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A B S T R A C T  
 

 

Water storage tanks not designed explicitly for seismic loading could require retrofit. One of the 
common ways of retrofit include some structural change in the lateral load resisting system that could 

be expensive and requires the tank to be out of service for relatively long time. This paper introduces a 

novel method to reduce seismic demand on tank’s wall without structural intervention. This is done by 
employing air cushions adjacent to the wall. The paper investigates the effect of air cushion system on 

the seismic response of the cylindrical water storage tanks. While in tank without air cushion, the 

boundary condition adjacent to tank wall is kinematic with no control on the wall pressure, in the 
proposed method this boundary condition becomes kinetic, enabling control of dynamic fluid pressure 

on the tank walls. The response parameters of the tank is developed in terms of wall pressure, wave 

height, base shear, and overturning moment in cylindrical tanks of different sizes with and without air 
cushions under the far field and near source ground motions. The results demonstrate that the proposed 

method is an effective way to reduce sloshing force demand. 
doi: 10.5829/idosi.ije.2016.29.04a.04 

 

 
1. INTRODUCTION1 
 

Most of the existing water storage tanks have not been 

designed for hydrodynamic water pressure during 

seismic excitations. Adoption of traditional retrofit 

techniques, in addition to financial costs, requires shut 

down of the facility for long times that in most of the 

cases is not possible. This paper proposes application of 

air cushion on the existing tanks, which introduces 

flexibility to the tank wall and makes it possible to 

control sloshing induced water pressure on the tank 

walls. The proposed method is easy to apply and its 

financial costs is much smaller than traditional retrofit 

methods. 

Hashemi et al. [1] used an analytical method to 

determine the dynamic response of flexible rectangular 

fluid containers. They found that there are significant 

differences in hydrodynamic pressure distribution on the 

walls of rigid and flexible tanks. Kianoush et al. [2] 

investigated the effect of earthquake frequency content 

                                                           

1*Corresponding Author’s Email: s.tariverdilo@urmia.ac.ir (S. 
Tariverdilo) 

on the response of rectangular flexible tanks. They 

looked into the response of tanks with different aspect 

ratios under vertical and horizontal ground motion 

excitations. The tank foundation is modeled as a linear 

elastic medium on six soil types. Considering the effect 

of soil structure interaction, they showed that the 

impulsive response is significantly dependent on the 

earthquake frequency content, while convective 

response is independent of the flexibility of the 

foundation.  

Employing flexibility in the form of base isolation or 

wall flexibility, different researchers proposed different 

methods to reduce seismic demand in water storage 

tanks. Shekari et al. [3, 4] studied the seismic response 

of cylindrical base-isolated storage tanks. They 

investigated the slenderness effect and considered the 

response for long-period ground motion excitation. 

They concluded that for long period excitation, 

reduction or amplification of response parameters due to 

employment of base isolation largely depends on the 

tank’s aspect ratio. Malhotra [5] proposed a new base 

isolation scheme for tanks, which is based on 

disconnecting the tank wall from its base and placing it 
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on a flexible bearings. De Angelis et al. [6] 

experimentally and numerically investigated the 

effectiveness of base isolation for seismic protection of 

steel tanks with floating roof. They evaluated 

performance of high damping rubber bearings and also 

sliding isolators. The results show effectiveness of both 

types of base isolators.  

Dynamic interaction of a flexible container and 

sloshing liquid can also be used to control liquid 

sloshing. Anderson [7], Guzel et al. [8, 9] and 

Gradinscak [10] adopting numerical and experimental 

models, studied the potential of employing wall 

flexibility to reduce sloshing in flexible containers. 

Mousavi and Tariverdilo [11] applied flexible internal 

wall in water storage tanks as mass absorber to control 

seismic demand on external walls. Mahmoudi et al. [12] 

investigated using padded wall as a means to reduce 

sloshing pressure in rectangle tanks.  

