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In this paper, the authors have focused on the stochastic analysis of an internet data center (IDC),
which consists of a database main server connected to a redundant server. Observing the different
possibilities of functioning of the system, analysis has been done to evaluate the various reliability
characteristics of the system. The system can completely fail due to failure of redundant server before
repair of database server, router failure and switch failure. The system can also fail completely due to a
cooling failure or some natural calamity like earthquake, fire; etc. All the failure rates are assumed
constant while the repairs follow two types of distributions namely general and Gumbel-Hougaard
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1. INTRODUCTION

The system reliability has been extensively studied by
various authors like Cui and Li [1], Govil [2], Gupta and
Sharma [3] and many others. They have discussed the
reliability characteristic of complex systems by taking
various failures and one repair policy. Network analysis
is an important approach to model real-world systems.
Considering the present scenario with the complexity of
advance technology and modern demands of the
networking system, it is necessary to study the internet
data center that has become an essential requirement of
usual life. Aggrarwal et al. [4] proposed a concept that
failure of a node implies the failure of arcs incident
from it. Kui et al. [5] studied terminal reliability of a
computer communication network. This paper deals
with the study of functioning of internet data center
(IDC) with a redundant mail server. The internet data
center can have two types of failure namely partial
failure and complete failure. The information
technology enabled architecture of IDC to be handled
by two switches L, and L;. The L; switch is a six-port
switch, connected to a server via L, switch. Whenever
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the main mail server fails, redundant server comes into
functioning automatically by a switch over device. The
switch over device is instantaneous and automatic. The
system can fail due to some failure like
(i) Failure of redundant server before repair of main
mail server.
(i1) Failure of switch.
(i) Router failure.
(iv) Cooling of server failure.
(v) Failure due to a natural calamity like earthquake
or fire etc.
The system will be in a degraded state, when the main
mail server is in completely failure mode and redundant
server is in the partial failure mode.

The authors [6-12] have considered reliability and
MTTF of a system, with different types of failures and
one type of repair. They discussed the reliability of
systems with different failure and common cause failure
under the preemptive resume policy using Gumbel-
Hougaard family copula distribution. However, there
are many situations in real life systems where more than
one repair is possible between two transition states.
When this possibility exists, reliability of the system can
be analyzed with the help of the copula [13, 14].
Therefore, in reference to the earlier models, here the
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authors have considered an internet data center model in
which they tried to address the problem where two
different repair facilities are available between adjacent
states i.e. the initial state and complete failed states. All
failure rates are assumed constant. The repairs follow
general and Gumbel-Hougaard family copula
distributions. In the present paper, Sy is a state where the
system is in good working condition. S;, S; Ss are states
where the system is in degraded mode. States S, Sy S;,
Ss. So and Sjy are the states where the system is in the
complete failure mode. When the redundant server is in
degraded state and the repair facility is not available,
then system has to wait for repair, which is represented

in state Sg, and whenever repair facility is available, the
system is repaired and is ready for further functioning.
Whenever the system is in degraded mode, it is repaired
by general repair and whenever the system is in the
complete failure mode, the system is repaired with the
help of Gumbel-Hougaard family copula. The system is
analyzed by supplementary variable technique. The
various measures of reliability have been discussed and
some particular cases are taken to highlight the result.
The transition diagram of the designed model has been
shown in Figure 1.
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Figure 1. State Transition Diagram
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2. ASSUMPTIONS

The following assumptions are taken throughout the
discussion of the model:

(1)

(i)

(ii1)

(iv)

V)
(vi)

(vii)

Initially the system is in S, state where both
main as well as redundant server is in good
condition.

When the main mail server fails, the redundant
server starts working and repair is employed to
the failed server.

The system waits for repair, if repair facility is
not available; as soon as the repair facility is
available, the repairing is employed to failed
unit.

In repair, the preference is given to that unit
which has failed first; i. e. main mail server.
All failure rates are constant.

Switch failure /router failure/ cooling failure/
failure due to natural calamity need fast
repairing i. e. Copula distribution is employed
to repair (Gumbel-Hougaard family copula).
Repaired system works like a new and the
repair does not damage anything.

