process parameters are not known a priori
and there are no initial samples or data for executing Phase | monitoring and estimating the process
parameters. In addition, the practitioners are interested in using one control chart instead of two or
more for monitoring location and variability of processes. In this paper, we consider a simple linear
profile in which the relationship between a response variable and one explanatory characterizes the
quality of a process. We proposed a self-starting Max-CUSUM control chart based on recursive
residuals to monitor mean vector (including intercept and slope) and variability (variance of error term)
of a simple linear profile simultaneously from the start-up stages of the process. We developed Max-
CUSUM control chart to monitor simple linear profile in Phase Il. Then, we compared our proposed
control charts with the best one in the literature through simulation studies. The simulation results
showed that our proposed control charts have better performance compared to competitive control
charts under moderate and large shifts in terms of out-of-control (OC) ARLs. Finally, the application

Average Run Length (ARL)

of the proposed self-starting control chart is illustrated through a real case in the leather industry.

doi: 10.5829/idosi.ije.2016.29.09¢.12

1. INTRODUCTION

Statistical process control (SPC) has been widely used
to monitor industrial processes in which control charts
are the most important tools. In ordinary processes,
there are always one or more quality characteristics
which should be monitored over time. However, in
some cases the quality of a process is characterized by a
relationship between a response variable and one or
more explanatory variables referred to as profile in the
literature. There are many researches on monitoring
profiles, especially simple linear profiles that we will
mention here. Kang and Albin [1] developed two
control charts to monitor simple linear profiles in Phase
Il. Kim et al. [2] proposed three exponentially weighted
moving average (EWMA) control charts which monitor
intercept, slope and standard deviation in simple linear
profiles. Zhang et al. [3] proposed a control chart based
on likelihood ratio (LR) to monitor simple linear
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profiles. Niaki et al. [4] proposed a control chart based
on the generalized linear test (GLT) to monitor
coefficients of a simple linear profile and an R-chart to
monitor the error variance. Saghaei et al. [5] applied
cumulative sum (CUSUM) control charts to monitor
simple linear profiles in Phase 1l. Khedmati and Niaki
[6] proposed an approach to monitor simple linear
profile in multistage processes. In their proposed
approach, all parameters in all stages are simultaneously
monitored by one statistic at a time. The proposed
approach can identify the out-of-control stages and
parameters as well. Khedmati and Niaki [7] also
proposed a new control scheme for Phase I monitoring
of simple linear profiles in multistage processes which
is based on U transformation applied to remove the
effect of the cascade property. Gupta et al. [8] compared
the performance of two monitoring schemes for Phase |1
monitoring of simple linear profiles. Kazemzadeh et al.
[9] proposed variable sampling interval (VSS) schemes
to monitor simple linear profiles in Phase Il. De
Magalhaes et al. [10] proposed a model for the
statistical design of a VSS chi-square control chart to
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monitor linear profiles. Mahmoud & Woodall [11]
investigated the Phase | analysis of data in simple linear
profiles.

In the literature of SPC, Phase | and Phase Il need to
be distinguished. In Phase Il monitoring, the process
parameters are presumed to be known. Before Phase II
monitoring, we need to analyze Phase | to ensure that
the process is statistically in-control (IC) and to estimate
process parameters. However, there is not always
enough data to perform Phase | analysis and estimate
the parameters. The self-starting control charts start
monitoring the process without the need for large
amount of preliminary observations. These control
charts are used when production process is slow or the
cost of out-of-control production at the beginning of the
process is high. Self-starting method updates the
parameter estimates with each new observation and
simultaneously checks for out-of-control condition.
Hawkins [12] proposed a self-starting cumulative sum
(CUSUM) control chart for location and scale
parameters, by using some theoretical properties of
residuals independency. Sullivan and Jones [13]
considered a self-starting control chart for monitoring
multivariate individual observations. The proposed
control chart uses the deviation of each observation
vector from the average of all previous observations. Li
et al. [14] proposed a self-starting control chart to
monitor process mean and variance simultaneously
based on likelihood ratio test (LRT) method and
EWMA procedure. Cappizi and Masarotto [15]
suggested a self-starting control chart which uses
sequential observations to both update the parameter
estimates and check for OC condition. In fact, they
introduced a charting procedure that updates the
reference pattern of a cumulative score (CUSCORE)
control chart using an adaptive EWMA. Li et al. [16]
proposed a self-starting control chart for monitoring
high-dimensional short run processes. The proposed
control chart solved a key challenge about traditional
Hotelling’s T® chart with high dimensionality
measurements. The problem was that monitoring could
not begin until the number of observations exceeds the
dimensionality of the measurement.

In addition to problems noted above about the lack
of sufficient initial samples and unknown parameters,
practitioners are interested in developing some kinds of
control charts which can simultaneously monitor
processes mean and variability. In fact, the quality
engineers are interested in having a single control chart
instead of two or more. Zhang et al. [17] proposed a
single control chart based on the combination of
EWMA procedure and generalized likelihood ratio
(GLR) test statistic for joint monitoring of both the
process mean and variance. Zhang et al. [18] suggested
a new single control chart based on the combination of
EWMA control chart and the GLR test for joint
monitoring of multivariate process mean and variability.

