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ABSTRACT

In this paper, a comprehensive model for hub location-routing problem is proposed which no network
structure other than connectivity is imposed on the backbone (i.e. Network between hub nodes) and
tributary networks (i.e. Networks which connect non-hub nodes to hub nodes). This model is applied in
public transportation, telecommunication and banking networks. In this model locating and routing is
considered simultaneously and it has a multiple allocation strategy to allocate non-hub nodes to hub
nodes. In addition, non-hub nodes can connect directly to each other. The objective of the proposed
model is minimizing costs of establishing a network and transferring flows. To expedite solving the
proposed model and improve the lower bound, which gain from linear relaxation, a number of
preprocessing tests and valid inequalities are presented which have relatively good performance in the
proposed model. Their performance is analyzed by implementing them on the test problems. Results
show that using all preprocessing tests and valid inequalities is the best approach to solve the problem

among all proposed approaches in this paper.

doi: 10.5829 /idosi.ije.2013.26.09¢.07

1. INTRODUCTION

Flow of passenger requires a complex connection
between origins and destinations. The topology of many
to many transportation problems is a significant
problem in supply chain network. In this problem, the
hub network is designed for servicing people between
multiple nodes. Using hubs, a complete network
changes to a network with fewer links. Low cost of
network construction, flow consolidation and organizing
are the advantage of this configuration. Moreover,
economies of scale through flows combination are
another benefit of using hubs in urban transportation
systems.

Originally, the hub location problem was introduced
by O’Kelly [1]. Afterwards, he proposed a single
allocation hub location quadratic model formulation [2].
The rest of the literature is investigated about closing
the formulation of the real-world problems. Other types
of hub location consist of hub covering [3], hub center
[4] and capacitated hub location problem [5]. Readers
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interested in the hub network can read Alumur and Kara
[6].

Three assumptions were often considered in the
classical hub location: Firstly, the hub network was
completely interconnected. Secondly, a discount factor
0<a <1 was considered in using hub links, and
finally, non-hub nodes cannot be directly connected. In
the third assumption, direct link between the non-hub
nodes is not allowed. These assumptions are relaxed in
this research to make close this model to urban
transportation problems. Theses relaxations create an
incomplete hub network. Incomplete hub network
topology generally is categorized into four classes: tree,
ring, special, and general shape. Our hub network lies in
the fourth category.

In tree topology, to transport from one hub to the
other hub, there is just one way. First time, Kim and
Tcha [7] introduced this network. Lee et al. [8]
employed the tree shape for designing a digital data
service network. Zhang [9] designed tree shape for the
single allocation p-hub center problem. Contreras et al.
[10] proposed a tight model with a tree hub network for
single allocation p-hub median problem. In addition,
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Contreras et al. [11] reduced variables and constraints
compared with their previous models.

In the ring topology, there is only one cycle in the
hub network and each hub node only links with two
hubs. There are few researches in this area of hub
networks [12]. Lee et al. [13] suggested a single
allocation hub-ring model formulation. Additionally,
Chiu et al. [14] proposed a ring structure in hub network
problems. Finally, Wang et al. [15] suggested a ring
shape in the telecommunication systems.

Hub networks are limited by managers, and it is not
the same as the ring and tree shapes. For example, a
multiple allocation non-linear model that all hubs
should be linked only with one hub was introduced by
Wasner and Zapfel [16]. Calik et al. [17] presented a
model, which transfers flow from a node to another one
and at most four hubs can be used. Alumar et al. [18]
presented an incomplete hub network over a single
allocation p-hub problem. In addition, besides
considering the cost of establishing hub nodes, transfer
cost is taken into account.

In the general topology, the form of hub network is
defined by model and each structure can be created. In
this type, there is no condition over the hub network
topology. Therefore, we call it as the general form.
Yoon et al. [19] proposed a model of a general topology
of hub networks, which did not consider the fixed cost
of hubs. Moreover, their model included many variables
and constraints. Afterwards, Nickel et al. [20]
introduced a different model in this area with many
variables and constraints. Then, Yoon and Current [21]
presented another model without shipping cost. Glareh
and Nickel [22] suggested a reduced model of Nickel et
al. [20]. They reduced variables and constraints. All
papers in the general topology used multiple strategies.

