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In this paper, the transverse vibration of cracked nano-beam has been studied based on modified couple
stress theory. Crack is modeled by a rotational spring that creates a discontinuity. First, transverse
vibration equation of cracked nano-beam is derived along with its general response. Then, the
frequency parameters are calculated for different crack positions, different lengths of the beam,
different length scale parameter, different crack properties, and some typical boundary conditions.
Results indicate that the effects of the crack parameter and crack location on transverse frequency of
the cracked nano-beam are quite significant. In addition, scale effect parameter is one of the important
parameters in nanoscale that must be taken into account. Finally, the results of special cases with
simple support boundary condition for classic and nonlocal theories are compared with those available
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1. INTRODUCTION

Crack often occurs in nanostructures and has different
causes, for example, crack occurrence in ZnO nano-rods
is due to thermal fabrication process [1, 2]. The crack
presence results in changing the safety and reliability of
nano devices and specially the system natural frequency
that reduces their operation life [3]. It should be noted
that structural elements like beams, shells, and
membranes are the most widely-used components in
nano/micro electromechanical systems (NEMS/MEMS)
[4]. Drawing upon the above discussion, the presence of
crack in nano structural elements is inevitable. Since the
beam is one of the important components in
NEMS/MEMS, studying the effects of cracks on nano-
beams will be very important. Nowadays, experimental
studies on nanomaterials are still a challenge because of
difficulties confronted in the nanoscale. So, atomistic
simulations and continuum mechanics theories have
been used for nanostructure analysis [3]. Besides,
atomistic simulations are costly and take much time. In
addition, continuum theory is a convenient way to
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investigate the cracks effects on nano system
performance. Scale-effect parameter (size effect) is an
essential factor that the classic theory has failed to
consider when the size reduces from macro to nano.
Thus, using higher-order theories like modified couple
stress theory [5] and modified strain gradient [6] are
quite warranted.

Yuen [7] used finite element method to obtain the
relation between damage location and corresponding
change in Eringen value of a cantilever beam. Tada et
al. [8] calculated the strain energy of a cracked classic
beam, derived the compliance matrix, inversed it, and
used it to establish the frequency equation of cracked
beam. Freund et al. [9] found that a crack on a structure
makes it more flexible. Adams et al. [10] attributed this
flexibility to the existence of a spring on the beam. Loya
et al. [11] modified the cracked classic beam equation
and established the cracked nano-beam equation based
on Eringen nonlocal theory. Hasheminejad et al. [12]
studied free transverse vibration of cracked nano rod
focusing on surface effect. Sherafatnia et al. [13] studied
free vibration and buckling analysis of functionally-
graded cracked beam via an analytic approach.

Please cite this article as: Y. Tadi Beni, A. Jafari, H. Razavi, Size Effect on Free Transverse Vibration of Cracked Nano-Beams using Couple
Stress Theory, International Journal of Engineering (IJE), TRANSACTIONS B: Applications Vol. 28, No. 2, (February 2015) 296-304



mailto:tadi@eng.sku.ac.ir

297 Y. Tadi Beni et al. / [JE TRANSACTIONS B: Applications Vol. 28, No. 2, (February 2015) 296-304

The classical couple stress theory established by
Mindlin et al. [14] is one of the other higher-order
continuum theories that comprises two additional length
scale parameters in addition to the classical constants
for an elastic material. Recently, Yang et al. [5]
proposed modified couple stress theory which contains
only one additional length scale parameter. Many
researchers have used this theory to study the function
of beams in NEMS/MEMS [15-20]. In this paper, the
transverse vibration of Euler-Bernoulli cracked nano-
beam with some typical boundary conditions has been
studied based on modified-couple stress theory. The
authors modeled the cracked beam as two separated
beams connected by a rotational spring. The equation of
each beam’s motion is obtained and continuity
condition is satisfied at the crack location. The
frequency parameters and the vibration modes of
cracked nano-beams with some typical boundary
conditions are calculated for different crack positions,
crack severities, and values of the size-effect parameter.
Finally, the results were compared with some data
available in the literature. It is found that the impact of
crack parameter, crack location and size effect
parameter have significant effects on transverse
frequency of the cracked nano-beams.

