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A B S T R A C T  
 

 

This paper focuses on the turbine-generator shaft models of double-cage Induction Generator (IG) 
based wind farm and its impact on the sub-synchronous resonance phenomenon. For this purpose, six 

different shaft models as 6-mass, 4-mass, 3-mass I, 3-mass II, 2-mass and 1-mass models are 

considered for double-cage IG wind-turbine. By using the linear modal analysis method, the effects of 
the different multi mass model of double-cage IG wind-turbine on the SSR phenomenon are studied. 

The results obtained by eigenvalue analysis show that the model of double-cage IG wind-turbine has 

an important effect on the detecting of Subsynchronous Resonance (SSR) phenomenon. The analytical 
results are validated by detailed electromagnetic transient simulation using PSCAD/EMTDC software. 

 

doi: 10.5829/idosi.ije.2016.29.08b.10 
 

 

NOMENCLATURE 

s the induction generator slip HH hub inertia 

Vds & Vqs d-q axis voltage of the double-cage IG stator HGB

 
gearbox inertia 

Ids & Iqs d-q axis current of the double-cage IG stator  HG generator inertia 

Idr1 & Iqr1
 d-q axis current of first rotor cage Vcd & Vcq d-q axis voltage across series capacitor 

Idr2 & Iqr2 d-q axis current of second rotor cage Vbd & Vbq d-q axis voltage at infinite bus 

Rs & Xsσ

 resistance and unsaturated leakage reactance of stator winding, 

respectively 
XCg

 reactance of shunt capacitor 

Rr1 & Xrσ1 
resistance and unsaturated leakage reactance of first rotor cage, 

respectively 
XC

 reactance of series capacitor 

Rr2 & Xrσ2 
resistance and unsaturated leakage reactance of second rotor cage, 

respectively R

 

transmission line resistance 

Xm unsaturated magnetizing reactance XL transmission line reactance 

Xrm unsaturated mutual leakage reactance between two rotor cages Xt
 reactance of transformer 

TG generator electromagnetic torque Xb

 
source reactance of infinite bus

 

HB1, HB2 & HB3 blade inertias K series compensation level (%) 

 
1. INTRODUCTION1 
 

Installation of wind power plants is rapidly increasing 

due to their environmental benefits and the limitation of 

fossil-fuel resources [1]. As the integration of wind 

farms and electrical networks increases, the stability of 

power systems will gradually be affected by the 

                                                           

1*Corresponding Author’s Email: r.zeinali@kgut.ac.ir (R. Zeinali 

Davarani) 

characteristics of wind-turbines. Therefore, it is 

necessary to utilize the appropriate wind-turbine models 

to study the behavior of wind farms at different 

phenomena of the power system. Most wind farms 

across the world use doubly fed induction generators 

[2]. However, there are a large number of wind farms 

operating or under construction, which utilize self-

excited induction generator based wind-turbines [3]. 

Between self-excited induction generators, the double-

cage Induction Generator (IG) is preferred due to its 
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high efficiency, mechanical simplicity, and low 

maintenance requirements [4].  

Transmission capacity of existing lines may need to 

be enhanced to accommodate the large amounts of 

power from wind plants. Application of series 

capacitors in transmission lines is a well-known 

technology to increase the power transfer capability in a 

power system [5]. However, series capacitors may cause 

Sub-synchronous Resonance (SSR). There are two 

important aspects of the SSR: (i) self-excitation due to 

induction generator effect, (ii) torsional interaction. In 

the self-excitation phenomenon because of series 

compensation, the damping of sub-synchronous mode 

becomes negative and leads to instability of the power 

system. In the torsional interaction phenomenon, the 

series compensation can lead to turbine–generator shaft 

failure. Torsional interaction leads to decreasing of 

torsional modes damping and in the worst condition, it 

may lead to instability of torsional modes [6, 7].  

In the literature, by time domain approach, various 

models of the wind-turbine are used to study different 

phenomena in power systems [8-14]. However, to 

analyze the SSR in wind farms normally a two mass 

model is considered to represent the dynamics of the 

wind turbine-generator shaft [15-24]. In this paper a 

comprehensive analysis of SSR potential in a double-

cage IG based wind farm connected to series 

compensated line is presented. For this purpose, an in-

depth mathematical model of the double-cage IG 

connected to series capacitor is developed along with a 

detailed model of the wind-turbine. By using the linear 

modal method, eigenvalue analysis is carried out, which 

is validated with electromagnetic transient simulation 

studies using PSCAD/EMTDC. Fast Fourier Transform 

(FFT) method is used to analyze the frequency spectrum 

of the signals obtained from PSCAD/EMTDC 

simulations and verify the eigenvalue analysis results 

[25].  

