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In this paper, one of the simplest and most regular members of the family of the Meshless Local
Petrov-Galerkin (MLPG) methods; namely MLPGS5, is applied to analyze the thick-walled isotropic
laminated cylinders under elasto-static pressure. A novel smple technique is proposed to eiminate a
very important difficulty of the meshless methods to deal with material discontinuities regarding to the
high continuity of their shape functions. The Moving Least Squares (MLS) approximation is used for
congtructing the trial functions, and a simple Heaviside step function is chosen for the test function.
The direct interpolation method is employed to impose the essential boundary conditions. Acceptable
agreements with the analytical solutions and finite e ement method results are obtained specialy at the
material discontinuity boundaries, which suggest its application in other classes of problems.
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1. INTRODUCTION!?

Compared to the traditional finite element methods
(FEM), the meshless methods have received a lot of
attention in the past two decades; due to their potentia
in eiminating the costly effort of the mesh generation.
The Meshless Local Petrov-Galerkin (MLPG) approach
is one of the most successful meshless methods
presented by Atluri and Zhu in 1998 [1]. The main
advantage of this method over the FEM is that it does
not need any mesh, either for the interpolation of the
solution variables or for the integration of the weak
forms. In the recent years, researchers have applied this
approach to solve various engineering problems. For
instance, Chen and Raju coupled the finite element and
meshless local Petrov—Galerkin methods to solve two-
dimensional potential problems [2]. Xiao proposed the
local heaviside weighted MLPG meshless method for
two-dimensional solids using compactly supported

*Corresponding Author’s Email: mahmoodabadi@sirjantech.ac.ir
(M.J. Mahmoodabadi)

radial basis functions [3]. Qian et a. studied the static
and dynamic deformations of thick functionally graded
eastic plates by the MLPG approach [4]. Li et al.
applied a locking-free MPLG formulation for thick and
thin plates [5]. Ma utilized the MLPG technique for
two-dimensional nonlinear water wave problems [6].
Sladek analyzed the dress of the anisotropic
functionally graded materials by the MLPG method [7].
Ching used the MLPG method to analyze two
dimensional functionally graded dastic solids under
mechanical and thermal loads [8]. Batra et al. analyzed
the micro eectro-mechanic systems using the MLPG
technique [9]. Sladek et al. solved the inverse heat
conduction problems by meshlesslocal Petrov—Galerkin
approach [10]. Kaiyuan et a. proposed a smple and
less-costly MLPG technique for the dynamic fracture
problem [11]. Xiao et al. analyzed the thick plates by
using a higher-order shear and normal deformable plate
theory and MLPG method with radial basis functions
[12]. Sladek et al. used MLPG method for Reissner—
Mindlin plates under dynamic load [13]. Gilhooley et al.
analyzed the thick functionally graded plates by using
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higher-order shear and normal deformable plate theory
and MLPG method with radial basis functions[14]. Liu
and Tan applied meshless local Petrov—Galerkin
approach for coupled radiative and conductive heat
transfer [15]. Hu et al. proposed a meshless loca
Petrov—Galerkin approach for large deformation contact
analysis of elastomers [16]. Li et al. solved mindlin
shell problem by meshless local Petrov-Galerkin [17].
Wu and Tao proposed a meshless method based on the
loca weak-forms for steady-state heat conduction
problems[18]. Gilhooley et al. studied two-dimensional
stress of functionally graded solids using the MLPG
method with radial basis functions [19]. Sladek et al.
solved the inverse fracture problems in piezodectric
solids by local integral equation methods [20]. Li et al.
studied the fracture of cracked two dimensional planar
and axisymmetric problems of magneto-electro-elastic
materials by the MLPG coupled with FEM [21]. Sladek
et a. anayzed the fracture in continuously
nonhomogeneous magneto-el ectro-elastic solids under a
thermal load by the MLPG approach [22]. Vaghefi et al.
analyzed three-dimensional static of thick functionally
graded plates by the MLPG method [23]. Wen used
meshless local Petrov—Galerkin method for wave
propagation in three dimensional poroelastic solids[24].
Wu et al. proposed a stabilized MLPG method for
steady state incompressible fluid flow simulation [25].
Rezaei Mojdehi et al. analyzed three dimensional static
and dynamic of thick functionally graded plates by the
MLPG method [26]. Xia et a. analyzed the dasto-
plastic problem of the moderately thick plate using the
meshless local Petrov—-Galerkin  technique [27].
Hosseini used the meshless local Petrov—Galerkin
method for coupled thermoeasticity analysis of a
functionally graded thick hollow cylinder [28].
Shibahara and Atluri applied the meshlesslocal Petrov-
Galerkin method for the analysis of heat conduction due
to amoving heat source [29]. Mahmoodabadi et al. used
the meshless local Petrov-Galerkin method for three
dimensional steady-state heat conduction problems[30].
Ngjafi et al. studied meshless local Petrov—-Galerkin
method for higher Reynolds numbers fluid flow
applications [31]. Nikfar and Mahmoodi applied the
MLPG method for free convection of nancofluid in a
cavity with wavy side walls [32]. Sladek et al. studied
the bending of circular piezodectric plates with
functionally graded material properties by a MLPG
method [33]. Arefmanesh utilized meshless numerical
methods for analysis of the buoyancy-driven fluid flow
and heat transfer in a square cavity with a wavy baffle
[34].