As already stated, the third basic assumption in the
hub location area is the lack of direct connection
between non-hubs. It was initially relaxed by Aykin [23,
24]. Sung and Jin [25] proposed another model of direct
shipment between non-hubs over multiple allocation
strategy. In addition, Nickel et al. [20], Yoon and
Current [21] and Catanzaro et al. [26] relaxed this
assumption.

To the best of our knowledge, in the extensive
literature on the hub location problem, the creating (or
maintaining) cost of links between non-hubs and hubs
are not considered. However, in urban transportation it
should be taken into account. With the lack of attention
to this cost, models tend to make more spoke links (i.e.
a link between a hub node and a non-hub node).
Therefore, a new variable is introduced to establish the
spoke link. Furthermore, non-hub direct connections are
employed. Because, often there exist direct links
between some non-hub nodes which can be used in a
cheaper way than routing via hubs. In the next section, a
new model is proposed.

2. DESCRIPTION OF THE PROBLEM AND MODEL

In this section, the modeling of the problem under the
stated conditions is presented, and then some features of
the model will be described. It is assumed that the
number of input nodes is N. The elements of Nare
assumed to represent the origins and destinations and at
the same time are potential points for establishing hubs.
The aim is to designate some of these nodes as hubs and
build a general hub network topology to minimize the
total cost included the cost of routing, establishing links
between hub nodes, hub node and non-hub nodes,
establishing hubs and establishing links between non-
hub nodes in the network. Each origin-destination path
consists of three or one components. When hubs are
used to transshipment, a path contains collections from
origin to the first hub, transfer between the first hub and
last hub and distribution from the last hub to the
destinations. Paths containing only one hub node are
also allowed. When hubs are not used in a path, a direct
link from origin to destination is employed.

Firstly, parameters and inputs used in the model are
introduced. o is assumed as economies of scale, and it
uses in inter-hub connections. Transfer cost from node

i toj is shown byc;, and the cost graph is non-
directional and satisfy the triangle inequality. W

shows the amount of flow transshipment between nodes
i and j. Costs for establishing inter-hub links between

nodes m and k is shown by I;,,,, and J; is the cost of
establishing links between i and j, which at most one
of them is the hub. After the introduction of inputs and
parameters, variables are introduced. afj‘-’" , efj(- , fi}( s 8ij»
b

decision variables are considered:

ii» Zwm and y are binary variables. The following

1 If the flow originated at I and destined at j is

a}‘j’" = routed via hubs k and m
0 Otherwise
1 If non-hub nodes 1 and j are connected to each
b= other
0 Otherwise
1 If the flow originated at the non - hub node i
ok = and destined at the node j is routed via a hub k
ij
0 Otherwise
1 If the flow originated at the node i and destined
£k = at non-hub node j is routed via a hub k
ij
0

Otherwise



999 M. Setak et al. / IJE TRANSACTIONS C: Aspects Vol. 26, No. 9, (September 2013) 997-1006

1 If the node 1 is connected to a node j and just
g;i= one of them be a hub node

0 Otherwise

1 If hub nodes k and m are connected to each
Zi = other

0 .

Otherwise

1 If the node k is a hub node
Y =

0 Otherwise

Accordingly, a model for HLRNUTP under incomplete
backbone network and direct connections between non-
hub nodes is proposed:

min 33 1Y ccimwyal”+ YL Y ¥ wilcixeh + g )+
i j k m ij ok
202+ 2 2 ey + D Fii
i j i J k

(1)
+ 202 Tian+ 2 D Jii(&ij + by)
k m>k i j>i
Y afl'+ ¥ eff +g+by=1 Vi, j,(i# J) )
m#1 m#1
mj m _ PR .
méljalJ +m§] fU +gu+blj—1 VI"]’(Ii‘]) (3)
km m mk m
Yoagi 4 - X oay +ey =0
m#i, k m# j,k (4)
Vi, jk,(i# ji#k, j#k)
ef<l-y, Vi, jk,(i# J) (5)
fi<i-y; Vi, j. k(i # ) (6)
e.k.+ Z a,k,m<y .. . .. .
[ A Vi, ik (i# j.i# k, j# k) ™)
i+ T a"< y Vi, k(% iz k j#k) )
m;t1,k 2 2 el 2 el

gi+t2al+ X ai'+ ¥ aif <y +y;

m#1, j m#1, j (9)
Vi, j,(i# )
giiS2-Yy—y; Vi, j,(i# J) (10)
2b;<2-y,—y; Vi, j,(i# j) (11)