This paper investigates the effect of air cushion 

(placed adjacent to tank wall) on the dynamic response 

of water storage tanks. To assess the efficiency of the 

proposed method, different ground motion records 

including near source and far field records are 

considered in the simulations. Simulations also include 

tanks of different aspect ratios. In the following, first the 

mathematical formulation for the proposed retrofit 

method is derived and then the simulation results are 

presented. 

 

 

2. MATHEMATICAL MODEL 
 

To provide better assessment on the performance of the 

tank with air cushion, first the mathematical formulation 

for the tank with rigid wall is derived and then the 

formulation for the tank with padded wall will be 

given. 
 
2. 1. Response of Rigid Tank            Fluid flow in the 

case of incompressible and inviscid fluid could be 

described by a potential function satisfying the Laplace 

equation. In cylindrical coordinates, the Laplace 

equation takes the following form: 

2 2 2
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For rigid tank subjected to ground motion excitation, the 

boundary conditions will be (for notations see Figure 1):  
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The first boundary condition satisfies the 

impermeability condition on the bottom surface of the 

tank, while the second one describes the lateral motion 

of its rigid wall, and finally the third equation is the free 

surface boundary condition at z=H. Note that the 

boundary condition on the tank wall is a kinematic 

boundary condition with no control on pressure. 

Using the method of separation of variables, the 

analytical solution satisfying the first and second 

boundary conditions will be: 

1

1

[ ( ) ( )cosh( )]cosg k k k

k

rx A t J r z   




    (3) 

where J1 is Bessel function of the first kind of order one, 

and λi is obtained by evaluating the roots of J1
′
(λkR)=0. 

The modal amplitude Ak is determined by imposing free 

surface boundary condition, which leads to: 
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Orthogonality of Bessel functions is employed to 

decouple these coupled differential equations, as: 

2
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where we have: 
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Here, the time evolution of the modal amplitude could 

be evaluated by numerical integration. 

Linearized Bernoulli's equation for incompressible 

fluid and irrotational flow reads as (Ibrahim [13]):  

0p gz
t




   



  (7) 

Neglecting hydrostatic pressure, we have: 

p
t





 


  (8) 

Now, integrating pressure on the tank’s wall, it will be 

possible to drive time evolution of the shear and 

overturning moment on the wall: 
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     (9) 
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To calculate wave elevation, again we use linearized 

Bernoulli’s equation, this time on the free surface, 

which gives wave elevation as:  

1
h

g t





  (10) 

 

2. 2. Response of Tank with Air Cushion         This 

paper proposes adoption of air cushion system as a new 

technique to reduce sloshing introduced force on the 

tank walls. The air cushion includes a number of 

pressurized air packets kept in their positions adjacent to 

the tank wall (Figure 1). The simplest case would be the 

air cushion system only introducing stiffness. In this 

case, change in the volume of the air pocket develops 

the restoring force. Damping could be provided by 

introducing system’s resisting air transfer between the 

packets.  
The main concept of employing air cushion is to 

change kinematic boundary condition on the tank wall 

(Equation 2b) with no control on pressure, to kinetic 

boundary condition. This way, it will be possible to 

control sloshing introduced force on the tank wall. To 

simplify the mathematical treatment, we model the air 

cushion system as a linear combination of stiffness kac 

and damping cac. While the governing equation remains 

the same, the boundary conditions take the following 

form 
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Comparing Equations (11) and (2), it is evident that the 

first and third boundary conditions remain the same, but 

the second one is changing from a kinematic boundary 

condition to a kinetic one. 
 