In the MLPG method, the integrations of the weak
forms are performed over local sub-domains, which
overlap with each other. Thetrial functions and the test
functions are chosen from totally different functional
spaces. Furthermore, the physical size of thetest and the
trial domains are not necessary to be the same, which

makes the MLPG a very flexible approach. By sdlecting
the different trial and test functions, the MLPG method
could be classified into six different types, which are
labdled as MLPG1, MLPG2, MLPG3, MLPG4,
MLPG5, and MLPG6 [35]. Among them, the MLPG5
shows high robustness and accuracy for solving two-
dimensional problems [35]. Furthermore, the MLPG5
(wherein the test function is the Heaviside step function
over a local sub-domain centered at a node) would
eliminate the necessity of the domain integration for the
problems without any body-forces.

Complicated nature of the meshless trial functions
makes the three-dimensional application numerically
demanding; specially, when the background cells and
the domain integration are involved. Hence, the MLPG5
method can be efficient in dealing with this difficulty.
On the other hand, treatment of the materia
discontinuities is a well-known drawback of the
meshless methods with an inherent higher-order
continuous displacement field. In fact, because of the
highly continuous trial function which isat least C1, itis
difficult to simulate jumpsin the strain field. There have
been alot of efforts devoted to solve this problem. Li et
al. [36] have used MLPG2 at the material discontinuity
boundary, with two sets of collocation nodes coincident
at the interface of two bodies, but with different material
properties. The MLS interpolation is carried out
separately within each of the homogeneous domains, so
that the domain of influenceis truncated at the interface
of the two bodies. Although their proposed technique is
needless of any integration process, the method is as
accurate as MLPG2 at the material boundaries, so the
number of collocation nodes must be much bigger.
Krongauz and Belytschko [37] introduced a “jump
shape function” and a trial function with a pre-imposed
discontinuity in the gradient of the function at the
location of the material discontinuity in 2-D elagticity.
However, this method requires interpolation in the
curvilinear coordinates, which becomes very tedious in
three dimensional applications. Cordes and Moran [38]
also solved the problem in 2-D dasticity by using
Lagrange's multiplier. Their method required both
domain and boundary integrations on the surface of the
discontinuity, which needs alot of computational efforts
when the discontinuity has an arbitrary geometrical
shape.

To overcometto this problem, in this paper, a special
treatment is applied at the location of materia
discontinuities in order to solve such problems. This
new technique considers the subdomain of a node
locating on the material boundary as two parts; one
residing in the inner layer and the other one residing in
the outer layer. The elasto-static analysis of the thick-
walled open-end onelayer and two-layer cylinders
made of isotropic materials are presented. The obtained
results compared with the FEM results and exact
solutions of the problem are presented in the appendix.
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2. THE MLS APPROXIMATION SCHEME

As mentioned earlier, in the MLPG method, the test and
trial functions are not necessarily from the same space.
Thus, we can choose the Moving Least Squares (MLS)
interpolation as the trial function while employ the
Heaviside step function as the test function over each
local sub-domain.