Sheu et al. [19] proposed maximum chi-square
generally weighted moving average (MCSGWMA)
control chart based on the combination of two generally
weighted moving average (GWMA) control charts into
a single one. Ghashghaei et al. [20] investigated the
effect of measurement errors on joint monitoring of
process mean and variance when simple random
sampling (SRS) and ranked set sampling (RSS)
procedures are used in the process. Maleki et al. [21]
proposed a new control chart for simultaneous
monitoring of multivariate process mean vector and
covariance matrix in the presence of measurement
errors with linearly increasing variance under additive
covariate model.

This paper is motivated from the research work of
Zou et al. [22]. They proposed a self-starting control
chart based on recursive residuals to monitor simple
linear profiles. The proposed control chart can detect
shifts in the mean vector of a simple linear profile
(intercept and slope), and/or the variability of a simple
linear profile (error term variance). The aim of this
paper is developing a Max-CUSUM control chart for
simultaneous monitoring of the regression parameters
and error variance of simple linear profile in Phase Il as
well as a self-starting Max-CUSUM (SSMax-CUSUM)
control chart for simultaneous monitoring of mean and
variance of a simple linear profile. The proposed control
charts have the identification feature of determining the
out-of-control source of wvariation as well. The
performance of the proposed control charts is evaluated
in terms of ARL criterion and compared with SS control
chart proposed by Zou et al. [22].

The remainder of this paper is organized as follows:
in the next section, we present a brief introduction of
simple linear profiles. In Section 3, we present our
proposed control charts, Max-CUSUM and SSMax-
CUSUM for monitoring simple linear profiles. The
simulation studies, results and comparisons are
presented in Section 4. In Section 5, we apply the
SSMax-CUSUM control chart in a real world example.
The concluding remarks are given in the final Section.

2. SIMPLE LINEAR PROFILE MODEL

If (X;,Y;) is the jth random sample observed over

the time, then when the process is in-control, the
relationship between response variable Yij and the

explanatory variable X, is presumed to be as follows:

y; =B, +BXx, +g,  i=12..,n, 1)

where &; is an independent and identically distributed

(1.1.D) standard normal random variable. The regression
parameters B, , B, and & in jth profile are estimated

by by, ,b, and MSE, respectively:
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by =5 @

By; =¥, =by X, (©))
1 n

MSEj =7Z(yij _b1in _boj)zv (4)
n-2=

n

where g _ @3y, X=@mMYx, S, =, ~%)
i=1 i=1

i=1

and s, (5)=3(x, -y, -

3. PROPOSED CONTROL CHARTS

According to the previous sections and the aim of this
paper, in this section we develop control charts for
simultaneous monitoring of mean and variance of
simple linear profiles based on the condition that the
profile parameters are known and unknown. Then, in
order to check the constancy of the regression
relationship over time, we should do the following
hypothesis tests in the proposed control charts:

{H0:60=0,§1=0,7=1 )

H, : otherwise

where 5, ¢, and y are shifts values which may occur

in intercept, slope and standard deviation of the simple
linear regression model, respectively.

Since the importance of joint monitoring in practical
applications in industries is clear, so the engineers of
quality control (QC) department of a manufacturing unit
prefer to have only one control chart instead of two or
more for monitoring the process. Cheng and Thaga [23]
proposed a new kind of CUSUM procedure called Max-
CUSUM chart for simultaneous monitoring of mean and
variance of a univariate process. In this section, we use
the Max-CUSUM procedure to monitor simple linear
profile in Phase Il and under the condition that the
parameters are unknown a priori. In this situation that
there is no initial data and information about the
process, according to the literature, we should use self-
starting procedure to monitor simple linear profiles.

3. 1. Max-CUSUM Control Chart Let
e, =(€;,.8,,,-€;,) ; J =1,2,3,... denote the sequence
of residuals of size N . Residual is the difference
between the observed value of the response variable
(y;) and the corresponding predicted value (y,) as

given in Equation (6). The residuals are independent
and identically distributed and follow normal
distribution with mean 0 and variance o> . Here, we use

Max-CUSUM control chart and accommodate it with
the simple linear profile structure to monitor residuals.

e; =Yy —Bo—Byxx;, ; i=12,..,n

j=123.. ©)

- - n
In order to monitor residuals, we need &, = (1/n)> e,

i=1

and g2 :Lz":(e” _e¢ > as mean and variance of jth
n-14" 1 i

ij

&

sample, respectively. These estimators are unbiased and
independent, and also follow different distributions.
Equations (7) and (8) are used to transform the

distribution of the mentioned statistics, €; and Sfj , to

standard normal distribution, respectively.

Zj :M’ (7)
O,

e

{ {(n—l)sz }
F =0 H | —— -1, ®)
Ge]

has standard normal distribution and
H[X ;u]=P(X <x) is  chi-square  cumulative
distribution function of X with o degrees of freedom,
@' is the inverse of the standard normal cumulative
distribution function. Now Z;, and F, have the same

distribution, so the Max-CUSUM control chart can be
applied. At first, we apply the traditional CUSUM
statistics as follows:

where Z,

C; =max(0,Z, -k, +C;), 9)
C,; =max(0,-Z, -k, +C ), (10)
and

S; =max(0,F; -k, +S/,), (11)
S; =max(0,-F; -k, +S; ), (12)

where ¢ =0 and s, =0 are starting points and k,and
k, are reference values for CUSUM control charts.
Combining C;and S defines statistic for a single
control chart as:

M, =Max {C/.C[.S] .S} (13)

Since M is the maximum of C/,C;,S;and Sj’which
are based on four cumulative sum (CUSUM) statistics,
it is natural to name the control chart based on M,
Max- CUSUM control chart. A large value of M ; means

that mean and/or variance of the processes have shifted.
Because M ;is non-negative, only an upper control

limit (UCL) is used for monitoring purposes. If
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M; >UCL , the control chart triggers an out-of-control

alarm, where UCL > 0 is chosen to achieve a specified
in-control ARL.