2. PRELIMINARIES

According to the coupled stress theory, the stored strain
energy U; with infinitesimal deformation is written as:

U =3 11108, + i v 1)
where,

&= (u,+u,) 2)
x5 =30, 40, ) 3)
0, =%(curl(u))’, C))

In the above equations, u and € are displacement and
infinitesimal rotation vectors. In addition, & and y are
strain tensor and symmetric part of the rotation gradient

tensor. ¢ is the Cauchy stress and m” is usually called

the higher-order stress. According to constitutive
equation for a linear isotropic elastic material, the
components of the stresses are written as follows:

Gij = Mr(s)(ﬁl.j +2ygij (5)

S _~,12.8
mij—2,ul Xij (6)

Parameters p and A in the constitutive equation of

elastic material are called the Lame constants. Also, I is
the additional independent material length scale
parameter which appears in constitutive equations of
higher-order stresses. For an Euler-Bernoulli beam, the
displacement field can be expressed as:

e)

| , =0, u=wx1) @)
ox

where, u is axial displacement of the centroid of cross
sections, and w denotes the lateral deflection of the
beam and parameter zrepresents the distance of a point
on the cross section with respect to the axis parallel to
y-direction passing through the centroid.

3. GOVERNING EQUATIONS OF MOTION AND
CORRESPONDING BOUNDARY CONDITIONS

In this section, the governing equation and
corresponding classical and non-classical boundary
conditions of nano-beam are derived based on the
couple stress theory. By assuming small slopes in the
beam after deformation, the non-zero component of
strain (axial strain) can be expressed as:

w

&, =2
11
ox*

®)

Substitution of Equation (8) for Equations (3) and (4),
yields the non-zero component of x;- as:
10w

li = :] :___1 9
Ko =n =S )

Consequently, by substituting Equations (8) and (9) for
Equations (5) and (6), one can get the nonzero
components of the Cauchy and higher-order stresses as
follows:

ow

o, = Eg, :_E267 (10)
s s ow
qu:mil:_lllz ok (11)

It ought to be noted that in Equation (10), due to
assumption of thin beam and small amount of Poisson’s
ratio, the Poisson’s effect has been ignored. By
substituting Equations (8)-(11) for Equation (1) the
yield is as follows:

1L (&*w
v =3l S[axz ]dx (12)
where,
S=EI+uAr (13)

In Equation (13), E is Young's modulus. The strain
energy U, due to the existence of the initial axial force
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(N) and the kinetic energy T of the beam, is written as
follows:

ot

T:—L j{[ ZX;T @”:j }ddi (15)

The work done by the external loads acting on the beam
is also expressed as:

x=L
x=0

ow
V6 Ms
W |X:O ( ( 67(]] x=0

where, F (x, 1) and G(x,t) are the external transverse and

SW= j F(x, t)5wdx+j G(x, 6 udx+ ( No u)

longitudinal forces, respectively. Nand Vrepresent the
resultant axial and transverse forces in a cross section
caused by the classical stress components acting on the
plane; the parameter M is the resultant moment in a
cross section caused by the classical and higher-order
stress components.

Now, the Hamilton principle is considered as:

[ (U, +5U, -5T +5W)dt =0 (17)

By substituting aforementioned expressions for T,U,,
U ,andd Win Equation (17) and some mathematical

operations, the final transverse vibration equation of the
cracked nano-beam can be written as:
o'w  O'w o W

S—F - N—+pA—+pl—— ow

F 0
X ox o Plagae TE0= (18)

83W ow ow
( aﬁNa“”g‘V] =0 or duf,,, =0 (19)
x=0,L

ow ow
S——M =0 or O —
ox x=0.L 0x /| x=

where, I=bh’/12 is the cross section moment of inertia,
b and h are the width and the thickness of the beam,
respectively. Also, p and A are density and cross section
area, respectively.

In free vibrations, the transverse displacement is

=0 (20)

0,L

assumed to be in the form of W(x, t)= w(x)e® where

o is the transverse frequency of the beam. Furthermore,
the transverse inertia, as usual, is neglected [21].