The MLS method was presented by mathematicians
for datafitting and surface construction. This method is
generally considered to be one of the useful
interpolation schemes that approximates random data
with reasonable accuracy. It has two major features
which have made it popular: (a) the approximated field
function is continuous and smooth in the entire problem
domain (what becomes a drawback at the materia
discontinuity boundaries); (b) it is capable of producing
an approximation with the desired order of consistency.
The MLS approximation of u for any point x € £,
(Figure 1) isdefined by [1]:

u"(x) = p" (Xa(x)

where, 2, isaneghborhood area of point x, and we call
it the definition domain of point x. p"(x) =
[p1 (%), p2 (%), ..., p(2)] 1S @ monomia basis of order m In
the three dimensions problems, the linear basis is
defined as.

Vx € 2, (1)

p'(x) =[1,x,,7] m=4 2
and the quadratic basis is defined as:
pT(x) =[1,x,y,2x%y% 2%, xy,yz, xz] m = 10 3)

Also, a(x) isavector containing coefficients which are
functions of the global Cartesian coordinates [x y z]
depending on the monomial basis. a(x) is determined
by minimizing a weighted discrete L, norm defined as:

J(a(®) =T w, @) (x)alx) — 0] =

[Pa(x) —u]".W.[Pa(x) — 1] (4)

where, w;(x) is the weight function, and @’ is the
fictitious nodal value P, W, and u are identified as

follows:

pT(xl)
p=|p"(x;)

pT(xN) Nxm

wi(x) 0
w=[ : :

0 = owy(x) NXN

1= [aY 4% ..., 07 1w 5)

The stationary of J in Equation (4) with respect to a(x)
leads to following linear relation between a(x) and i,

AX)a(x)=B(x)u , A:(mxm); a:

(mx1); B:(mxN); @i: (Nx1) ()
where, matrices A(x) and B(x) are defined by:
A(x) = PTWP, B(x) = PTW 7

Supporting domain of

weight function 2,

Pont x

Figure 1. Schematics of the MLS approximation

Figure 2. Different posj'ti ons of the spherical sub-domain.

Once coefficients a(x) in Equation (6) are determined,
one may obtain the approximation from the nodal values
at the local scattered points, by substituting them into
Equation (1), as:

uh(x) =@ (). a =3, ¢! @) and u(x)= (8
u =4 vxen,
With

@"(x) =p" (DA ()B(x)
') =X, p; () [ATT()B@) 1,

Theweight function in Equation (4) definesthe range of
influence of node /. Normally, it has a compact support.
In this article, a 4" order quadratic spline weight
function is used.

wy(x) = 1—6(‘:—1’)2 +8(‘j—1’)3 —3(‘3—1’)4 0<d <mw
0 =1

©)

(10)

where, d; is the distance between point x and node x;,
also r; isthe size of support for the weight functions. It
can be seen that the quadratic spline weight function is
C? continuous over the entire domain [1].

3. MLPG5 FORMULATION FOR THREE-
DIMENSIONAL ELASTICITY AND NUMERICAL
DISCRETIZATION

Despite the conventional Galerkin approaches such as
element free Galerkin, which are based on global weak-
form of the problem, the MLPG method constructs the
weak-form over the local sub-domains like 2 [1]. As
well, ¢ isasmall region taken for each node inside the
global domain (Figure 2).



M. J. Mahmoodabadi et al. / IJE TRANSACTIONS B: Applications Vol. 27, No. 11, (November 2014) 1731-1740 1734

The equations of equilibrium in avolume 2 bounded by
surface I', are given by [1]:

O'l']"]' + bi =0 (11)

where, g;; is the stress tensor, b; is the body force, and
O,; means 9/(dx") (with (x*,x% x3) = (x,¥,2)). The
boundary conditions are assumed as [1]:

ti = Jl-]-n]- =Ei on Ft! ui=1_li on Fu (12)

where, u; are the prescribed displacements, t; are the
prescribed surface tractions, n is the unit outward
norma of the global boundary, I, is the global
boundary with prescribed displacements and I is the
global boundary with prescribed surface tractions.
Thelocal sub-domains could be of any geometric shape.
However, in this paper, they are taken to be of spherical
shape for simplicity. The local weak form of the
equilibrium equations over the sub-domain around node
I isgiven in Equation (13).