3. 2. Self-Starting Max-CUSUM Control Chart
Recursive residuals first were applied by Brown et al.
[24] to test the constancy of regression relationships
over time. Also, it has been shown that the recursive
residuals are useful in a variety of applications in linear
models. The use of these kinds of residuals in data
analysis is attractive when a relevant ordering of the
observations exists. Recursive residuals at first were
proposed for data which has natural ordering such as
time series data, but they have been effectively used in
tests for structural change (i.e., change in regression
coefficients), serial correlation, heteroscedasticity, and
functional misspecification.

In this section, we use recursive residuals to design a
self-starting control chart. As noted above, self-starting
control charts uses moving statistics which can update
the estimations of parameters during the process while it
is checking the out-of-control state simultaneously.
Now suppose that there are m —1 IC historical data and
m,m +1,... future sample of size n. If we pool all the
m —1 IC historical and m,m +1,... future data in one
sample, i.e.

{x;.y;)i=12..,nj=12.,m1mm+1.}, then

we can calculate the standardized recursive residuals for
each future sample as Zou et al. [22] used in their study.

elj=(-Dn+i)—-zNB(G—-Dn+i-—

D)+ [S(G-Dn+i-1)x 1 +zi" X(G -
Dn+i—-DMNX(G-Dn+i—

1)(-1) 2.0)](1/2) (14)

i=12,..,n , j=mm+l..

where
z', = [@Lx;), (15)
yl(j.1)n+i.1 = (yll y2’y3l'"l y(j-l)n+i-1) ' (16)
XEj—l)n+i—1 =

(J-1xn @an
(Z4) 22y vy Zny 21, Z2y evev s Zypy wony 21, Zgy e ey Zi—1)
ﬁ[ = (Xlt Xt) lX't Yoo (18)

1 .

St = E(y" X‘ﬁt) (Y1_ X[B[)' (19)
And for simplicity let y 4., =Yy ,i=12,..,n,
j=12,...

As mentioned above, the recursive residual is a
moving equation. The €j;value of each observation

depends on estimated regression parameters (p),

standard deviation (S ) and the X'X value of previous
observations, so to avoid the high volume of

calculations to reach each observation’s €, Zou et al.
[22] used the following recursive formulas:
(X)) = (KaX)
X, X -1 . x, X -1
_ ( t-1 tl) Z,IZI( t:ll t-1 (20)

1+ Z; (Xt—lxtrl) Z;

, - 1 .
Bo=Boot (XX) 2 (- 2B (21)

t- 3)S2,+ (e;)

Stz - ( ) t-1 ( u) , (22)

t- 2
where t=(j- Dn+i .

Brown et al. [24] showed that under the in-control
linear model, €; has Student-t distribution with
(j- Dn+i- 3 degrees of freedom. Also, it is proved
by Lehmann et al. [25] that the eij ’s are statistically

independent. Hence, by using a transformation, the Qij

statistic which is called Q-statistic by Quesenberry [26]
is obtained as follows:

Qi = c1)_1[T(j—l)n+i—3(‘3ij)] (23)
where ¢~*denotes the inverse of CDF of standard

normal random variable, T,() is the CDF of the
Student-t distribution with v degrees of freedom. So,

ji=12..n, j=12,.,m-1mm+ 1.} is a sequence of
random variables which are independent and follow
standard normal distribution.

When an assignable cause occurs after some
subgroups (T subgroups), the distribution of Q-statistics
when j=7+1,74+2,.. is different from their
distribution when j = 1,2, ..., 7. This difference is used to
detect assignable causes in the process.

For sequence of Q;'s in each sample (jth sample), Q,

and sz are obtained as follows:

Q; =1/, Q4 (24)

s, =11/ = D150y - 0))° (25)

6 —olh (n—l)Szl_ .
=@ T&v”‘ : (26)

Now similar to the previous subsection, we have the
same situation and should transform the distribution of

Q, and SQZj to standard normal distribution and then
apply the Max-CUSUM control chart.
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U =max(0,vnQ; —k,+U ), (27)
U; =max(0,—nQ, -k, +U ), (28)
and

V" =max(0,G; —k,+V "), (29)
V,; =max(0,-G; —k,+V, ), (30)

where u =0 and v =0 are starting points and k, and
k, are reference values. Hence, the final statistics is
obtained as follows:

M =Max{U [ UjV vl (31)

For some given IC ARL and sample size n =3,4,...,10 ,
the control limits for self-starting Max-CUSUM chart
are tabulated in Table 1.

3. 3. Diagnostic Procedure As a diagnosing
procedure for self-starting Max-CUSUM control chart,
the following algorithm is proposed to determine the
source and the direction of the shift:

Case 1: if M, qu; |>ucL and |V; [<UCL, then we have a
shift in mean of the process. The shift is increasing if
U; >0 and it is decreasing if U; <0 .

Case 2: if Ju;|<ucL and M; =V, [>UCL, then a shift
has been only occuring in variability. The shift is
increasing if V; >0 and it is decreasing if v, <0.