Consequently, after introducing the following

dimensionless variables:

=2 w=Z A‘*:M, m=NC 21
L L s s

Transverse dimensionless equation of motion of beam
in Equation (18) is written as:

W —IIW —A*Ww=0 (22)

The general solution for the above differential equation
is as follows:

Wx) =" +¢,e® + R + ¢, (23)

where, R, - R, are the roots of Eigen values problem of

the Equation (22) and can be calculated through the
following equation:

R'—TIR—A* =0 (24)

4.VIBRATION OF CRACKED NANO-BEAM

In this study, the cracked beam is modeled as two beam
segments connected by a rotational spring. Consider a
nano-beam with an edge crack located at the distance M
from the left end with corresponding dimensionless
variable I,=M/L (see Figure 1). In addition, let A6 and
Au, respectively, be the rotated angle by the rotational
spring and the relative horizontal displacement at x=M,
described by Loya et al. [11]:
*w du du ’*w

M=K o5+ Koo Bu=K,—+K
ox ox

11 axz 21 axz (25)

where, K;;, K>, Ky; and K;; are the flexibility constants.
There is no longitudinal displacement in free transverse
vibration (u(x, t)=0), and the flexibility K»,, K;; and K,
are generally considered to be small [11]. Thus, the
Equation (25) is written in the dimensionless form:

ng K &w_ W Ky (26)
Lox % ‘ L

X=0
=M
X=L

Rotational spring

X=M
X=L

Figure 1. a) Cracked beam b) Cracked beam model

TABLE 1. Material and geometrical properties of nano beam

Young’s modulus E=1.44GPa
density p=1600kg/m’
Length scale parameter E17.6 pm
Shear modulus n=G=521.7MPa
Length of beam L=1pum
Thickness of cross section h=100nm
Width of cross section b=300 nm




299 Y. Tadi Beni et al. / [JE TRANSACTIONS B: Applications Vol. 28, No. 2, (February 2015) 296-304

It should be noted that we extended the method
initially proposed by [10, 11, 22] in order to take into
account the effects of the crack properties. Therefor, the
cracked-beam has been considered to be two beams
connected by a rotational spring at the cracked section
as depicted in Figure 1. According to Equation (26),
stiffness coefficient of torsional spring (K;) is obtained
from the increment of strain energy (AU.) corresponding

to the crack. In the case of local cracked beams, the
additional strain energy due to the crack AU, can be

calculated from the fracture mechanics theory in macro
scale [23]. As for nanobeams, AU, must be obtained

from either ab initio studies or molecular dynamics
calculations in the classic theory [11]. However,
considering size-dependency mechanical properties in
nanoscale of structure or length scale parameters they
must be modeled by proper continuum theory such as
modified couple stress theory. Finally, increment of
strain energy (AU, ) in a nanobeam by taking a size

effect is a new phenomenon which can be dealt with in
future researches. By drawing on the dimensionless
transverse motion equation of the beam, free vibration
equation of the cracked beam is described as:

w -TIw - A% =0
W'Y —TIw, - A*w; =0

0<¢<l,

L <¢<l @7

In Equation (27), A is the frequency parameter of the
cracked nano-beam, which is related to its natural
frequency. The general solutions of above equations are:
w(%) ="+, RV +e®Y + ¢tV 0<¢ <]
W (X)=c, eV +ce®V + eV e, [ <¢ <1 (28)
The above two equations have eight unknown
constants that must get satisfied by four boundary
condition at two beam ends and four following
compatibility conditions at the cracked section as:
Continuity of the vertical displacement

w(l)=w(,) (29
Change in bending slope
A0 =w(1)-w(l) =KW(L) (30)

Continuity of classic and higher-order bending moment
Sw' (1) = Sw,"(1,) (31)

Continuity of the shear force
SN =N (32)

Also, the following four sets of boundary conditions are
discussed:
Simple support (SS) beam

W

%0 " Sﬁ{'x:o =W

el SWZ’*X:I =0 (33)

Clamped-clamped (CC) beam

W, =W, =, =% =0 (34)
Cantilevers (CF) beam

Wy =W = S = 7N =0 (35)
Simple-clamped (SC) beam

Woo=SW| =Wl =W =0 (36)

For each of the above boundary conditions for nano-
beam, the free vibration equation becomes an eight-
variable linear system that is described as the following
non-homogeneous system of linear equations:

Ac,=0 (i, j=1...8) (37

To avoid the trivial solution, it is necessary to impose
the determinant of the coefficients matrix equal to zero:

det(4,) =0 (38)

With the expansion of the Equation (38), the vibration
equation and frequency parameter of each boundary
condition set could be determined.