Y22 (12)

ag-m+aglk£zm Vi, j,k,m,(i# j,k#m) (13)
ek < gy Vi, j. k(i % j) (14)
< gy Vi, j k(i # J) (15)
bj—b; =0 Vi, j,(i# j) (16)
gij—&;i=0 Vi, j,(1# j) (17)
Zin — Zyg =0 vk, m, (k # m) (18)
a;">0 Vi, j,k,m (19)
ek >0 Vi, jk (20)
520 Vi, j.k @D
b; =0 Vi, j (22)
gi;i=0 Vi, j (23)
Zim € 0.1} Vk,m (24)
Ye e 10,1} vk (25)

The objective function (1) minimizes four factors in the
network design problem. 1) Minimizing transfer costs,
which lies in the first, second, third, and the fourth part
of the objective function. 2) Minimizing costs of
establishing hubs, which lies in the fifth part of the
objective function. 3) Minimizing costs of establishing
links between hubs that lies in the sixth part of the
objective function. 4) Last part of the objective function
minimizes costs of establishing spoke links or two non-
hub nodes. Constraints (2) and (4) balance the flow on
origins-destination nodes and connections between
them, respectively. Constraints (5) and (6) ensure that

. k k .
variables € and ﬁj can take values when node i and

j are not hubs. Constraints (7) and (8) guarantee if k is

a hub, the flow can pass through it to reach the
destination. Using an edge for transferring flow from an
origin to a destination depends on the roles of origin and
destination nodes (being hub nodes or not) that
constraints (9) illustrate it. Constraints (10) assure that
g;; can take values if one of the nodes i or j be a hub.
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Constraints (11) show that if none of the nodes i and j
are not a hub, then b;; can take a value. Constraint (12)

guarantees there are at least two hubs. In this case,
concept of hubs and use of discount factor makes sense.
Constraints (13) ensure that if there is a link between

two hubs k and m then aX™ or a™ can take a value.

ij ij
Constraints (14) and (15) illustrate that if there is a link
between a hub and a non-hub node then it is possible to
use this link in non-hub nodes send or receive flows.
Constraints (16)-(18) assure that sending path is similar
to receiving path because the cost matrix is non-
directional. Constraints (19)-(23) guarantee that in the
absence of link capacity constraints, flow transfer
variables take either zero or one, so there is no need to
limit them to binary variables [27]. In the constraints
(24) and (25), hub and hub link establishing variables
are taken as binary variables. HLRNUTP has

n* +5n° +4n* —=2n+1 constraints, n* +2n® + 20> non-

negative variables and n*> +n binary variables, while
the model proposed by Nickel et al. [20] has

2n* +3n® +5n° constraints 2n* non-negative variables

and n® + n binary variables. It shows that the number of
constraints and variables in the HLRNUTPP is lower.
This model has two main features that expressed as
below:

If constraints (26) are added to the HLRNUTP, it
will be a single allocation model:

< .
Eigu <1 Vi (26)
If constraints (27) are added to the model, the hub
network will change to a tree network, because in tree
networks the number of hub links is one unit less than
the number of nodes. According to the constraints (18),
the right side of constraint (27) is multiplied by 2:
A (27)
Accordingly, to the above features, most of existing hub
networks, can be produced by using these features. For
example, if constraints (26) and (27) are used, the
designed network will be similar to models, which
Contreras et al. proposed [10, 11]. However, for all
origins and destination nodes b; should be zero (

bij =0). In the next section, a group of valid

inequalities will be presented to tighter the model and
improve the lower bound, which gain from linear
relaxation.

3. VALID INEQUALITY

In this section, six valid inequalities are presented to cut
the solution space, which gain from linear relaxation:

Vk,m (k+#m) (28)

Zkm S Yk

Zkm < Ym Vka m, (k * m) (29)

Proposition 1.
the HLRNUTP.

Inequalities (28) and (29) are valid for

Proof A link will connect two hubs k and m when
only both of them are hubs simultaneously. It should be
noted that these inequalities were not considered as
constraints in the model, because the combination of
constraints (5), (9) and (13) satisfy (28) and (29).

Y Y ey <(N-2)(1-y)- L b; Vi (30)
jik%j J#i
T YA <(N-2)(1-y)- Xb; vj (1)
i jk#i =]

Proposition 2. Inequalities (30) and (31) are valid for
the HLRNUTP.