st(o-ijvj + bi)vi aQ — (Xfrsu(ui - ﬁi)vl- dlr=20 (13)

where, v; isthetest function. The penalty parameter a.is
introduced in order to satisfy 2qthe essential boundary
conditions. Using oy; ;v; = (0;;v;) ; — 0yv;; and the
divergence theorem, we have:

Joa,0imividl’ = [, (oyvi; = bvi) dQ — a f, (u; —

14
#)v dl = 0 (14

By applying the natural boundary conditions (t; =
o;jn; = t;), we can obtain the local symmetric weak-
form in linear dadticity which leads to MLPGL,
MLPG5, and MLPG6 approaches.

fnsaijvi']- an — fLs tiv; dl + afrsuul-vl- dar — frsu tv;dl =

frtfivi ar +af. v, dF+fnsbl-vl- dn (15

If a Heavisde step function is chosen as the test
function in each sub-domain, we’ll reach the MLPG5
method [35]. Hence, the above equation reduces to:
_fL tl-dl"+a'fr uidF—fr tldF=fptEldF+

a’fr 'l_ll' ar + f.() bi dan (16)
It is seen that in Equation (16), there is no domain
integration involved in the left hand side (leading to the
gtiffness matrix after discretization). Thus, if there were
no body forces, the domain integration would be totally
eliminated. One can discretize the MLPG5 by
substituting the ML Sinterpolation function Equation (8)
into Equation (16).

-3 fLs NDB/#/dr + a YL, frsu Sp/a/dr — 17
L, J. NDB/Wdr = frtfdr +af, Sudr+ [, bdn

with the definition of:
np 0 0 0 n3z n,
N=[0 n, 0 nz 0 n4f,
0 0 n3 n, nu O

5000 1 if u; is prescribed onT'g,
s=0520,5i={0. o't bed on T
0 0 S if u; isntprescribed onT'g,
[61 0 0]
o4t o]
]
B,=|0 0] ¢,3]|
|0 ¢,3 ¢,2|
¢5 0 ¢,’1J
¢h ¢h 0
[1-v v v 0 0 0 1
| v 1-v 4 0 0 0 |
D= E_| v v 1-v 0 0 o |
T @mamaw| o 0 0 05-v 0 o |
lo o o 0 05-v 0 |
Lo o o 0 0 0s-v
E and v are the Young’s module and Poisson’s ratio,
respectively.
Equation (17) can be shorted to:
LKy =1, 1=12..,M (18)

M is the total number of the nodes. It’s notable that
¢’/ (x) vanishes for the nodes outside the local sub-
domain £2, , so taking all the nodes into account for each
sub-domain does not affect the local sense of the
procedure. The nodal stiffness matrix and force vector
would be:

19
Ky =—J, NDB/dI' +a [ S¢’dr - [ NDB/dr (19)

fi=[ tdl+af, Sudl+[, bdo (20)

If we want to enforce the essential boundary conditions
via the direct interpolation method, after omitting the
terms consisted a in the above equations, we should
replace both sides of the Equations (19) and (20) for the
nodes on the essential boundary [39].

B
Uy
u ¢ 0 0 - o™ 0 0 |ﬁ;|
w =<dullh =10 ¢ 0 - 0 @M 04s}=
n 0 0 ¢ - 0 0 oMW
|2 | (21)
lam)

It’s obvious that for the nodes which are having only
one or two displacement components being prescribed
on the essential boundary, the respective equation(s)
will be substituted in Equations (19) and (20). Direct
interpolation technique is straightforward and was
suggested to be applied in MLPG by Atluri et a. [35].
So, this very effective method has been used to enforce
the essential boundary conditions.

4. TREATMENT OF MATERIAL DISCONTINUITIES

As mentioned before, the MLPG method has been
naturally lead to  continuous  differentiable
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approximations so that the partial derivatives of the
approximation such as strains and stresses in eastic
problems are smooth and don’t require any post-
processing. However, this high continuous nature also
leads to difficulty when there is an imposed
discontinuity in the derivatives, eg. the naturd
discontinuity in strains when material discontinuities are
present.