 
Figure 1. Air cushion padded on the wall of cylindrical tank 

The second equation maintains force equilibrium 

between fluid pressure and air cushion that is a 

combination of stiffness and damping terms. To solve 

the resulting partial differential equation, the potential 

function could be decomposed into three components 

as: 

1 2

3
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With the following boundary conditions for each 

component: 
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It is easy to verify that the sum of 1 2,   and 3  

satisfies the boundary conditions of Equation (11). The 

interesting point is that the boundary conditions of 

Equation (13) for 1 are exactly the boundary conditions 

for   in Equation (2). Therefore, the solution for 1  

and   will be the same. This means that the sum of 2  

and 3  simulates the difference between the rigid tank 

and tank employing air cushion. As stiffness coefficient 

kac increases, 2  and 3  tend to zero, and this means 

that the solution becomes closer to the solution for rigid 

tanks. The analytical solution for 2  by imposing the 

first and third boundary conditions is 

 2 1

1
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where I1 denotes modified Bessel function of the first 

kind of order one, and μj equals jπ/H. The analytical 

solution for 3  imposing the first and the second 

boundary conditions is: 

 3 1

1

( ) ( )cosh cosk k k

k

C t J r z   




   (17) 

The modal amplitudes are determined by imposing the 

remaining boundary conditions, which means: 
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Multiplying the first equation by cos(μmz) and 

integrating from 0 to H, and at the same time 

multiplying the second equation by rJ1(λnr) and 

integrating from 0 to R, we have: 
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where we have: 
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The time evolution of modal amplitudes are determined 

using numerical integration. 

 

 

3. VERIFICATION OF MATHEMATICAL 
MODELLING 
 

To verify derived solutions for tank with and without air 

cushion, we compare asymptotic solution of derived 

equations for tanks with air cushion with well-known 

solution for the rigid tanks. Rigid model of Hernandez 

et al. [14] is selected for the validation purpose. They 

investigated the sloshing response of a cylindrical tank 

with water height of 2.75 m and diameter of 11 m 

subjected to the 1985 Mexico ground motion record. 

Figure 2 compares the response history for wave 

elevation of Hernandez et al. results (grey line in Figure 

2a, which represents linear response) with the response 

calculated employing derived formulation for the tank 

with rigid wall and wall with air cushion. As could be 

seen, there is good correlation between linear response 

of Hernandez model and the asymptotic solution for the 

tank with air cushion.  

 

 

4. MODEL TANKS AND GROUND MOTIONS  
 
Sloshing effect is investigated in cylindrical tanks of 

different aspect ratios. To evaluate the performance of 

the proposed retrofit method, four tanks with different 

aspect ratios (or fundamental periods) are considered. 

Table 1 gives the dimensions of the assumed tanks and 

their natural periods. As could be seen, natural periods 

increase significantly for tanks with larger aspect ratios 

(D/H). As will be demonstrated, aspect ratio together 

with frequency content of the ground motion record will 

be main factors controlling the response of the tank to 

different excitations.  

 

 
Figure 2. Wave elevation response history; a) Hernandez-

Barrios's model, b) tank with rigid wall, c) padded tank with 

infinite stiffness used for air cushion. 



468                                                 F. Ashrafzadeh et al. / IJE TRANSACTIONS A: Basics  Vol. 29, No. 4, (April 2016)   464-472  

 

TABLE 1. Dimension and natural periods of tanks considered 

in the study 

Tank    H(m) D(m) D/H T1 (sec) T2 (sec) T3 (sec) 

A 5 5 1 2.33 1.37 1.09 

B 5 10 2 3.39 1.94 1.54 

C 5 20 4 5.48 2.76 2.17 

D 5 30 6 7.74 3.46 2.67 

 

 
 

Three different types of ground motion records are 

considered in the study. These include near field, far 

field and far filed long period records. These are two 

records from Imperial Valley and Kobe earthquakes, 

including near field and far field records and one long 

period far field record from Tokachi-Oki earthquake are 

considered. All of the ground motions are recorded in 

soil type D in NEHRP classification [15]. Table 2 gives 

designation, component, date, magnitude, focal distance 

and peak ground acceleration (PGA) of the records.  

The time history and Fourier spectrum of the ground 

motions are shown in Figures 3 and 4. Larger energy 

content of Imperial Valley and Tokachi-Oki records in 

higher periods is evident in Figure 4. By this 

observation, larger response could be anticipated for 

tanks with larger fundamental periods (tanks with larger 

aspect ratio). Also note that, although Tokach-Oki 

record has relatively smaller peak ground acceleration 

(PGA), it has large energy content that is mainly due to 

long duration of this record compared to the other 

records. 