3. NOTATIONS

The following notations are associated with the model:

Ayl Al Ay Failure rates of the main mail server/ standby
[ 1A, ] Ay redundant server/ partial failure rate of
JA A redundant server/ waiting rate of main mail
¢ e server/switch failure rate/router
failure/cooling failure/failure due to natural
calamity.
#(2)/ W(2) Repair rates for state Ss /S,, S;, S4, Se.
P(s) Laplace transformation of P(t).
E,(t) Expected profit during the interval [0, t).
K, K, Revenue per unit time and service cost per
unit time, respectively.
(Cue( ) ua(p)) The expression of joint probability (failed
11P) AP state to the initial state) according to
Gumbel-Hougaard family is given as:
Gy (u (P (p) = o (p) =expl p’ +{logd(p)}’ 1"
Where u;(p) = ¢(p), and uy(p) = e”; p=x, y.
P (t) The probability that the system is in
Operable State Sy.
P.(x1) The probability that the system is in state S,

the system is in complete failed state due to
the failure of cooling system. The system is
under repair and the elapse repair time is X, t.

P (x,1) The probability that the system is in state S;,
the system is in complete failed state due to
the switch failure. The system is under repair
and the elapse repair time is X, t.

P.,(y,0) The probability that the system is in state S,
the system is in complete failed state due to
the natural calamity. The system is under
repair and the elapse repair time is y, t.

P(31) The probability that the system is in state Sg,
the system is in complete failed state due to
the router failure. The system is under repair
and the elapse repair time is y, t.

P, (z1) The probability that the system is in state Ss,
the system is in a degraded state and is in the
operational state after repair of the main mail
server. The redundant server is running
under repair and the elapse repair time is z, t.

P. . (z1) The probability that the system is in state S,,
the system is in complete failed state due to
the failure of redundant server before repair
of the main mail server. The main mail
server is running under repair and the elapse
repair time is z, t.

P.,(z1) The probability that the system is in state S,
after failure of the main mail server. The
system is in degraded state but is in
operational state. The system is under repair
and the elapse repair time is z, t.

P, (z1) The probability that the system is in state Sy
,the system is in complete failed state due to
failure of main mail server and partial failure
in redundant server, the main mail server is
running under repair and the elapse repair
time is z, t.

P, ,(z1) The probability that the system is in state Ss,
the system is in the operational state as the
main mail server has been repaired and is in
operational state. The redundant server is
running under repair and the elapse repair
time is z, t.

P,(z1) The probability that the system is in state S,
the system is in failed state after a failure of
the main mail server. The system is under
repair and the elapse repair time is z, t.

4. FORMULATION AND SOLUTION OF
MATHEMATICAL MODEL

By the probability of considerations and continuity
arguments, we can obtain the following set of difference
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differential  equations
mathematical model.

governing  the

{%+1A + A+ A+ Ay +1R}PO’S(t)

= ﬁv (z)Py (z,t)dz + Tgb(z)PO‘P(z,t)dz
0

0
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Boundary conditions
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(16)

(17
(18)
(19)
(20)

1)

(22)

Taking Laplace transformation of equations (1)-(21) and

using equation (22), we obtain
[s424, +A4, + A+ Ay + 2] P, (5)