Case 3: if ju;| and ;| is greater than UCL, then the

signal has occurred due to simultaneous changes in
process mean and variance. The change direction in
location and scale of the process is determined by
aforesaid methods in Cases 1 and 2.

TABLE 1. Control limits of SSMax-CUSUM chart when
k,=1and k, =15

IC ARL
n 100 200 300 370
3 1.575 1.889 2.085 2.189
4 1.585 1.898 2.095 2.197
5 1.594 1.908 2.106 2.207
6 1.602 1.917 2.115 2.207
7 1.604 1.918 2.210 2.208
8 1.603 1.917 2.201 2.209
9 1.601 1.916 2.192 2.207
10 1.598 1.913 2.117 2.212

4. PERFORMANCE
COMPARISONS

In this section, we evaluate the performance of the
proposed control charts including Max-CUSUM and
self-starting Max-CUSUM and compare them with the
performance of self-starting (SS) control chart proposed
by Zou et al. [22]. Hence, we assess the OC ARL
performance of the self-starting Max-CUSUM control
chart under different values of z for IC samples before
a shift occurs. In this study, IC samples are including
historical samples and future in-control samples (before
shift).

Tables 2, 3 and 4 represent the results of simulation
studies on the performance of the proposed control
charts. The IC ARL in these tables is equal to 200.
Similar to the work of Kang and Albin [1], the
parameters of simple linear profile is B, =3, B, =2,

EVALUATION AND

o’ =1 and x, =2,4,6,8. The control limits are set

equal to 1.898 and 1.925 for self-starting Max-CUSUM
and Max-CUSUM, respectively and the smoothing
constant A is equal to 0.2. The results are obtained by
10,000 simulation runs. Also, the OC ARLs of self-
starting Max-CUSUM chart with
7 =3,20,50,100, 300 and 500 are tabulated in aforesaid
tables. Moreover, in all simulation runs, the reference
value Kk, is equal to 1 (half of shift interval in the

intercept) and K, is equal 1.5 (half of shift interval in the

variance).

The results in Tables 2, 3 and 4 showed that the self-
starting Max-CUSUM control chart performs almost
better than SS control chart under moderate and large
shifts in intercept, slope and variance. Since the self-
starting Max-CUSUM control chart uses a recursive
statistic, as the number of reference samples observed
before occurring an increasing shift, the performance of
the self-starting Max-CUSUM chart improves in
detecting small shifts. The results showed that when
7 =500, the performance of self-starting Max-CUSUM
control chart is almost similar to the performance of
Max-CUSUM chart which is designed in Phase Il and
better than SS control chart.

In order to better assess the performance of the self-
starting Max-CUSUM control chart against SS control
chart, we consider the change point =3 which is also
tabulated in Tables 2, 3 and 4. The results also represent
that the self-starting Max-CUSUM control chart
performs better than SS chart under shifts in intercept
and slope. However, the SS control chart performs
better than the self-starting Max-CUSUM under shift in
standard deviation. Table 5 represents OC ARLs for
self-starting Max-CUSUM, Max-CUSUM and SS
control charts in the situation that simultaneous shifts
occur in intercept and variance of the considered linear
profile y; =3+2x, +¢;.
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TABLE 2. Out-of-control ARLs comparisons of SSMax-CUSUM, SS charts with different values of 7 and Max-CUSUM control

charts under shifts from g, to g, +8,c

5, Charts r=3 =20 =50 r=100 =300 =500

02 SSMax-CUSUM 185.83 133.66 100.52 76.84 57.49 52.62 46,66
SS 21575 161.2 125.4 24.8 59.9 53.8

0s SSMax-CUSUM 166.30 68.60 33.79 21.70 15.86 15.33 1458
SS 199.27 80.2 30.0 18.2 14.6 14.1
SSMax-CUSUM 141.96 23.25 9.45 7.40 6.74 6.67