The new technique presented in this paper considers
the subdomain of a node locating on the material
boundary as two parts, one residing in the inner layer
and the other one residing in the outer layer (Figure 3).
After calculating the Gaussian integration points for
each part, we would sdlect the neighboring nodes of the
first part Gaussian points only from the nodes of the
inner layer and vice versa. In other words, for the nodes
locating exactly on the material boundary, we simply
define the support domain of each Gaussian point not a
perfect sphere but just a part of it, while the subdomains
of these nodes are the same as the other nodes’. It is
noteworthy that the support domains for the other
nodes’ Gaussian points musgt not intersect the material
boundary as wel. Another note is that the materia
boundary nodes, themselves, are not taken into account
as the neighboring nodes of any Gaussian point,
although they are included into the solution (Equations
18 and 21) with their own subdomains.

5. ELASTO-STATIC ANALYSIS OF THICK-WALLED
LAMINATED CYLINDERS

As mentioned before, the elagto-static analysis of thick-
walled cylinders can be a proper experiment for three-
dimensional application of MLPG5. Moreover, studying
the laminated cylinders, made of isotropic materials,
helps us to challenge the performance of the proposed
technique in dealing with the materia discontinuities.
Hence, atypical two-layer cylinder fulfils this objective.
Adding more layers to the problem needs to pursue a
similar procedure.

5.1.One-layer Cylinder = We consider an open-end
cylinder of length L = 15, interna radius r; = 2 and
thickness of t =4.5 subjected to uniform internd
pressure p; = 1 . This cylinder is made of an isotropic
material with E =1 and v = 0.3 [35]. The problem is
solved for onefourth of the cylinder, due to the
symmetry in the load and geometry (Figure 4).

Since the cylinder is open-end, the lengthwise stress

vanishes (g, = 0), and the lengthwise gtrain (g, = %

has a constant value. Further, because of symmetry and
absence of shear loads, the tangential displacement and
all of the shear stresses are zero. Considering Appendix
A, radia and hoop stresses as well as the radid and

lengthwi se displacements are as below:

676 676

. = 16-% o = 16+ @2
T 153’ 6 153
4394
56T+—r 16 (23)
u, = , U, =—"—2z
765 255

The three-dimensional node distribution of the MLPG5
model with 132 nodes, including 4 nodes in theradial, 3
nodes in the tangential and 11 nodes in the lengthwise
direction isshown in Figure 5. As said before, aswell as
the exact solution, the results would be compared with
those obtained from the solution of software ANSYS.
Since this software renders the results only at the nodes,
we had to define enough nodes on the comparison
direction (z = 7.5 and 6 = 45°.). This means that the
number of nodesin ANSY S solution is much more than
the MLPGS5, but solutions with less number of nodes,
which are not cited here, also have the similar results. In
other words, the FEM solution of this problem is
converged. In this example, we have applied the 20-
node SOLID95 element which, according to ANSYS’s
HELP is very efficient for curvilinear domains. There
are 425 nodes and 64 elements as shown in Figures 6
and 7. In addition, the boundary conditions and the
loading are the same as the ML PG5 solution.

The results show an acceptable agreement with the
exact solution and the FEM result which suggests its
application in other classes of problems. In Figures 8 to
10, the radial displacement, radial stress, and hoop
stress diagrams are shown at z =7.5 and 6 = 45",
Furthermore, the lengthwise displacement diagram at
0 =45° and r = 4.25 is illustrated in Figure 11. It
could be seen that the FEM results are almost perfect
and obvioudly better than the MLPGS results.

J— Material boundary

I'he part lying on the inner body

Gaussian point

The part lying on the outer body

Gaussian point

Sub-domain ol a node on the material boundary
Figure 3. Segregation of the sub-domain respective to a node
on the material boundary.

Figure 4. One-fourth of the one-layer cylinder subjected to
internal pressure.
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Figure5. Three-dimensiona Xnode digtribution of the MLPG5
model for one-fourth of the one-layer cylinder.

@

(b)
Figure 6. FEM modd with 64 elements for one-fourth of the
one-layer cylinder; a) a section paralld to X-Y plane, b) the
isometric view.

Figure 7. Isometric view of 425 nodes of the FEM moddl for
one-fourth of the one-layer cylinder.