Pseudo acceleration and displacement response 

spectra of each record are also plotted in Figure 5. The 

natural periods of baseline case (tank B), are also 

marked in the figure.  

 

 

 
TABLE 2. The ground motions records used in the 

simulations 

Desig 

nation 

Record/ 

Component 
Date Magnitude 

Distance 

(km) 

PGA 

(m/s2) 

IF 

Imperial 
Valley/ 

CAL315 

10/15/1979 6.5 23.8 0.76 

IN 

Imperial 
Valley/ 

ECC092 

10/15/1979 6.5 7.3 2.31 

KF 
Kobe/ 

HIK090 
1/16/1995 6.9 96 1.47 

KN 
Kobe/ 

KJM090 
1/16/1995 6.9 1 5.87 

T 
Tokachi/ 

EW 
9/25/2003 8.3 139 0.72 

 
Figure 3. Time history of the records 

 

 
 

 
Figure 4. Fourier spectrum of the records 
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Figure 5. Acceleration and displacement response spectra of 

the records 

 
 
5. OPTIMUM AIR CUHESION STIFFNESS  
 
To evaluate optimum air cushion stiffness for different 

response parameters, Figure 6 depicts the evolution of 

the response parameters for increasing stiffness of the 

air cushion in tank B. The response parameters include 

wave elevation, and also the wall base overturning 

moment and shear. The response parameters are 

evaluated for the rigid tank and the tank with flexible 

wall. As is evident, it is possible to reduce seismic 

demand on all of the response parameters for air 

cushion stiffness of about 10 kN/m in all of the ground 

motions. Efficiency of the air cushion system degrades 

for larger stiffness values and as anticipated for larger 

stiffness values all of the response parameters 

asymptotically tend to that of rigid tank. For the 

intermediate stiffness values the response of tank with 

flexible wall is even larger than the rigid tank.   

 

 

6. PERFORMANCE OF AIR CUHESION 
 
Evaluating the response parameters for stiffness of 10 

kN/m (as the optimum air cushion stiffness for the tank 

B), Tables 3 and 4 gives the order of change in the 

response parameters for the tanks considered in the 

study. The reduction in the response parameters due to 

introduction of air cushion is quite remarkable for tanks 

A and B (tanks with small aspect ratio), and this 

efficiency decreases for tanks C and D (tanks with larger 

aspect ratios). 

 

 
Figure 6. Evolution of base overturning moment, shear and 

wave elevation for tank B subjected to different ground 

motions 

 

 
In other words, there is a noticeable reduction in the 

efficiency of the air cushion in the case of tanks 

with larger aspect ratio (D/H). This is partly due to 

higher natural periods for tanks C and D and change 

in the transfer function (as will be discussed in the 

next section), and also due to the use of the air 

cushion stiffness that is only optimized for tank B.   

As expected, local response parameters (wave 

elevation) is more affected by the presence of air 

cushion rather than global response parameters 

(base shear or moment). This reveals that it is easier 

to change local response rather than the mean 

response parameters.  

As will be explained in the next section, the 

reduction observed for different response 

parameters is primarily because of frequency shift in 

the fundamental period of the tank due to the use of 

air cushion. Note that the reduction in the response 

parameters below optimum stiffness is steady, 

which means that the reduction in the response 

parameters for this tank is not due to accidental 

variation of ordinates of the response spectrum, and 

on the other hand, the reduction is dependable and 

could be used for design purpose  
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TABLE 3. Effect of using air cushion on the response 

parameters. 