06 SS 176.06 22.6 8.7 7.7 7.1 7.1 6.2
SSMax-CUSUM 111.54 7.56 431 4.02 3.89 3.85

08 SS 140.81 7.1 5.1 49 47 46 384
SSMax-CUSUM 78.69 331 2.82 2.73 2.66 2.65

10 SS 98.85 43 3.7 3.6 35 35 2.0
SSMax-CUSUM 49.13 2.31 2.10 2.08 2.04 2.03

12 SS 63.86 3.2 3.0 2.9 2.8 2.8 204
SSMax-CUSUM 25.02 1.80 1.73 1.68 1.68 1.67

L4 SS 34.39 2.7 25 25 2.4 2.4 167
SSMax-CUSUM 9.92 1.52 1.46 1.44 1.42 1.43

16 SS 15.58 2.3 2.2 2.2 2.1 2.1 142

18 SSMax-CUSUM 470 1.33 1.26 1.25 1.24 1.25 .
SS 7.08 2.1 2.0 2.0 1.9 1.9

) SSMax-CUSUM 2.38 1.18 1.15 1.14 1.13 1.13 L1
SS 391 1.9 1.8 1.8 1.8 1.8

TABLE 3. Out-of-control ARLs comparisons

charts under shifts from g, to B + 8,0

of SSMax-CUSUM, SS charts with different values of 7 and Max-CUSUM control

_ _ _ _ _ _ Max-
o) Charts r=3 =20 =50 =100 7 =300 7 =500 CUSUM
SSMax-CUSUM 191.43 158.31 133.12 111.00 93.64 85.33
0.025 81.10
SS 218.75 181.7 166.9 152.3 117.3 108.3
0.05 SSMax-CUSUM 181.03 117.11 78.43 58.11 39.03 37.34 2513
‘ SS 209.33 144.9 95.4 62.6 38.7 345 '
SSMax-CUSUM 169.60 78.07 37.58 26.07 18.92 18.19
0.075 16.98
SS 204.49 92.4 37.3 22.0 16.6 15.8
o1 SSMax-CUSUM 154.90 45.17 16.96 12.16 10.02 9.68 025
' SS 188.59 46.6 145 10.7 9.6 9.4 '
SSMax-CUSUM 139.83 22.81 5.22 6.78 6.21 6.11
0.125 6.05
SS 172.82 19.7 7.9 7.1 6.7 6.6
SSMax-CUSUM 123.06 9.84 5.11 461 434 434
0.15 4.30
SS 150.47 9.0 5.6 5.3 5.1 5.1
SSMax-CUSUM 98.59 5.17 3.59 3.46 331 3.30
0.175 3.27
SS 121.32 5.8 45 43 41 41
02 SSMax-CUSUM 76.61 3.43 2.85 2.74 2.63 2.34 065
' SS 99.76 43 37 36 35 35 '
SSMax-CUSUM 59.47 2.69 2.32 2.26 2.22 2.22
0.225 2.23
SS 76.96 3.6 3.2 3.1 3.0 3.0
SSMax-CUSUM 42.63 2.17 2.02 1.96 1.94 1.94
0.25 1.91
SS 59.15 3.1 2.8 2.8 2.7 2.7
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TABLE 4. Out-of-control ARLs comparisons of SSMax-CUSUM, SS charts with different values of 7 and Max-CUSUM control
chart under shifts from o to yo

Max-
Ve Charts r=3 =20 =50 =100 =300 =500 CUSUM
Lo SSMax-CUSUM 92.35 79.18 64.77 59.46 48.12 42.95 sl
' Ss 80.52 116.5 73.3 49.0 33.0 31.2 '
Y SSMax-CUSUM 50.47 32.16 22.36 17.88 14.75 14.03 1564
' ss 37.16 49.0 185 12.1 10.3 9.9 '
L6 SSMax-CUSUM 30.66 13.79 9.12 7.73 6.86 6.71 665
' ss 21.94 18.1 7.1 6.1 5.6 5.5 '
L8 SSMax-CUSUM 20.11 7.00 5.14 4.46 419 417 420
' Ss 13.86 7.4 4.4 4.0 3.8 3.8 '
, SSMax-CUSUM 14.25 437 3.45 3.19 3.01 3.00 202
ss 9.93 43 3.3 3.0 2.9 2.9 '
25 SSMax-CUSUM 10.24 3.15 2.61 2.48 2.39 2.38 »ar
' S 7.68 3.1 2.6 2.5 2.4 2.4 '
SSMax-CUSUM 7.83 2.49 2.19 2.09 2.06 2.03
2.4 2.03
5 6.39 25 2.2 2.1 2.1 2.1
SSMax-CUSUM 6.04 2.09 1.89 1.80 178 1.77
2.6 1.79
ss 5.14 2.2 1.9 1.9 1.8 18
SSMax-CUSUM 4.97 1.83 172 1.65 1.64 1.63
2.8 1.64
ss 4.49 1.9 1.7 1.7 1.7 1.6
\ SSMax-CUSUM 4.13 1.68 155 1.54 1.47 1.45 151
SS 391 1.7 1.6 1.6 15 15 '

TABLE 5. The simulated out-of-control ARL values for SSMax-CUSUM (with = =20), Max-CUSUM and SS (with z =20)
control charts under simultaneous shifts in intercept from g, to 3, + 5,0 and standard deviation from o to yo (in-control ARL=200)

Control o)
/4 Charts 0.1 0.2 03 04 05 0.6 0.7 0.8 0.9 1
SSMC 10253 7880 6203 4274 2658  15.89 9.80 6.22 413 3.27
11 MC 49.96 3064 1844 1208 858 6.10 473 3.78 311 2,62
ss 111.97 9400 7370 4818 2938 1549 9.04 6.54 5.08 4.26
SSMC 65.43 5243 3895 2795 1952 1253 7.94 5.75 4.15 334
12 MC 28.15 2023 1362  10.16 7.40 5.49 438 358 3.07 2,62
ss 60.68 5332 4334 2951 1920 1239 8.59 6.33 4.96 4.24
SSMC 4185 3427 2649 1939 1367 9.60 7.00 5.14 3.92 3.15
13 MC 17.65 1355 1026 8.00 6.17 5.02 4.16 3.41 2.97 261
ss 33.68 3041 2477 1860 1415 9.84 7.37 6.06 492 4.22
SsMc 28.40 2263 1750 1365 1000 7.64 5.97 457 373 3.14
14 MC 11.60 9.38 7.90 6.34 5.31 443 3.78 3.29 2,87 253
ss 20.14 1810 1565 1308 1043 8.20 6.68 5.62 485 412
SsMc 18.52 1514 1244 9.74 7.81 6.39 5.02 418 347 2.97
15 MC 8.15 7.03 6.16 5.28 461 3.95 352 3.02 2.75 2.46

SS 12.76 12.10 10.83 9.20 8.23 6.74 5.97 5.02 4.46 3.91
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The IC ARL is set equal to be 200 and the number of IC
samples for SSMax-CUSUM and Max-CUSUM control
chart (z) is equal to 20. The range of shifts for intercept
and variance are 0.1 to 1 and 1.1 to 1.5 with step size of
0.1, respectively. Since the Max-CUSUM control chart
applied in Phase I, as a result, it totally performs better
than two other control charts. However, the proposed
self-starting Max-CUSUM control chart almost roughly
performs better than SS chart.