Proof If node i was a non-hub node and was not
connected to any other non-hub nodes directly, the
maximum amount that 3 ¥ ¢ can take is N-2,
Jj#ik# j
because j#1, k# j and each node can connect to all
hub nodes. However, if this node has direct connections
to all other non-hub nodes then the number of
connections must be subtracted from N —2 . Due to this,
the maximum value of the expression is shown in
inequalities (30). For the inequalities (31), the same is
true.

22 8iz2N _%Yk) (32)

i j#i

Proposition 3. Inequalities (32) are valid for the
HLRNUTP.

Proof As mentioned, g; shows the connection

between hub and non-hub node. If the problem is single
allocation, the sum of these variables takes its minimum

value. So, the number of links is N-3 y; that is
k

exactly equal to the number of non-hub nodes, but
according to constraints (17), this value must be
doubled.

2 Zim 2 Vi vk (33)

m#k

Proposition 4. Inequalities (33) are valid for the
HLRNUTP.
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Proof If the node k is hub then due to constraints
(2)-(12), it must be linked at least to another hub. In
inequalities (33), if kK was hub, Y z,,>1 will satisfy.

m#k
ki
Y a;i" <y Vi, j k(i # j) (34)
m#k
ki
Y a; <y, Vi, jym,(i % j) (35)
k#m

Proposition 5. Inequalities (34) and (35) are valid for
the HLRNUTP.

Proof As the variable afj‘-’" is defined, k and m

should be hubs. Therefore, to send flow from origin i
to destination jthrough nodes k and m, they must be

hubs to send or receive flow through other hubs. This is
shown in inequalities (34) and (35).

4. COMPUTATIONAL STUDY

In this section, to simplify the calculations, some
preprocessing tests are introduced. Then, performances
of the model, preprocessing tests and valid inequalities
have been analyzed using the data that presented below.
Equations (36)-(38) can process before solving the
problem to reduce its computational time.

g;i=0 Vi (36)
ek =0 Vi k 37
£5=0 Vi, k (38)

4. 1. Test Data In this section, data from Australia
Post (AP), and Civil Aeronautics Board, which is
known as CAB is used. CAB data has been proposed by
O’Kelly [1] in location literature and it has 25 nodes.
Subsets of 5, 10, 15, and 20 of this data are defined in
the literature and have been used in this paper. Australia
Post has been proposed by Ernst and Krishnamoorthy
[28]. In this data, maximum number of nodes is 200 and
the flow between these nodes is asymmetric. They
described how to generate different problems from 200
nodes. In this paper, the data of 10, 15 and 20 for AP
data is used. Because solving large problems takes too
longer time than our assumption (4800 seconds), large
data have not been analyzed. 0.5, 0.7 and 0.9 are
selected for a . Costs of establishing hub nodes for the
CAB and AP data are considered 20000000 and 5000,
respectively. In addition, I, =5000c,, , Jj =3000¢; are

considered for CAB data and I, =200c,, j; =100c;

are considered for AP data. In this paper, problems are
shown as (data name. number of nodes.10xqa ). For

example AP. 10. 7 means AP data is used, which has 10
nodes and a is considered 0.7.

4. 2. Performance of Preprocessing Tests and
Valid Inequalities In this section, problems are
solved in eight different approaches to examine the
performance of proposed preprocessing tests and valid
inequalities. These approaches are defined as below:

1)  Without any preprocessing tests and valid inequalities.
2) Considering preprocessing tests.

3) Considering valid inequalities (28) and (29).

4) Considering valid inequalities (30) and (31).

5) Considering valid inequalities (32).

6) Considering valid inequalities (33).

7) Considering valid inequalities (34) and (35).

8) Considering all preprocessing tests and valid inequalities.
Computational results are shown in Table 1, Table 2 and
Table 3. These tables show the performance of the gap
between lower bound and optimal solution
(100 x (Obj — LB)/ LB), computation time and the number
of nodes that used in CPLEX 12, respectively. The
columns of the tables show the results of these eight
approaches. Moreover, for showing the performance of

these eight approaches are presented in Figures 1, 2 and
3.