3 ——MLPGS5

FEM
2.8 —— exact
261

2.4f
S 22-
ps

18f
16f
14F

2 25 3 35 4 4.5 5 55 6 6.5

Figure 8. Radial displacement diagramat z = 7.5 and
6 = 45° for the one-layer cylinder.
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2 2’.5 é 3‘.5 "1 4’»5 i‘) 5‘»5 é 6.5
Figure9. Radia stressdiagramat z = 7.5 and f = 45" for
the one-layer cylinder.

1.2%

1+

0.8r

0.6

0.4r

0.21

2 25 3 35 4 45 5 55 6 6.5

Figure 10. Hoop stressdiagramat z = 7.5 and 6 = 45" for
the one-layer cylinder.

0Os

—+— MLPG5
- FEM

-0.2 \\’ — exact
0.4
N ™

-0.6]

-0.8]

1o 5 10 15

Figure 11. Lengthwise displacement diagramat 6 = 45° and
r = 4.25 for the one-layer cylinder.

5. 2. Two-layer Cylinder An open-end two-layer
cylinder of length L =30 and internal radius r; = 2
subjected to uniform internal pressure p; =1 is
considered. The layers have the same thickness of
t; = t, = 3 and the materia propertiesare E; = 1,v; =
0.3, E, =2 and v, = 0.25 [35]. We assume that the
layers are freely placed beside each other and have no
deflection before being pressed by the internal pressure.
Figure 12 shows a feature of one-fourth of the cylinder.
The exact stress and displacement values are obtained
referring to Appendix B (Equations (24) to (27)).

33508 34624

_-23-25 _541-2 24

Ur(Layl) - 8400 ’ Ur(LayZ) - 5200
_23+335208 541+34T6224 (25)

O6(Lay1) = T gao0  * 96(Lay2) T T go00

_( -23 , 108901 _ (26)
Ur(Layn) =T (12000 21000r2) o Ur(Lay2) =
r ( 1623 541)
2\20800 ' 6512

23 541

Uz(Lay1) = 40007 » Yz(Lay2) = 7 305007 @7
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Figure 12. One-fourth of the two-layer cylinder subjected to
internal pressure

Figure 13. Three-dimensional node distribution of the
MLPG5 model for one-fourth of thetwo-layer cylinder.

AN

Figure 14. FEM mode with 16 eements for one-fourth of

the two-layer cylinder.

e

b

Figure 15. Isometric view of 164 nodes of the FEM model
for one-fourth of the two-layer cylinder.

——MLPGS
24 FEM
22+ — exact Layer 1

— exat Layer2

%2 3 4 5 6 7 8

Figure 16. Radia displacement diagram a¢ z = 7.5 and
6 = 45" for the two-layer cylinder.

—+— MLPG 5
/ FEM
— exact Layer 1
— exact Layer2

2 3 4 5 6 7 8
r

Figure 17. Radial stressdiagramat z = 7.5 and 6 = 45" for
the two-layer cylinder.

[ ——MLPGS
1\ FEM
—— exact Layer 1
\ — exact Layer 2

2 3 4 5 6 7 8

Figure 18. Hoop stress diagram at z = 7.5 and 6 = 45" for
the two-layer cylinder.

o

\\ —— MLPG5
-0.05- FEM

\\ — exact
01t
.15 \ ,
02F '\\
0.25- ’\
03" .
T~
-0.350 —
045 5 10 15
z

Figure 19. Lengthwise displacement diagram for the outer
layer at 6 = 45° and r = 6.5 for the two-layer cylinder.