The Max charts can diagnose the parameters
responsible for out-of-control signal (shift in mean,
variance or both). In Table 6, there are three rows
named U, V and UV that represent the mean shifts,
variance shifts and simultaneous shifts, respectively.
Table 6 presents the percentage of times that the self-
starting Max-CUSUM chart diagnose the parameter
responsible for signal when the shift actually occurs in
that parameter. For example, when there is a 0.125 shift
of size in the slope, the self-starting Max-CUSUM
control chart diagnoses that in 98.94%, 1.04% and
0.02% of the times, shift has occurred in the regression
parameters, error variance and both, respectively. The
results showed that the performance of diagnosing
procedure in the self-starting Max-CUSUM control
chart under different shifts in intercept, slope and
standard deviation is excellent.

5. AN ILLUSTRATIVE EXAMPLE

In this section, we adopt a case study from leather
industry described by Amiri et al. [27]. As we know
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leather is an important and useful material for
production of shoes. The importance of leather is due to
its effect on customer satisfaction and their feet comfort
in the shoes. Leather industry has numerous processes if
a high quality leather is to be produced. The process
investigated by Amiri et al. [27] is dying process.

When the feet are in shoes, the temperature rises and
the feet begin sweating. The result of this sweating is
that the color of the leather stains the socks and makes
them dirty. Therefore, for this reason, the dyeing
process is important. In the dyeing process, there is a
relationship between color effluent and temperature
which is the most important quality characteristic in this
process and should be monitored over time. For in-
control situation the profiles are similar, but when an
assignable cause occurs we have OC profiles, so the
relationship between color effluent and temperature is
not stable over time.

The experiment and the corresponding data
gathering are described in detail in Amiri et al. [27]. We
use the outputs of their experiment in our study. There
are 11 in-control profiles which are observed from
laboratory. The results showed that there is a simple
linear regression model between color effluent and
temperature.

The IC simple linear regression profile is
y; =—0.0509+0.0034x; +¢&; ,x; =2532,39,46,53 and

&; 's are identically independent distributed standard

normal random variable. For given IC ARL=200, the
UCL value is set to be 0.263.

TABLE 6. The performance of diagnosing procedure in SSMax-CUSUM (accuracy percent) under individual shifts in the intercept,

slope and the standard deviation with = =20 (in-control ARL

=200)

Intercept shifts from g, to 5, + Syo

50 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2
u 93.22% 97.04% 99.36% 99.90% 99.96% 99.96% 100% 100% 100% 100%
6.78% 2.96% 0.64% 0.1% 0.04% 0.02% 0% 0% 0% 0%
uv 0% 0% 0% 0% 0% 0% 0% 0% 0% 0%
Slope shifts from g, to S, + 6,0
o, 0.025 0.05 0.075 0.1 0.125 0.15 0.175 0.2 0.225 0.25
u 92.68% 94.28% 96.40% 98.04% 98.94% 99.54% 99.74% 99.72% 99.74% 99.78%
7.32% 5.72% 3.58% 1.92% 1.04% 0.44% 0.26% 0.24% 0.14% 0.16%
uv 0% 0% 0.02% 0.04% 0.02% 0.02% 0% 0.04% 0.02% 0.02%
Standard deviation shifts from o to yo
12 14 1.6 18 2 22 24 2.6 2.8 3
76.92% 58.26% 42.58% 31.32% 25.68% 19.86% 18.28% 15.68% 13.80% 13.80%
22.82% 41.08% 55.82% 66.34% 70.10% 74.26% 74.06% 75.34% 76.26% 74.94%
uv 0.26% 0.66% 1.60% 2.34% 4.22% 5.88% 7.66% 8.98% 9.94% 11.26%
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The IC profiles presented in Table 7 are used as
historical data to estimate the initial values of B,, B,

and variance used in self-starting procedure of Max-
CUSUM control chart. We generate 18 samples of size
n =5 with a sustained shift in the intercept of the
simple linear profile fromB, =—0.0509 t0 B, =-0.0489 in

sample 10 and compute the statistic values of the
proposed self-starting control chart. The statistics of
SSMax-CUSUM related to 18 samples are tabulated in
Table 8. The results showed that the self-starting Max-
CUSUM control chart detects the shift in 14™ sample
which shows the satisfactory performance of the
proposed self-starting Max-CUSUM control chart.