5. NUMERICAL EXAMPLE

For the following results, the beam is taken to be made
of epoxy with the material properties in Table 1.

Due to the fact that experimental results concerning the
vibration frequency of cracked nano beam are not
available in the literature and also the fact that a new
size-dependent formulation based on couple stress
theory has been presented in this article, the results were
evaluated in two stages.

In the first stage, with regard to the fact that the
existing formulation in a specific case is reduced to the
continuum classic theory, the classical theory results in
this formulation have been compared with the results of
the reference [11] shown in Figure 1. For comparison
and verification of the present work, the frequency
parameter of the supported cracked beam (with central
crack) was calculated as a function of crack severity by
ignoring initial axial force in the mathematical code.

© Reference

Frequency Parameter

(o] 0.5 1 1.5
Crack Severity (Kt)

Figure 2. Frequency parameter of a cracked nano-beam as a
function of crack severity without considering length scale
parameter and initial axial force.
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Figure 3. First four frequency parameters for a cantilever

beam as a function of crack severity
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Figure 5. First three frequency mode shapes of a) simply
support, b) cantilever, ¢) clamped-clamped and d) simply-
clamped beams

The results illustrated in Figure 1 indicate their
consistency with those of Loya et al. [11]. In the second
stage, the results of the new size- dependent formulation
have been compared with nonlocal theory in Tables 2
and 3 for supported cracked beam (with central crack).
It should be mentioned that the effects of the type of
high-order theory on the vibrational frequency are

mixed. For example, the effect of nonlocal theory on the
nanobeam rigidity and structure is softening and by
increasing the size parameter, the natural frequency
decreases. However, using couple stress theory the
nanobeam rigidity and structure are hardened.
Therefore, increasing the size parameter can raise
natural frequency. Moreover, comparing results in
Tables 2 and 3 reveal that increasing the length scale
parameter will raise natural frequency of nanobeam in
couple stress theory, whereas it is reduced in nonlocal
theory.

Table 4 shows the frequency changes for an edge
cracked beam (located at its middle point) with four
types of boundary conditions as a function of different
length scale parameter and crack severity. It is obvious
that by considering the length scale effect in couple
stress theory, the beam stiffness increases and so does
the frequency. On the other hand, the physics of the
problem shows that any increase in crack stiffness
results in a fall in the frequency which is contrary to the
effect of length scale parameter.

Figures 3 and 4 show the first four frequency
parameters of cantilever and clamed-clamped beam, for
three different crack locations, respectively (1~=0.25,
0.5, 0.75). As it can be seen in Figure 4, the first and
third modes for the beam with central crack have a
lower frequency than that with lateral crack; but this
finding is not valid for cantilever beam in Figure 3.

It could be seen in the second and fourth modes of
Figure 4 that the frequency parameter of the beam with
central crack is invariant with respect to crack severity.
The reason is that if a crack stands on vibration nodes,
the vibration of the beam will get insensitive to crack
severity. To examine this result, Figure 5 is provided.
Figure 5 shows the beam mode shapes with different
boundary conditions. In this figure, the location of the
horizontal axis which intersects the mode shapes curve
is called vibration nodes and the maximum and
minimum value of the mode shapes curve called
vibration anti nodes.