The remainder of this paper is organized as follows. 

Section 2 describes the modeling of various subsystems 

including double-cage IG, turbine-generator shaft, ac 

transmission line, and their overall interconnection. 

Section 3 presents a detailed eigenvalue analysis of the 

system under different operating conditions. Validation 

of the eigenvalue results through time-domain 

simulation is also presented in section 4. Finally, section 

5 concludes the paper. 

 
 
2. SYSTEM DESCRIPTION 
 
The studied system shown in Figure 1 consists of a wind 

farm supplying bulk power to an infinite bus over a 

long-distance series-compensated transmission line. 

 
2. 1. Double Cage Induction Generator Model       
The wind farm in the studied system is composed of 

many wind turbines based on the double-cage IGs. The 

positive sequence equivalent circuit of a double-cage IG 

is shown in Figure 2.  

Differential equations of double-cage IG in the d-q 

frame can be expressed as  

1


ds s ds qs ds

s

d
λ = -R I + λ -V

dt
 (1) 

1


qs s qs ds qs

s

d
λ = -R I - λ -V

dt
 (2) 

1


dr1 r1 dr1 qr1

s

d
λ = -R I + sλ

dt
 (3) 

1


qr1 r1 qr1 dr1

s

d
λ = -R I - sλ

dt
 (4) 

1


dr2 r2 dr2 qr2

s

d
λ = -R I + sλ

dt
 (5) 

1
qr2 r2 qr2 dr2

s

d
λ = -R I - sλ

dt
 

(6) 

where, the flux linkage equations are: 

1 2ds s ds m dr m drλ = X I X I X I   (7) 

1 2qs s qs m qr m qrλ = X I X I X I   (8) 

1 1 12 2dr1 m ds r dr drλ = X I X I X I   (9) 

1 1 12 2qr1 m qs r qr qrλ = X I X I X I   (10) 

12 1 2 2dr2 m ds dr r drλ = X I X I X I   (11) 

12 1 2 2qr2 m qs qr r qrλ = X I X I X I   (12) 

In which 

12 m rmX X X   (13) 

s s mX X X   (14) 

 

 
Figure 1. The studied system 

 

 
Figure 2. Steady-state equivalent circuit of a double-cage IG 
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1 1 12r rX X X   (15) 

2 2 12r rX X X   (16) 

The generator electromagnetic torque (TG) is expressed 

as follows: 

1 2 1 2(I ) (I )G m ds qr qr qs dr drT X I I I I       (17) 

 
2. 2. Wind Turbine Generator Model       In each 

model, the speed of each mass and the angle between 

two adjacent ones are considered as state variables. 

Therefore, in 6-mass, 4-mass, 3-mass I, 3-mass II, 2-

mass and 1-mass models, respectively, 11, 7, 5, 5, 3 and 

2 differential equations are considered. 

In this section, different multi mass models are 

considered to model the wind-turbine generator. These 

models are presented as 6-mass, 4-mass, 3-mass I, 3-

mass II, 2-mass and 1-mass. The detailed equations of 

these models can be found in [8-9] and their schematic 

diagrams are shown in Figure 3. The 6-mass model 

consists of three blade inertias (HB1, HB2 and HB3), hub 

inertia (HH), gearbox inertia (HGB), and generator inertia 

(HG). In the 4-mass model, the three-blade turbine is 

considered as one mass and the turbine torque is equal 

to the summation of the blades torque. In the 4-mass 

model, by adding some masses together the two model 

of 3-mass can be provided. The 3-mass I model can be 

obtained by adding the blade and hub inertias together 

(HBH); while the 3-mass II model can be acquired by 

adding the gearbox and generator inertias (HGBG). The 

2-mass model is developed from 3-mass I model by 

adding the gearbox and generator inertias together 

(HGBG). Finally, in order to make a comparison with a 

rigid model, 1-mass model is considered as shown in 

Figure 3. 