TABLE 7. In-control dataset of the leather color effluent
under 5 different temperatures

Temp
25 32 39 46 53
profile

1 0.0218 0.0288 0.0908 0.1011 0.1257
2 0.0302 0.0542 0.0718 0.1172 0.1313
3 0.0288 0.0287 0.0858 0.0931 0.1355
4 0.0306 0.0757 0.0101 0.1162 0.1285
5 0.0488 0.0281 0.0855 0.1181 0.1188
6 0.0310 0.0944 0.0716 0.1192 0.1497
7 0.0231 0.0763 0.0809 0.1399 0.1571
8 0.0455 0.0925 0.1511 0.0875 0.1410
9 0.0209 0.0475 0.1023 0.1265 0.1230
10 0.0578 0.0223 0.1156 0.1126 0.0920
11 0.0463 0.0644 0.0868 0.0788 0.1063

TABLE 8. The statistics of SSMax-CUSUM control chart
with 9 in-control samples and a shift in the intercept from
sample 10 (in-control ARL=200)

i Q X u- A Self-starting
J Qj uU- V- Max-CUSUM
1 0.104 -2.909 0.209 0.00 0.209
2 -0.003 -3.328 0.177 0.00 0.177
3 -0.006 -4.440 0.138 0.00 0.138
4 -0.029 -4.207 0.048 0.00 0.048
5 0.017 -4.138 0.061 0.00 0.061
6 0.004 -3.897 0.045 0.00 0.045
7 -0.016 -4.646 0.000 0.00 0.000
8 0.009 -4.328 0.000 0.00 0.000
9 0.026 -3.837 0.033 0.00 0.033
10 0.000 -4.713 0.008 0.00 0.008
11 0.056 -3.754 0.107 0.00 0.107
12 0.026 -4.119 0.141 0.00 0.141
13 0.041 -4.327 0.207 0.00 0.207
14 0.048 -3.965 0.290 0.00 0.290
15 0.042 -4.093 0.359 0.00 0.359
16 0.062 -4.316 0.472 0.00 0.472
17 0.012 -4.982 0.473 0.00 0.473
18 0.020 -3.789 0.493 0.00 0.493
UCL=0.263

6. CONCLUSION AND FUTURE RESEARCHES

In this paper, we applied a Max-CUSUM control chart
to monitor the parameters of a simple linear profile
simultaneously in Phase Il. In addition, we proposed a
self-starting Max-CUSUM control chart based on
recursive residuals to monitor the parameters of a
simple linear profile when there is not enough data at
the start-up stages for satisfactory estimation. Moreover,
the proposed control charts are able to diagnose if the
mean or variance of the simple linear profile has
changed. The results of simulation studies showed that
the proposed control charts almost perform well under
moderate and large shifts. Note that more IC samples
before a shift are needed if one is interested to increase
the sensitivity of the proposed self-starting control chart
to detect small shifts. Finally, the application of the
proposed self-starting Max-CUSUM control chart is
illustrated through a real case in the leather industry.
Developing a self-starting control chart to monitor
multivariate multiple linear regression profiles can be
considered as a future research. In addition, one can
design a self-starting control chart to monitor simple
linear profiles in multistage processes (See Niaki et al.

[28]).

7. REFERENCES

1. Kang, L. and Albin, S., "On-line monitoring when the process
yields a linear", Journal of Quality Technology, Vol. 32, No. 4,
(2000), 418-426.

2. Kim, K., Mahmoud, M.A. and Woodall, W.H., "On the
monitoring of linear profiles”, Journal of Quality Technology,
Vol. 35, No. 3, (2003), 317.

3. Zhang, J., Li, Z. and Wang, Z., "Control chart based on
likelihood ratio for monitoring linear profiles”, Computational
Statistics & Data Analysis, Vol. 53, No. 4, (2009), 1440-1448.

4. Niaki, S.T.A., Abbasi, B. and Arkat, J., "A generalized linear
statistical model approach to monitor profiles”, International
Journal of Engineering Transactions A Basics, Vol. 20, No. 3,
(2007), 233.

5. Saghaei, A., Mehrjoo, M. and Amiri, A., "Monitoring simple
linear profiles using cumulative sum control charts", (2010).

6. Khedmati, M. and Niaki, S.T.A., "Monitoring simple linear
profiles in multistage processes by a maxewma control chart",
Computers & Industrial Engineering, Vol. 98, (2016), 125-
143.

7. Khedmati, M. and Niaki, S.T.A., "A new control scheme for
phase-ii monitoring of simple linear profiles in multistage
processes”, Quality and Reliability Engineering International,
(2016).

8.  Gupta, S., Montgomery, D. and Woodall, W., "Performance
evaluation of two methods for online monitoring of linear
calibration profiles”, International Journal of Production
Research, Vol. 44, No. 10, (2006), 1927-1942.

9. Baradaran kazemzadeh, R., Amiri, A. and Kouhestani, B.,
"Monitoring simple linear profiles using variable sample size
schemes”, Journal of Statistical Computation and Simulation,
(2016), 1-23.



10.

11

12.

13.

14.

15.

16.

17.

18.

19.

A. Amiri et al. / IJE TRANSACTIONS C: Aspects Vol. 29, No. 9, (September 2016) 1263-1272

De Magalhaes, M.S. and Von Doellinger, R.O.S., "Monitoring
linear profiles using an adaptive control chart”, The
International  Journal of Advanced Manufacturing
Technology, Vol. 82, No. 5-8, (2016), 1433-1445.

Mahmoud, M.A. and Woodall, W.H., "Phase i analysis of linear
profiles with calibration applications”, Technometrics, Vol. 46,
No. 4, (2004), 380-391.

Hawkins, D.M., "Self-starting cusum charts for location and
scale”, The Statistician, (1987), 299-316.