According to the second mode shapes of Figure 5-c,
the second frequency mode parameter of the clamped-
clamped beam must be insensitive to crack severity.
This state can be seen in the second mode at Figure 4.
Also, in the third mode shapes of Figure 5-b, there is a
node in the middle of the beam. In other words, the third
frequency mode parameter of cantilever must be
insensitive to crack severity. This can be seen in the
third mode of Figure 3. Based on the above discussion,
a suitable comparison could be made among Figures 3,
4 and 5; and the phenomenon of the insensitivity of
vibration could be gained with respect to the crack
severity at vibration node. Furthermore, for all cases, an
increase in crack severity results in a reduction in
frequency parameters, except where the crack stands on
vibration node.
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Figures 6 and 7 show the first four frequency
parameters of different boundary conditions as a
function of cracked location for selected beam crack
severity (K~=1). As it is seen, the crack location effect is
significant on its frequency. In addition, the simply
supported, clamed-clamped and simply clamped beams
have higher frequency parameters value than cantilever
beams. A comparison of Figures 5, 6 and 7, suggests
that there is also a relation between mode shapes and
variation of frequency parameters. For every boundary
condition, if a crack stand on maximum, minimum or
inflection point of the shape mode, the frequency
parameter will have severe variation and reach to its
minimum or maximum value. For example, in the third
mode shape of Figure 5-b at point [=0.1, there is an
inflection point. In other words, the frequency
parameter of cantilever beam in this mode has a local
maximum or minimum value. In the third mode of
Figure 7, it can be observed that the frequency
parameter reaches the maximum at point /=0.1. In the
first mode shape of Figure 5-c, there is an anti-node at
the center of the beam. From the first mode of Figure 6,
it could be concluded that the frequency parameter has a
minimum value at the center of the beam. It should be
noted that nodes are inflection points and anti-nodes are
minimum or maximum points of mode shapes. Mode
shapes may have an inflection point but it is not the case
for node or antinodes like 1.=0.1 at the third mode shape
of the cantilever beam. In all mode shapes of a simply
supported beam, all of the inflection points are nodes;
while in the clamped-clamped and simply-clamped
beams, in each corresponded mode shapes, there are
respectively two and one inflection point more than the
simply supported beam, as shown in Figure 6. The
clamed-clamped and simply clamped beams have
respectively, two and one local extremum point more
than the simply supported beam.

Table 5 shows the effects of dimensionless initial
axial force on frequency parameter of the cracked nano-
beam for selected beam crack severity (K~=1) and crack
location (/=0.5) in four typical boundary conditions.
The most important observations are as follow: by
increasing the amount of this force, the frequency
parameter will rise gradually. In addition, this force has
the most impact on the frequency parameter of the
simply supported beam and the least effect on that of
cantilever beam. Another finding is that the initial axial
force can increase the frequency parameter of the
cracked nano-beam more than when it has no crack. For
example, the frequency parameter of a simply supported
beam with no crack is A=3.1416 while Table 5 shows
that for the case of dimensionless initial axial force
I=10, the frequency parameter will be A=3.4336 for a
cracked beam. Similarly, the non-cracked clamped-
clamped beam has a frequency parameter A=4.77 while
a cracked beam one with IF=40 has frequency parameter
of A=4.7595. Thus, by changing the initial axial force,

the frequency parameter of cracked beam could be
controlled.

TABLE 2. Four frequency of the cracked nano-beam with
mid span as a function of scale effect parameter and crack
severity with nonlocal theory [11]

h=0 (nm)
Frequency _ _ _ _
(THz) Ke=0 K=0.065 K;=0.35 K¢=2
1 0.0000326 .0000302 0.0000280 .0000231
2 0.0001723 0.0001723  0.0001723 0.0001723
3 0.000258 0.000251 0.000236 0.000221
4 0.000344 0.000344 0.000344 0.000344
h=0.6 (nm)
Frequency _ _ _ _
(THz) Ke=0 K=0.065 K:=0.35 K¢=2
1 0.0000589 0.0000571 0.0000512 0.0000383
2 0.0000871 0.0000871 0.0000871 0.0000871
3 0.000108 0.000104 0.0000965 0.0000895
4 0.000125 0.000125 0.000125 0.000125

TABLE 3. Four frequency of the cracked nano-beam with
mid span as a function of scale effect parameter and crack
severity with present couple stress theory