Wave elevation (m) 

 Tank with rigid wall Tank with flexible wall 

Tank A B C D A B C D 

IF 0.21 0.27 0.38 0.20 0.10 0.17 0.34 0.17 

IN 0.78 1.66 1.12 1.37 0.45 1.07 0.96 1.28 

KF 0.14 0.09 0.09 0.11 0.08 0.07 0.08 0.10 

KN 0.67 1.10 0.54 0.39 0.54 0.84 0.46 0.49 

T 0.62 1.17 1.83 2.38 0.20 0.52 1.66 1.95 

Base moment (kN.m) 

Tank A B C D A B C D 

IF 16.8 30.0 47.3 27.8 14 19.6 38.9 24.9 

IN 60.5 171 131 166 52 125 129 148 

KF 25.4 40.5 43 48.8 26.4 39 42 48 

KN 117 169 166 199 116 169 165 199 

T 45.9 114 235 315 19.8 51 225 292 

Base shear (kN) 

Tank A B C D A B C D 

IF 7.88 13 17.7 13.1 6.7 8.55 14.3 10.8 

IN 25 55.8 54.3 60.4 24.2 47.5 52.5 56.5 

KF 14.9 22.9 24.5 25.2 13.9 19.3 21.5 23.1 

KN 65 93.0 93.9 103 63.8 87.6 90 99.4 

T 11.8 34.6 85.2 119 8.58 17.8 81 113 

 

 
TABLE 4. Percentage of reduction in the response parameters 

due to adoption of air cushion. 

Wave elevation (m) 

Tank A B C D 

IF 46 38 11 14 

IN 43 36 14 6 

KF 42 24 12 2 

KN 19 23 14 0 

T 66 55 9 18 

Mean 43 35 12 8 

Base moment (kN.m) 

Tank A B C D 

IF 17 33 18 10 

IN 14 27 1 11 

KF 4 3 1 1 

KN 0 2 1 0 

T 58 55 4 7 

Mean 18 24 5 6 

Base shear (kN) 

Tank A B C D 

IF 16 34 19 17 

IN 3 15 3 7 

KF 6 16 12 8 

KN 2 6 4 4 

T 27 48 5 5 

Mean 11 24 9 8 

The response for near field records in comparison with 

far field ones is remarkably larger. Smaller ordinate of 

acceleration spectrum of far field records in high period 

ranges could explain this difference in response 

magnitudes. This also justifies the large response 

amplitude for Tokachi-Oki record.  

 

 

7. TRANSFER FUNCTION  
 
To assess the change in the efficiency of the air cushion 

for change in the tanks aspect ratio, the system transfer 

function is derived. For this purpose, the response of the 

system is evaluated for a harmonic excitation in the 

form of e
iωt

. Assuming that the modal amplitudes have a 

harmonic response, we have: 
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Considering Equation (5), the modal amplitude A takes 

the following form: 
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and for the modal amplitudes B and C, we will have: 
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Rearranging this equation, we have: 
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This presents a set of linear coupled equations, which by 

solving it, the modal amplitudes could be obtained. 

After obtaining the modal amplitudes, the transfer 

function for pressure on the tank wall could be 

evaluated as: 
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This could be rewritten as: 
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Figure 7 presents the pressure transfer function for kac 

and cac of 10 kN/m and 100 N.sec/m, respectively. 

Small damping is considered in this example, only to be 

able to evaluate transfer function near the tanks natural 

periods.  

Design codes (e.g. ACI 350.3 [16]) usually adopting 

Housner [17] frequency domain solution for rigid tanks, 

decomposes response to impulsive and convective 

components. In this treatment, the impulsive response is 

associated with a relatively high frequency (a frequency 

in constant acceleration zone of response spectrum) and 

convective term is associated with the fundamental 

period of the tank (T1 in Table 1). By this way, codes 

treatment ignores contribution of higher modes in the 

response.  

For the tank B, as could be seen, there is only 

significant frequency shift for the fundamental period 

(convective mode in code treatment) of the rigid tank 

(from 3.391 sec for rigid tank to 3.489 sec for tank with 

air cushion), and the frequency shift for other natural 

frequencies are smaller (including impulsive mode). 

Note that the transfer function does not cover the phase 

of different frequencies.  