 

2. 3. Network Model        The differential equations of 

the transmission line are given by the following 

equations: 
 

1
g gds C ds C d qs

s

d
V = X I - X I +V

dt
 (18) 

1
g gqs C qs C q ds

s

d
V = X I - X I -V

dt
 (19) 

1 1 1 1
d ds d q cd bd

s

d R
I = V - I + I - V - V

dt X X X X
 (20) 

1 1 1 1
q qs q d cq bq

s

d R
I = V - I - I - V - V

dt X X X X

 
(21) 

1
cd C d cq

s

d
V = X I +V

dt
 (22) 

1
cq C q cd

s

d
V = X I -V

dt
 (23) 

In addition, X is defined as:  

L t bX = X + X + X  (24) 

In a compensated transmission line, series compensation 

parameter (K) is defined as: 

100
(X )

C

L t

X
K

X
 


 (25) 

 

 
3. SMALL SIGNAL ANALYSIS 

 
The wind farm in the study system is consisting of 50 

numbers of double-cage IGs. The rated capacity of each 

generator is 2MW at unity power factor. Potential for 

SSR interactions is investigated by considering an 

equivalent model of wind-turbine generators and 

increasing the series compensation level (K) from 10% 

to 90%. For the SSR analysis, sub-synchronous and 

torsional modes are of interest. 

 

 

 
Figure 3. Schematic diagram of wind turbine-generator shaft models. 

6-mass model 4-mass model 3-mass I model

3-mass II model 2-mass model 1-mass model
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Therefore, the effects of the wind turbine-generator 

shaft models and series compensation level on the 

damping of these modes are studied. At first, for 

different models of wind-turbine, by linear modal 

analysis, the eigenvalues of the test system are obtained 

at the operating point (100 MW wind farm and 50% 

series compensation level), and the results are shown in 

Table 1. 

 

3. 1. Sub-synchronous Mode       According to Table 

1, the sub-synchronous mode is found to be less stable, 

but it is not affected by wind turbine-generator shaft 

model. This subject needs to be further investigated. 

Therefore, by using linear modal analysis, the 

participation matrix is obtained and the participation of 

system components on the sub-synchronous mode is 

presented in Figure 4. As is observed, the mechanical 

parameters have little effect on this mode. Hence, the 

different wind turbine-generator shaft models have 

negligible effect on the sub-synchronous mode. 

For six considered models of wind-turbine generator 

shafts, the eigenvalue variations of the sub-synchronous 

mode are obtained for different series compensation 

levels, and the results are shown in Figure 5. As seen, as 

the series compensation level increases, the damping of 

the sub-synchronous mode decreases. At a certain 

critical compensation level (55.48%), this mode 

becomes unstable and indicates the onset of IG self-

excitation. 

 

 

3. 2. Torsional Modes       Figure 6 shows the 

displacement of the torsional modes in the 6-mass wind 

turbine-generator shaft model for different levels of 

series compensation. 

 

 

TABLE 1. Eigenvalues of the test system at the operating point. 

Modes Type 

Different Wind Turbine-Generator Shaft Models 

1-mass 

model 

2-mass 

model 

3-mass I 

model 

3-mass II 

model 

4-mass 

model 

6-mass 

model 

Network mode-1 -7.53  j1978.67 -7.53 j1978.70 -7.53j1978.71 -7.53j1978.70 -7.53j1978.71 -7.53j1978.71 

Network mode-2 -8.97  j1224.63 -8.97j1224.69 -8.97j1224.73 -8.97j1224.69 -8.97j1224.73 -8.97j1224.73 

Super-synchronous mode -6.98  j516.05 -6.98  j516.13 -6.99  j516.19 -6.98  j516.13 -6.99  j516.19 -6.99  j516.19 

Sub-synchronous mode -0.431  j237.87 -0.411j237.50 -0.394j237.21 -0.411j237.50 -0.394j237.21 -0.394j237.21 

Rotor mode -64.15  j3.27 -63.38  j3.12 -63.14  j3.01 -63.39  j3.12 -63.14  j3.01 -63.14  j3.01 

Electromechanical mode -5.97  j12.82 -5.91  j30.40 -5.03  j30.02 -5.81  j29.25 -4.80  j28.14 -4.80  j28.14 

Flux mode -8.788 -9.052 -9.060 -9.070 -9.081 -9.081 

Torsional mode 1 - -0.756  j5.390 -0.767  j5.374 -0.579  j4.755 -0.538  j4.557 -0.538  j4.557 

Torsional mode 2 - - - -1.246j42.080 -1.434  j41.89 -1.434  j41.89 

Torsional mode 3 - - -2.299  j67.99 - -2.286  j68.26 -2.286  j68.26 

Torsional mode 4 - - - - - -0.046  j8.353 

Torsional mode 5 - - - - - -0.046  j8.353 

 

 

 
Figure 4. Participation level of system components on the 

sub-synchronous mode. 
 

 

According to Figure 6, the damping ratio of the first, 

second and third torsional modes decreases steadily 

with the increase in the level of series compensation. 