2345

Gap between lower bound and optimal solution (%)

2,000
1.498
1.500
1.000
010 0.674 0.682
0 o 0.348
0.000 -
1 2 3 1 5 6 7 8
Implementation approach
Figure 1. Average difference between lower bound and

optimal solution by using preprocessing tests and valid
inequalities

351.2557143
350 331.4310952 326.7882857

307.600381 307.3277143
250.5597619

0 2286679048

0 I 190.0291905

0

D I
50

0

1 2 3 1 5 1 7 8

Implementation approach
Figure 2. Average computation time using preprocessing tests
and valid inequalities

Computational time (sec.)
o 2 & g

=
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TABLE 1. Distance between lower bound and optimal solution (%)
Problem name Obj i) @ 3 @ ®) ©) %) ®)
CAB.5.5 181813613.940 8.280 8.280 8.280 3.177 4218 4218 1.008 0.142
CAB.5.7 197536151.516 3.341 3.341 1.306 0.354 2.543 2.555 0.910 0.000
CAB.5.9 208846921.664 1.835 1.835 0.501 0.409 0.803 0.803 0.501 0.407
CAB.10.5 552178664.502 2.786 2.786 0.135 0.000 0.518 0.518 0.000 0.000
CAB.10.7 654758680.717 4.893 4.893 0.089 0.000 0.908 0.908 0.000 0.000
CAB.10.9 704606804.884 0.627 0.627 0.039 0.000 0.061 0.061 0.039 0.000
AP.10.5 83070.531 2.147 1.463 1.019 0.969 0.844 1.019 0.948 0.192
AP.10.7 87583.425 3.860 2.896 1.406 1.406 1.327 1.406 1.406 0.534
AP.10.9 90683.985 2.365 1.629 1.222 1.222 1.213 1.117 1.222 0.253
CAB.15.5 1534117270.580 0.152 0.152 0.052 0.000 0.152 0.152 0.000 0.000
CAB.15.7 1953618380.467 0.058 0.058 0.000 0.005 0.058 0.058 0.000 0.000
CAB.15.9 2309141263.790 0.047 0.047 0.047 0.047 0.047 0.047 0.047 0.047
CAB.20.5 3105531710.571 0.028 0.028 0.028 0.028 0.028 0.028 0.023 0.023
CAB.20.7 4094611708.218 0.102 0.102 0.102 0.098 0.102 0.102 0.096 0.096
CAB.20.9 5009268462.858 0.030 0.030 0.000 0.004 0.030 0.030 0.000 0.000
AP.20.5 102310.008 2.300 0.187 0.000 0.000 0.000 0.000 0.000 0.000
AP.20.7 108198.250 4.472 1.953 0.235 0.211 0.235 0.227 0.046 0.046
AP.20.9 113420.332 1.889 1.119 1.045 1.045 1.045 1.045 1.045 0.704
CAB.25.5 4635198134.409 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
CAB.25.7 6233477303.842 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
CAB.25.9 7780980662.224 0.025 0.025 0.025 0.025 0.025 0.025 0.025 0.013
TABLE 2. Computational time (s)
Problem name i) @ 3 @ ®) ©) %) ®)
CAB.5.5 0.116 0.290 0.100 0.104 0.143 0.130 0.192 0.075
CAB.5.7 0.179 0.267 0.170 0.172 0.177 0.183 0.095 0.072
CAB.5.9 0.235 0.168 0.086 0.187 0.171 0.169 0.165 0.181
CAB.10.5 1.252 1.241 1.039 1.424 1.244 1.360 1.308 1.275
CAB.10.7 1.483 1.226 1.174 2.230 1.128 1.057 0.848 1.254
CAB.10.9 1.801 1.234 1.184 1.427 1.177 1.160 1.211 1.623
AP.10.5 4.403 3.073 3.620 4.279 4.061 3.174 4.676 4.792
AP.10.7 4.038 5.032 4.389 8.113 7.374 3.596 5.790 4.925
AP.10.9 4.359 5.936 3.310 4.417 3.587 4.247 5.647 4.116
CAB.15.5 10.207 8.403 6.151 13.175 8.537 8.388 11.057 10.875
CAB.15.7 11.139 10.552 10.043 10.873 11.662 11.435 9.213 8.145
CAB.15.9 23.750 26.566 19.691 26.007 12.602 20.680 13.802 16.291
CAB.20.5 61.597 58.604 56.642 62.700 57.191 56.040 59.651 55.241
CAB.20.7 164.223 187.789 196.646 192.361 160.398 154.030 120.966 130.528
CAB.20.9 124.228 126.530 116.210 128.217 111.837 109.784 59.604 96.524
AP.20.5 1584.739 1035.335 1467.420 1461.464 1160.595 1390.244 1830.550 1102.832
AP.20.7 1693.521 1088.451 1357.377 1788.812 1323.776 1772.474 1825.480 887.665
AP.20.9 2185.531 1721.468 2673.873 2363.594 1843.574 2750.690 2851.304 1225.601
CAB.25.5 40.053 36.671 40.841 42.841 45.651 35.527 32.217 39.570
CAB.25.7 63.512 51.757 61.571 69.783 59.408 58.514 63.361 61.889
CAB.25.9 479.242 431.433 432.345 777.871 447.462 479.672 479.233 337.139
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TABLE 4. Results of optimal network structure