Figure 7b explains why the efficiency of the 

proposed system decreases for the tanks with larger 

aspect ratios. This figure compares the transfer function 

for the fundamental period (convective mode) of the 

tank D with and without air cushion. As could be 

inferred from this figure, for increasing aspect ratio (the 

tank D), the frequency shift is very small (from 7.745 

sec for rigid tank to 7.753 sec for tank with air cushion). 

This explains why there is little, if any reduction of 

pressure in Table 3 for this tank. 

The small shift in the fundamental period is due to 

the use of the optimized air cushion stiffness derived for 

the tank B. Figure 7c depicts the frequency shift for tank 

D for air cushion stiffness of 1 kN/m. As could be seen, 

in this case there is good frequency shift between 

fundamental periods of rigid tank and tank with air 

cushion.  

 
(a) 

 

 
(b) 

 

 
(c) 

 

Figure 7. Evolution of pressure transfer function, a) Tank B: 

kac=10 kN, b) Tank D: kac=10 kN, c) Tank D: kac=5 kN. 

 

 

8. CONCLUSIONS 
 

A novel retrofit technique using air cushion is proposed 

to reduce seismic demand in cylindrical water storage 

tanks. Using potential function, analytical solution for 

the tank with air cushion under lateral excitation is 

derived. Efficiency of the proposed retrofit technique is 

investigated for tanks of different aspect ratios under 

different seismic excitation including near source and 

far field ground records. It is shown that the proposed 

retrofit technique works well for tanks of small aspect 

ratio, but efficiency decreases for tanks of large aspect 

ratio. Finally, this change in efficiency is attributed to 

the pressure transfer function and resulting frequency 

shift due to adoption of air cushion. 
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 چكيد
 

 

ی دس ا لشصُهعوَل تْساصی   شاًذ، اغلة ًیاصهٌذ تْساصی ّستٌذ. سٍای طشاحی ًطذُهخاصى رخیشُ آب کِ تشای تاسّای لشصُ

ًی تش تَدُ ٍ تَام تا خشٍج اص سشٍیس هخضى تشای صهاى طَلاتاضذ کِ ّضیٌِ یهی هخاصى ا ساصُتشگیشًذُ تغییشاتی دس سیستن 

ًوایذ کِ ی هعشفی هیا لشصُّای هخاصى تحت تاسگزاسی  یَاسُددس  ًیاصاست. هقالِ حاضش سٍضی جذیذ هثتٌی تش کاّص 

ضَد. دس هخاصى ًیست. ایي اهش تا تعثیِ تالطتک َّا دس حذ فاصل دیَاس هخضى ٍ سیال اًجام هی ًیاصهٌذ تغییش دس ساصُ هخضى

گًَِ کٌتشلی سٍی فطاس سیال ٍاسد تش دیَاسُ هخضى  یچّعادی )تذٍى تالطتک( ضشایط هشصی دیَاسُ هخضى سیٌواتیکی است ٍ 

ٍجَد ًذاسد. تا تعثیِ تالطتک، ضشایط هشصی دس دیَاسُ سیٌتیکی ضذُ، اهکاى کٌتشل فطاس سیال تش سٍی دیَاسُ هخضى ایجاد 

ی تِ ا استَاًِاسخ هخضى ضاهل فطاس سیال تش دیَاسُ، استفاع هَج، تشش ٍ لٌگش خوطی دس هخاصى گشدد. دس ایي هقالِ، پهی

ی حَصُ دٍس ٍ ًضدیک اسائِ ضذُ ٍ کاسایی سیستن پیطٌْادی تشسسی ضذُ ّا لضلِاتعاد هختلف تا ٍ تذٍى تالطتک َّا تشای ص

 تشل ًیشٍی ًاضی اص هَاج ضذگی است.تشای کٌ هؤثشیک سٍش  ضذُ اسائِاست. ًتایج ًطاًگش آى است کِ سٍش 

doi: 10.5829/idosi.ije.2016.29.04a.04 

 