 
Figure 5. Displacement of sub-synchronous mode in 

different wind turbine-generator shaft models, when the 

series compensation level is increased. 
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However, none of the torsional modes are unstable. In 

addition, the damping ratio of fourth and fifth torsional 

modes is not affected by series compensation. Since the 

damping of some torsional modes are affected by the 

series compensation, to SSR analysis of wind farms 

based double-cage IGs, considering an appropriate 

model of the wind turbine-generator shaft is very 

important.  
The first, second and third torsional modes that 

affected by series compensation are detected by 4-mass 

and 6-mass shaft models. The only difference between 

these two models is that in the 6-mass shaft model, the 

blades are modeled individually.  

The participation of system components on the 

torsional modes is shown in Figure 7. 

 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

 
Figure 6. Displacement of torsional modes for different 

compensation levels: (a) Torsional mode 1, (b) Torsional 

mode 2, (c) Torsional mode 3, (d) Torsional modes 4 & 5 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 
Figure 7. Participation level of system components on the 

torsional modes: (a) Torsional mode 1, (b) Torsional mode 2, 

(c) Torsional mode 3, (d) Torsional mode 4, (e) Torsional 

mode 5 
 

 

As seen, the blades have most participation on the 

torsional modes 4 and 5. Since these torsional modes are 

not affected by series compensation (see Figure 6), the 

4-mass model can be considered as an appropriate 

model for wind-turbine generator in the SSR analysis of 

double-cage IG based wind farm. 

 
 
4. SIMULATION 
 
To validate the obtained results from small signal 

analysis a detailed electromagnetic transient simulation 

is done with the PSCAD/EMTDC software. Fault 

studies are conducted for a LLLG fault for 6 cycles 

(100ms) at the end of the transmission line. In addition, 

the 6-mass shaft model is considered for wind turbine-

generator shaft. 

 

4. 1. Steady-state Condition       To validate the 

system model used for small signal analysis, the steady-

state solution of the 6-mass shaft model is compared 

with the results obtained from the electromagnetic 

transient simulation. By considering different 
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aerodynamic torques, the variables active output power 

(Pg), reactive output power (Qg), terminal voltage of the 

wind farm (Vs), and the speed of the generator (ωg) are 

calculated for 50% series compensation, and the results 

are shown in Table 2. 

As seen, in all cases, both the results of the system 

used for small signal analysis and PSCAD are matched 

very closely, which validates the small signal model in 

the steady-state condition. 

 
4. 2. Transient Condition       In Section 3, it is shown 

that by increasing the series compensation level, the 

damping of some system modes is affected. To validate 

the obtained analytical results, the test system is 

simulated at 50% and 60% series compensation levels 

and some results are shown in Figure 8 and Figure 9. 

The important eigenvalues of the test system for these 

series compensation levels obtained by small signal 

analysis are provided in Table 3.  
Since the 50% series compensation, is a stable 

operating condition (as seen from Table 3, all 

eigenvalues have negative real part in 50% 

compensation level), Figure 8 shows that the system 

oscillations are decayed in this compensation level. 

However, with 60% series compensation because of 

instability of sub-synchronous mode (as seen from 

Table 3, the sub-synchronous mode has positive real 

part in 60% compensation level), the electromagnetic 

torque and the torsional torque between gearbox and 

generator grow gradually and become unstable (Figure 

9).  
 

 

TABLE 2. Steady-state results of the system model used for 

small signal analysis and transient simulation. 

System 

Variables 

aerodynamic torque=1pu 
aerodynamic 

torque=0.5pu 

system model 

used for small 

signal analysis 

PSCAD 

system model 

used for small 

signal analysis 

PSCAD 

Pg (pu) 0.994 0.993 0.498 0.494 

Qg (pu) -0.510 -0.510 -0.323 -0.324 

Vs (pu) 1.022 1.021 1.029 1.028 

ωg (pu) 1.008 1.007 1.003 1.003 

 

 

TABLE 3. Important eigenvalues of the test system at 50% 

and 60% series compensation levels. 

Modes 
50% Series 

compensation 

60% Series 

compensation 

Sub-synchronous 

mode 
-0.394 ± j237.21 0.321 ± j224.17 

Torsional mode 1 -0.538 ± j4.55 -0.536 ± j4.55 

Torsional mode 2 -1.434 ± j41.89 -1.406 ± j41.87 

Torsional mode 3 -2.286 ± j68.26 -2.220 ± j68.15 
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Figure 8. Transient SSR in the test system for 50% series 

compensation 
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Figure 9. Transient SSR in the test system for 60% series 

compensation 
 

In addition, although with 60% series compensation, 

other torsional torques are stable but because of 

decreasing of the torsional modes damping, the 

amplitude of torsional oscillations is increased. 