Sullivan, J.H. and Jones, L.A., "A self-starting control chart for
multivariate individual observations", Technometrics, Vol. 44,
No. 1, (2002), 24-33.

Li, Z., Zhang, J. and Wang, Z., "Self-starting control chart for
simultaneously monitoring process mean and variance",
International Journal of Production Research, Vol. 48, No.
15, (2010), 4537-4553.

Capizzi, G. and Masarotto, G., "Self-starting  cuscore
control charts for individual multivariate observations",
Journal of Quality Technology, Vol. 42, No. 2, (2010), 136-
151.

Li, Y., Liu, Y., Zou, C. and Jiang, W., "A self-starting control
chart for high-dimensional short-run processes"”, International
Journal of Production Research, Vol. 52, No. 2, (2014), 445-
461.

Zhang, J., Zou, C. and Wang, Z., "A control chart based on
likelihood ratio test for monitoring process mean and
variability", Quality and Reliability Engineering International,
Vol .26 ,No. 1, (2010), 63-73.

Zhang, J., Li, Z. and Wang, Z., "A multivariate control chart for
simultaneously monitoring process mean and variability",
Computational statistics & data analysis, Vol. 54, No. 10,
(2010), 2244-2252.

Sheu, S.-H., Huang, C.-J. and Hsu, T.-S., "Maximum chi-square
generally weighted moving average control chart for monitoring

20.

21

22.

23.

24.

25.

26.

217.

28.

1272

process mean and variability”, Communications in Statistics-
Theory and Methods, Vol. 42, No. 23, (2013), 4323-4341.

Ghashghaei, R., Bashiri, M ,.Amiri, A. and Maleki, M.R.,
"Effect of measurement error on joint monitoring of process
mean and variability under ranked set sampling”, Quality and
Reliability Engineering International, (2016).

Maleki, M., Amiri, A. and Ghashghaei, R" ,.Simultaneous
monitoring of multivariate process mean and variability in the
presence of measurement error with linearly increasing variance
under additive covariate model (research note)", International
Journal of Engineering-Transactions A: Basics, Vol. 29, No.
4, (2016), 471-480.

Zou, C., Zhou, C., Wang, Z. and Tsung, F., "A self-starting
control chart for linear profiles", Journal of Quality
Technology, Vol. 39, No. 4, (2007), 364-375.

Cheng, S.W. and Thaga, K., The max-cusum chart, in Frontiers
in statistical quality control 9. 2010, Springer.85-98.

Brown, R.L., Durbin, J. and Evans, J.M., "Techniques for testing
the constancy of regression relationships over time", Journal of
the Royal Statistical Society. Series B (Methodological),
(1975), 149-192.

Lehmann, E.L. and Casella, G., "Theory of point estimation,
Springer Science & Business Media, (2006).

Quesenberry, C.P., "Spc q charts for start-up processes and short
or long runs”, Journal of quality Technology, Vol. 23 ,No. 3,
(1991), 213-224.

Amiri, A., Zand, A. and Soudbakhsh, D., "Monitoring simple
linear profiles in the leather industry (a case study)", in
Proceedings of the 2nd International Conference on Industrial
Engineering and Operations Management, Kuala Lumpur,
Malaysia, January., (2011), 22-24.

Niaki, S.A., Houshmand, A. and Moeinzadeh, B., "On the
performance of a multivariate control chart in multistage
environment”, International Journal of Engineering, Vol. 14,
No. 1, (2001), 49-64.

A Self-starting Control Chart for Simultaneous Monitoring of Mean and Variance of
Simple Linear Profiles

A. Amiri, P. Khosravi, R. Ghashghaei

Department of Industrial Engineering, Faculty of Engineering, Shahed University, Tehran, Iran

PAPER INFO

Paper history:

Received 29 April 2016
Received in revised form 17 July 2016
Accepted 20 July 2016

Keywords:
Max-CUSUM Control Chart
Self-starting

Recursive Residuals

Joint Monitoring

Simple Linear Profile
Phase I1

Average Run Length (ARL)

3V 58 Gl Gl adsl ladigas 5 A pslee i Sl adsl dle 5o dl i sla el adls slos s el E ) (ol 52
L boos Gl w S hsed 3l eslitad 4 Laddle Cas 0L Ul G o deay 5510 s Aol B gl eyl s
O 53 o8 plastls g ool ot Jilos e S5 oy & clie ol 5o A3l g 513 6y et 5 (le Lk sl JES s sl
Slaokile 3wl oaiS3lels 2 MaX-CUSUM s pes 5 dlin ol 55 315 35 Jiime ize 5 joly it Ole sl
e Sl esbe o Jly (e (lols) s et 5 (G 5 Mon 51 250 Jald) S0l Sl Ol (1L Gl (22554
b 03ls anw 5 ¥ U 5o el ot Jbs 2l sl MAX-CUSUM 28 s 500 e sl 0 slgnig Ayl 6 sl
GLL el 0 anslin (G5l and Sladlae 5, 51 Olasl 53 35 g0 Sy b ealgeiy J RS slals sad dlie (pl 3 frioean Ll
S5 5 dan st Satid 5> s S gl 4 Cod e 3 ,8kes Sl ol IS bl sed o Az e DL (3l 4

53l Jie bl euSila gt IS el 58 ol 5 ol Slay e J xS oo s Jsb bge s

Gl 0l 3ls OLES p A Lo

doi: 10.5829/idosi.ije.2016.29.09c.12