0

=1+[v(2)Ry( s)dz+j¢(z) (z9)dz

0
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|:s + ;_y+ 'Llo(y)};R(y, 5)=0 (32) PCL(O s)= CL(Pos(S)+PF 0(0, s)+Po (0, S)+POF(O s)) (43)
Solving (23) -(33) with the help of (34) -(43), one may
a —
|:S+a—y+u0(y)}PCL(y,s)—0 (33) get
- 1
- - Pos(s)=—— (44)
Pr0(0,5)=1,Pos(s) (34) D(s)
Pr.r(0,5)= AL, Pos(s) 35) Pro(s) = Aa
* ) = D 5T 2 T A+ A T A T AT ) (43)
F F(0,8) = ?F‘F ,8)d 36
0. (0, 5) J;v(z) (z,5)dz (36) B, .(5) - ?)s(s+l Ay + A Ay) “6)
D(s
Por(0,5) = fv(z);p,p (z5)dz (37 — Lds (1= S,(5)
P
> v (8)= D) s (47)
Prr(0,8)=2,2,Pos(s) (38 A (=S (s+
~ U ~ ~ (=10 ( sf; w) (48)
PL(0,5)=1, ( Po.s(s)+ Pr.o(0,) + Por (0, 5)+ Po.r (0, s)) (39) W
_ _ _ _ _ AL At =8, (s+Ac + Ao, + A, +4y)
P (0, s)=,1R(Po,s(s)+ Pr.0(0,5)+ Por(0,5)+ Por (0, s)) (40) P, (s)= ey SOt (49)
Pu(0,5) = Ay A, Pos(s) @) Py =luta (256D (50)
D(s) s
Pe(0,5) =2 (Pos(s) + Pro(0,9) + Por(0,9)+ Por(0,9)  (42)
Pu(s) = Ay (T4 24+ 2,2,8,(s+ Ay)S,(s) + 2,458 (s)) 1= 8, (5)) 1)
D(s) s
?c(s) _ Ac (1 + A, + A, 4,8, (s+4,)S,(s)+ ;LA;LSSV(S)) 1-S,, (s)) (52)
D(s) s
— Ao 1+A,+A,A,S (s+4,)S + A ,AS 1-S, (s
Pci(s) = o (14 A4+ 2uke S, (54 1) S,(9) + 2,15,(9)) (1= 5, () (53)
D(s) s
Pa(s) = Ap(1+ 24, +24,2,8,(s+ 2,)S, () + A,A,8,(s)) (1=S, (5)) 54)
D(s) s
Where
SHA + A F A Ao T A — (A Ap A, S, (8)+ Ap A, S, (s + A4, )S, (s + A + A, + A, + )
A A+ A, + 4,4, S, (s + 4, )S, (8)+ A, A6S, (8)S, (8)+ Ao, (A+ A, +A2,4,8, (s +24,)S, (s)
D — 0
(s) +A,AS, (S))Suu (8)+AgA, S, (s+ A, + A + A, + A, )SHU (8)+ A, ((I+A, +A,4,S, (s +A,)S, (s)
+A, A4S, (s)))SHU ($)+ A, (A+A, +A, A, S, (s+2,)S,(s)+A,A,S, (s)SHU (5))
The Laplace transformations of the probabilities that the 5. PARTICULAR CASES
system is in up (i.e. either good or degraded state) and
failed state at any time are as follows: 5. 1. Availability When repair follows an
P ()= P B B exponential distribution, setting
up(s) - Lo, S(s)+ O(S) F(s) P(s) (55) eXp[Xe + {10g¢(x)}0 ]1/0

Poiied8)=Pr (9 + P+ P() + P(8) + Py () + Po(9+ P p(9)  (56)

S, (5)=

cxv[)r"+(log¢(x)}" o (8)= s+exp[x9 +{log¢(x)}6 ]1/0
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v , §¢ (s)= L and the values of different
s+v s+¢

OE
parameters are A,=0.01, A,=0.015 4,=0.02,
Ay =0.025, 4, =003, A.=0035 ,i, =0.022,
=004, 4v)y=1,v(z)=1, ¢ =1,0 =1 in
(33)

5.1.1. Expression for availability, when repair follows
general and Gumbel-Hougaard family copula time
distribution.

—0.06177729500 ¢ 1620000
+0.04513535841 (2846875602 1)
+0.001402599367 e(~!-1255687620)
~0.0011622793492¢10223236%80
+0.35990465 (1001537909 0)
+1.016398532 e ~0-007992029066 1)

P, (1) = (57 a)

5. 1. 2. Expression for availability, when repair follows
the general time distribution.

~0.05605364342¢ 1620

+0.1118791750€ 4910 605(0.01495793895 1)

~0.02613259173 & %1 in(0.01495793895¢)

Pup(t) = (~1.011595711 1) (57 b)
+0.002237256039 ¢ c0s(0.007838586453 1)

~0.002048265310 & "7 in(0.007838586453 1)

+0.9419372123 ¢ 7SI

For,t=0, 1,2, 3,4, 5, 6,7, 8,9 and so on, one may get
different values of Py,(t) as shown in Table 1.