The FFT of electromagnetic and shaft torques at 

50% and 60% series compensation levels, respectively, 

are shown in Figure 10 and Figure 11. Comparing the 

FFT results with the analytical results in Table 3, 

indicates that in all cases, the frequencies obtained from 

small signal analysis are very close to frequencies 

detected by FFT. 
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Figure 10. FFT analysis of transient SSR in the test system for 

50% series compensation 
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Figure 11. FFT analysis of transient SSR in the test system for 

60% series compensation 
 

 

For instance, at 60% series compensation in the FFT of 

electromagnetic torque (Figure 11(a)) the detected 

frequency, 224.18 rad/s, matches with the frequency 

224.17 rad/s which is  obtained from small signal 

analysis (see Table 3). In addition, as the FFT of 

electromagnetic torque at 60% series compensation 

reveals the excitation of the frequency 224.18 rad/s, 

instability of this mode is shown by the small signal 

analysis (see Table 3). 

5. CONCLUSION 
 
This paper presents a detailed analysis of the effect of 

different wind turbine-generator shaft models of double-

cage IG on the potential of SSR in the wind farm 

connected to the series compensated transmission line. 

The sub-synchronous mode is found to be the most 

sensitive among all modes and tends to become less 

stable (or unstable) with an increase in series 

compensation. The results show that different models of 

the wind-turbine generator have little effect on the sub-

synchronous mode. In addition, the damping ratio of 

some torsional modes decreases with an increase in the 

level of series compensation, but none of the torsional 

modes are unstable. The torsional modes affected by 

series compensation, can be detected by 6-mass and 4-

mass shaft models. Therefore, to SSR analysis of 

double-cage IG based wind farm, the 4-mass model is 

proposed as an appropriate model for wind-turbine 

generator shaft. 
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7. APPENDIX 
 

TABLE A. 1. Double-cage induction generator data. 

Parameter Value Parameter Value 

P 2 MW Rr2 (pu) 0.019239 

V 690 V Xrσ1 (pu) 0 

f 60 Hz Xrσ2 (pu) 0.21172 

RS (pu) 0.00506 Xrm (pu) 0.072175 

Xsσ (pu) 0.13176 Xm (pu) 3.8892 

Rr1 (pu) 0.01199 Pole-pair number 3 

 

 

TABLE A. 2. Transmission line data. 

Parameter Value Parameter Value 

System Base 892.4 MVA R 0.02 pu 

Base Voltage 500 kV Xb 0.06 pu 

Xt 0.14 pu 
Xc 

(10% - 90%)* 

(Xt + XL) XL 0.50 pu 

 

 

TABLE A. 3. Wind-turbine 2 MW data. 

Parameter Value Parameter Value 

Rotor diameter 80 m Turbine rotor speed 13.5 rpm 

Number of blades 3 Gearbox ratio 88.8 

Machine rated 

mechanical speed 
1200 rpm Air density 

1.225 

kg/m3 
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 هچكيد
 

 
صًزاتَر یک هشرعِ بادی هبتٌی بز صًزاتَر القایی دٍ قفسِ ٍ اثز آى بز رٍی پذیذُ -ّای ضفت تَربیيایي هقالِ بز رٍی هذل

کٌذ. بزای ایي هٌظَر ضص هذل ضفت هختلف بِ صَرت ضص جزهِ، چْار جزهِ، سِ جزهِ تطذیذ سیز سٌکزٍى توزکش هی

زای تَربیي بادی هبتٌی بز صًزاتَر القایی دٍ قفسِ لحاظ ضذُ است. با ًَع اٍل، سِ جزهِ ًَع دٍم، دٍ جزهِ ٍ تک جزهِ ب

استفادُ اس رٍش تحلیل هذُال خطی، اثز هذل چٌذ جزهِ هختلف اس تَربیي بادی با صًزاتَر القایی دٍ قفسِ بز پذیذُ تطذیذ 

هذل تَربیي بادی با صًزاتَر دّذ کِ سیز سٌکزٍى هطالعِ ضذُ است. ًتایج بذست آهذُ تَسط تحلیل هقذار ٍیضُ ًطاى هی

ساسی گذرای القایی دٍ قفسِ یک اثز هْن بز رٍی تطخیص پذیذُ تطذیذ سیز سٌکزٍى دارد. ًتایج تحلیلی تَسط ضبیِ

 تاییذ ضذُ است. PSCAD/EMTDCالکتزٍهغٌاطیسی با استفادُ اس ًزم افشار 

doi: 10.5829/idosi.ije.2016.29.08b.10 
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