E0 (pm)
Frf?;"z‘)'cy K=0 K=0.065 K,=0.35 K.=2
1 0.0000326 .0000302 0.0000280 .0000231
2 0.0001723 0.0001723 0.0001723 0.0001723
3 0.000258 0.000251 0.000236 0.000221
4 0.000344 0.000344 0.000344 0.000344
40 (um)
Frf%;"z‘)'cy K=0 K=0.065 K,=0.35 K.=2
1 0.1730 0.1611 0.1004 0.09543
2 0.2288 0.2288 0.2288 0.2288
3 0.3012 0.2944 0.2639 0.2402
4 0.3983 0.3983 0.3983 0.3983

TABLE 4. Frequency of the cracked nano-beam with mid
span crack in four typical boundary conditions as a function of
scale effect parameter and crack severity

E0 (um) F10 (um)

Frequency K=
(THz) ¢

SS beam  0.00003  0.000027 0.000023 0.05636 0.03243 0.002508
CC beam 0.000025 0.000022 0.000019 0.1277  0.0963 0.09

SC beam 0.000028 0.000024 0.000023  0.088 0.06561 0.06038
CF beam 0.000027 0.000026 0.000026 0.02007 0.01651 0.01428

0 K<l Ki=2 K=0 Ki=1 K=2

1220 (um) =30 (um)

Frequency K. =
(THz) ¢

SS beam 0.1127  0.06486  0.05017  0.1690 0.09729 0.07525
CC beam  0.2555 0.1927 0.18 0.3832  0.289 0.27
SC beam 0.176 0.1312 0.1207 02641 0.1968  0.1811

0 K¢=1 Ki=2 K=0 Ki=1 K=2

CF beam 0.04015  0.03303  0.02856 0.06023 0.04953 0.04284
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TABLE 5. Effects of dimensionless initially axial force on
first mode frequency parameter of the beams

I1
10 20 30 40 50
SS beam  3.4336 3.6567  3.8416  4.0005 4.0398
CCbeam 45230  4.6341 4.6957  4.7595 4.8244
SCbeam  4.0113 4.1490 42708 43814  4.4833
CF beam  2.6770 2.7344  2.7867 2.8350 2.8798

Frequency parameters

[—ssbeam =---SCbeam -—a-CGbeam |

Crack location (1c)
Figure 6. First four frequency parameters the for simply
supported, clamped-clamped and simply-clamed beams

1.8 s
1.6
n 14 4
2
o
2 02 .
g 0z 04 06 08 1 0z 04 08 o8 1
o)
F
5
= "
g 7.5
= 105
7
10
65
oof [mms
& 0z 04 06 0B 1 04 06 08 1

0.2
Crack location (1e)
Figure 7. First four frequency parameters for cantilever

Frequency (Iz)

-4

l\

length (pm)
Figure 8. First frequency of a) simply supported, b) clamped-
clamped, c) simply-clamped and d) cantilever beams
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Figure 8 shows the transverse frequency of a cracked
nano-beam with selected crack severity (K~=1) and
crack location (I.=0.5) as a function of beam length and
scale effect parameter, simultaneously. Some results of
these diagrams are as follow: A shorter length beam has
a higher frequency than a longer one. For a fixed length,
as the scale effect parameter increases, the frequency
gradually increases.

6. CONCLUSION

This paper examines the free transverse vibration of a
cracked nano-beam. The modified couple stress theory
is used to account for the scale effect parameter. The
most salient observations are abbreviated as follow:

1. A clamped-clamped beam with central crack has a
lower frequency parameter than a beam with lateral
crack except when the crack stands on vibration
node.

2. In a simple support (SS) or clamped-clamped (CC)
beam, the crack may be put in the center of the beam
(Ic=0.5) to cause the decrease of frequency
parameter more than once by the cracks put in the
end of beam (Ic= 0.25 or Ic=0.75), except in cases
where crack put on nodes or anti nodes vibration.
However, in a cantilever beam, in general the above
findings cannot concluded.

3. It is illustrated that the crack location has a
significant effect on the frequency parameter of the
cracked beam. It is also clear from mode shapes that
if the crack locates on the inflection or the extremum
points of mode shapes, the frequency will reach its
extremum value.

4. Tt was observed that the presence of initial axial
force makes the beam stiffer and increases its
frequency parameter.

5. Based on the analysis, it is observed that the
frequency goes up with a reduction in scale effect
parameter value and decreases with an increase in
beam length.
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