5. 2. Mean Time to Failure (MTTF) Taking all
repairs to zero in the Equation (55). Taking the limit as s
tends to zero, one can obtain the MTTF as:

= ! 1+ 2
A+ 2e+ 2+ A A\ (R + A+ 2 + A + A +Ag) (58)

Setting A,=001,4, =0.03 A= 0.035, 1, = 0.022,
A= 0.04, 1, =0.02 A, = 0.015 and varying Aa, Ap,
e, AcLAr.ApAs as 0.01, 0.02, 0.03, 0.04, 0.05, 0.06,
0.07, 0.08, 0.09 one by one in (58). One may obtain the

Table 2, which demonstrates the variation of MTTF
with respect to failure rates.

5. 3. Cost Analysis Let the service facility be always
available, then expected profit during the interval [0, t)
is

E (1) = K]j. P, (t)dt- K,t (59)

Using (57 a) in (59), the expected profit of the system is
given by

K,(=0.005516¢7"""0.00090376 """
E,(t)=| —0.000021733¢ %0 —639.21¢! 15570 (60)
+639.21) - K, t

Setting K,= land K,= 0.5, 0.4, 0.3, 0.2, 0.1, 0.05,

0.01, respectively and varying t =0, 1, 2, 3, 4, 5, 6, 7, 8,
9 and so on units of time in (60), one get Table 3 .

TABLE 1. Time vs. Availability

Time(t) Pudt
Case5.1.1 Case5.1.2
0 1.0000 1.0000
1 0.9584 0.9241
2 0.9558 0.8992
3 0.9543 0.8930
4 0.9521 0.8859
5 0.9491 0.8826
6 0.9454 0.8756
7 0.9412 0.8716
8 0.9365 0.8672
9 0.9315 0.8626
1.01 4

under Gumbel -Hougaard family copula time distribution

= \
S \
- \
2 0 \
g o
= 0
E 0.90 4 under general time distribution
e
0.89 ~,
0.88 —
B i
0.87 e
0.86 -
085 T T T T T T T T T 1
0 1 2 3 4 5 6 7 8 9 10
Time (t)

Figure 2. Time vs. Availability
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Figure 3. MTTF as function of Failure rate
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TABLE 2. Failure rates vs. MTTF

MTTF with respect to
Failure rate
A‘A AL lc )-CL AR ﬂ.p AS
0.01 7.7498 9.1489 9.5802 8.5333 10.0538 7.7794 7.7642
0.02 7.6425 8.3920 8.7543 7.8704 9.1489 7.7498 7.7363
0.03 7.5489 7.7498 8.0583 7.3022 8.3920 7.7236 7.7116
0.04 7.4665 7.1982 74639 6.8100 7.7498 7.7003 7.6896
0.05 7.3934 6.7193 6.9564 6.3795 7.1982 7.6794 7.6697
0.06 7.3281 6.2999 6.5029 6.0000 6.7193 7.6606 7.6519
0.07 7.2695 59292 6.1091 5.6628 6.2999 7.6435 7.6356
0.08 7.2165 5.5998 5.7599 53613 5.9294 7.6280 7.6208
0.09 7.1584 53047 5.4483 5.0901 5.5998 7.6138 7.6072
TABLE 3. Time vs. Expected profit
. Ep(t)
Time(t)
K,=0.5 K;=0.4 K;=0.3 K,=0.2 K,=0.1 K,=0.05 K,=0.01
0 0 0 0 0 0 0 0
1 0.4703 0.5703 0.6703 0.7703 0.8703 0.9203 0.9603
2 0.9269 1.1269 1.3269 1.5269 1.7269 1.8269 1.9069
3 1.3820 1.6820 1.9820 2.2820 2.5820 2.7330 2.8520
4 1.8353 2.2353 2.6353 3.0353 3.4353 3.6353 3.7953
5 2.2660 2.7860 3.2860 3.7860 4.2860 4.5360 4.7360
6 2.7333 3.3333 3.9333 4.5333 5.1333 5.4333 5.6733
7 3.1767 3.8767 4.5767 5.2767 5.9767 6.3267 6.6067
8 3.6156 4.4156 5.2156 6.0156 6.8156 7.2156 7.5356
9 4.0496 4.9496 5.8496 6.7496 7.6496 8.0996 8.4896
6. DISCUSSION AND CONCLUSION
Table 1 and Figure 2 show information how availability
of the complex repairable system changes with respect to
91 K001 the time when failure rates are fixed at different values.
o 2 s When failure rates are fixed at lower valuesA , = 0.01,
4 K01
)] 2 Ag=0015, A, =0.02, A, =0.025, A, = 0.03, A, =0.035,
2 ?/ o ey =0.022 , A, = 0.04 the availability of the system
= ] 7P s decreases. Probability of failure also increases, with the
N - . .
£ X / s passage of time and ultimately becomes steady to the
= 44 A . . .
& ¢ 2P " value zero after a sufficient long interval of time. Hence,
23 ) "o one can safely predict the future behavior of a complex
2 7 system at any time for any given set of parametric values,
] y as is evident by the graphical consideration of the model.
Furthermore, availability of the system can be
0 T 1