Link between

Link between

Problem name Hub  Hub-link  Spoke link Problem name Hub  Hub-link  Spoke link

non-hub nodes non-hub nodes
CAB.5.S 2 1 4 3 CAB.15.9 6 9 24 7
CAB.5.7 2 1 5 3 CAB.20.5 18 18 36 0
CAB.5.9 2 1 4 1 CAB.20.7 16 38 19 1
CAB.10.5 6 8 8 3 CAB.20.9 11 22 31 4
CAB.10.7 5 5 11 4 AP.20.5 3 2 17 0
CAB.10.9 2 1 11 9 AP.20.7 3 2 19 0
AP.10.5 3 2 9 1 AP.20.9 3 2 20 0
AP.10.7 2 1 9 5 CAB.25.5 24 59 2 0
AP.10.9 2 1 10 4 CAB.25.7 24 63 2 0
CAB.15.5 13 24 13 0 CAB.25.9 15 38 35 3
CAB.15.7 11 23 15 1

TABLE 3. Number of nodes

Problemname (1) (2 (3 @ G) 6 () @O 4. 3. Performance Study  Figures 1, 2 and 3 show

CAB.S.S
CAB.5.7
CAB.5.9
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CAB.15.7
CAB.15.9
CAB.20.5
CAB.20.7
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AP.20.5
AP.20.7
AP.20.9
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CAB.25.7
CAB.25.9
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Figure 3. Average number of nodes
implementing different approaches

Average node used in B&B

that used for

that the best approach to solve the problem is using all
preprocessing tests and valid inequalities (approach
eight). Approach eight’s lower bound is twenty times
less than approach one’s. Inequalities (38) and (39) have
the most effect on improving lower bound, but these
inequalities increase computational times. Approach
eight has a 38% improve on computational time
compared with approach one. In fact, approach eight
solved test problems 1.68 times faster. In addition,
CPLEX uses fewer nodes to solve the problem in
average.

Table 4 presents the number of hub nodes and links
in the optimal solutions. This table shows that as ¢
increases, tendency to establish hub nodes decreases. In
this case, with 86% probability, the number of links
between non-hub nodes will not reduce. Therefore,
managers can analyze the problem based on ¢ values in
terms of the number of hub nodes to decide better.
According to Table 2, computational times for two data
with 20 nodes are quite different; one reason for this
difference is the number of hub nodes in the optimal
solution. As the number of hub nodes increases, the
computational time decreases.

5. CONCLUSION AND FUTURE WORK

In this study, a comprehensive and flexible model for
hub location- routing problems is provided. In addition
to its application in the transportation industry, it can
also be used in telecommunication networks and
banking. To expedite solving the HLRNUTP, a number
of preprocessing tests and valid inequalities are
presented which have relatively good performance in
the HLRNUTP. The contributions of this paper are as
follows:
e Propose a model with flexible network. The
backbone network is incomplete and the model
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allows establishing direct links between non-hub
nodes.

Despite existing works in the literature, objective
function of the HLRNUTP includes the cost of
routing, hub location and establishing links between
hub nodes, hub node and non-hub nodes and non-
hub nodes.

A number of valid inequalities presented for model
stability, improving lower bound, which obtained
from linear relaxation, and decreasing computational
time.

It can be concluded that the proposed model is a good
approximation for hub location routing problem’s
applications in the real world. In addition, using all
presented preprocessing tests and valid inequalities
decreases computational time and improves lower
bound. Future researches could concentrate on hub
capacities and connections between hub nodes.
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