U, (taer 2

The three-dimensional node distribution of the MLPG5
model with 120 nodes, including 5 nodesin theradia, 3
nodes in the tangentia and 8 nodes in the lengthwise
direction is shown in Figure 13. Among them, 48 nodes
are merely located in the inner layer, 48 ones are placed
only in the outer layer, and the remaining 24 nodes lay
on the interface. For FEM solution, by using software
ANSY S, we have defined 16 dlements and 162 nodes in
meshing process with the same eement type
“SOLID95” (Figures 14 and 15). The material
properties of each element were defined according to
the layer in which that element was resided. The
technique introduced in Section 4 is employed to dedal
with material discontinuity. Like the one-layer case,
displacements and stresses are computed a z = 7.5 and
6 = 45° (Figures 16 to 18). Further, the lengthwise
displacement of each layer is obtained a 6 = 45° and
the average radiuses of second layer; i.e r=6.5
(Figure 19). The results are promising; specialy, at the
interface, which confirm the effectiveness of the
proposed technique in comparison with finite element
method. As shown in Figures 7 and 15, the number of
nodes for the FEM are much less than the one-layer
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cylinder; but its results are still fine and in radia
displacement and radial stress diagrams (Figures 16 and
17) are almost better than MLPGS. This aso implicates
the convergence of FEM solution. However, in the
Hoop stress diagram (Figure 18), at the materia
discontinuity boundary (r = 5), the ANSYS solution
gives an average amount of stress between two true
magnitudes. That’s because of defining nodes exactly
on the material boundary. As we know, FEM solution
merely gives the results at nodes and since these nodes
belong to both layers, the jumping Hoop stress
magnitude has become an average of two true ones.
Furthermore, it is noticeable that because the coding of
the problem is very heavy and complicated, especially
in the case of the numericd integration, the
convergency of the obtained results didn’t check for
these problems. However, the authors, study the
convergency of the proposed method for other
problems, such asthose of reported in [40-43].

6. CONCLUSION

The MLPGS5 technique is applied for the analysis of the
thick-walled laminated cylinders made from the
isotropic materials under the elasto-static pressure. The
elasto-gtatic analysis of the thick-walled cylinders is a
suitable examination for the three-dimensiona
application of the meshless methods. Due to the high
continuity of the approximation functions, the material
discontinuity is a serious difficulty in meshless methods.
Since the MLPG method is conceptually one of the
most attractive approaches; in this article, a simple
technique embedding a sense of the domain
decomposition is introduced to tackle the difficulty of
the material discontinuity. In this technique, the nodes
on the material boundaries have two integration
domains, one in the lower layer and the other in the
upper one, i.e. the problem domain is treated as a
number of separate domains (depending on the number
of material layers). Results are quite acceptable and
promising; specially, at the material interface which
demonstrate the efficiency of the proposed technique in
comparison with the exact solutions and FEM results.
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If an axia effectlve force P is exerted to the cylinder in
the closed-end case, thus the lengthwise stress will be;
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To obtain the radial and lengthwise displacements, we
should employ the stress-strain relations:
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For the special case p, = 0, the displacement values
are asfollows:

2
pir? [ar+(1+v)™ 1—v open — end
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Ur ="% ( i {1 —2v closed — end (A-4)

Appendix B.

The Exact Elasto-Static Solutions for the Thick-
Walled Two-Layer Cylinder

Consider a two-layer thick-walled cylinder of the
length L, internal radius a, middle radius b, and
externa radius ¢, subjected to uniform interna
pressure p; and external pressure p, (Figure 17). We
assume that the layers are placed freely beside each
other and have no deflection before being pressed.
Therefore, for each layer, we can use the one-layer
cylinder relations with the equal conditions a the
material interface, i.e. the radial displacement and
radial stress should be the same at the middle radius
r = b. Suppose the radial stress to be an unknown
value p,, a r = b, then the hoop stress at this radius
will be [44]:

atr=>b gri =Zaro = _pmz =
_ pia®—pmb Pi—pm)a
61 = b%-a? + b%-a? (B-1)
_ Pmb®-poc? | (Pm—po)c?
Ogo = c2_p2 c2_p2

By applying the stress-tangential strain relation and
imposing the displacement equality condition (u,; =

U,,), We can obtain the value of p,, in terms of the
known parameters. Here, it has been evaluated only for
the open-end case (regarding to the problems stated in
section 5) and the other case is surrendered to readers.
Eo(2pi1a%(c2=b2))+Ei(2po c? (b2 -a2))

Pm = (@b b2 +aR—vi (b2 —aB) ]+ E(b?—a?) (24D +v (cP—bP)]
Eventually, the stresses and displacements can be
obtained from the stress-strain relations, if each layer is
considered as a separate cylinder.

E B!
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Figure 16. One-layer cylinder under pressure; prospective
and cross section.

5 X

Figure 17. Two-layer cylinder under pressure; prospective
and cross section.
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