Time (t)

Figure 4. Time vs. Expected profit

obtained with the help of copula distribution and general
distribution in repair as per Equations (57 a) and (57 b),
respectively and found that copula distribution improve
availability of the system.
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Table 2 and corresponding Figure 2 yields the mean-
time-to-failure (MTTF) of the system with respect to
variation in As, Ac,AcL, Ar, Ap,As and Ay respectively
when other parameters have been taken as constant.

When revenue cost per unit time K; fixed at 1,
service cost K, = 0.5, 0.4, 0.3, 0.2, 0.1, 0.05, 0.01, profit
has been calculated. Results are also demonstrated by
the graphs. It can be observed from Table 3 and
corresponding Figure 4 that as service cost decreases,
profit increases.

Hence, this modeling is very useful in engineering
problems and copula applications in reliability theory.
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APPENDIX 1

If system is in state S, then the state transition
probability of system to remains in this state will be
based on the fact that it should not move in other state.
As the failure rate to move in other states are given as

Ag sAp A4 Aey Ao then rate to be in the state Sy will be
as

(1= AgAD), (1= A, ALy, (1= 2 4AD), (1= A AL), (1= A AL
.The differential equation for system to be in state S
during time (t, t+At) will be as

Py (t+At)= (1= A,At) (1= 2,At) (1= 2, At)(1- Ao, At)(1 = A AP, (1)

+ [ 1y ()P, (x . 0)dx At +[ 1y (x) P (x,)dx At +[ 11, (Y) Py (y.)dy At + [ 11, (y) P (v, t)dy At
0 0 0 0

+ TV(Z)PO’F (z,t)dzAt +TV(Z)PW (z,t)dzAt

Py (t+At) =P, ((t)
At

= Lt At—0

+ (A + Ay + A+ Ay + APy o (6) = [ 1y (x)P, (x.0)dx +[ 1, (x) P (x,t)dx
0 0

+ [ ()P (v, 0)dy ++ [ 1, (Y)P (y,0)dy + [V(2)P, , (2,1)dz +[V(2)P, (z,t)dz

a o0 o0 o0
= (E+ Ap ¥ A+ A, 4+ Ay +/10JPO’S () = [ 1, ()P, (x,0)dx +[ py (X) P (x,6)dx + [ 1, (¥ )P, (v, 1)dy
0 0 0

+]E‘Lto(y)PR (y,t)dy + ]EV(Z)PO’F (z,t)dz +]EV(Z)PW (z,t)dz

Similarly remaining Equations (2)-(11) for other states
can be obtained.

For boundary and initial conditions as:

If at any time the system is in state S;;, after failure
from the state S;, x is repair variable; then if repair
variable not assigned; then at x=0 the state transition
probability of state S,;,= failure rate x state transition
probability of its previous state.

Therefore,

Pr o(0,8) =24 4Py 5(8), Pr p(0,6)=AgA4Pp s(1), Por(0,6)= J. W2)Pp p(zt)dz

0
and so on.

APPENDIX 2

Availability of the system can be obtained with the help
of copula distribution and general distribution in repair
as per Equations (57 a) and (57 b), respectively.

In a long run, when the repair is not assigned i.e.
treating all repairs to be zero in the expression of Py,(s)
and taking limit ass tends to be zero, the given
expression for MTTF can be obtain. Now fixing the
failure rates at different values and varying one of them,
the MTTF can obtain as given in Table 2 and in Figure
3. Expected profit, in interval [0, t) can be obtain if
service facility is continuously available as per Equation
(59).
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