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Abstract: This research describes unsteady two-dimensional reacting flow around a circular
cylinder. The numerical solution combines random vortex method for incompressible two-
dimensional viscous fluid flow with a Simple Line Interface Calculation (SLIC) algorithm for
propagation of flame interface. To simplify the governing equations, two fundamental assumptions
namely Low Mach Number and Thin Flame Thickness are used. Numerical and graphical
representation of vorticity field, velocity variation on the wake axis, the effect of combustion on
stream line pattern and location of vortex element at Reynolds numbers of 3000 and 9500 are
discussed. The numerical results for the non-reacting flows fall within the range of the experimental
measurements while the results of the reacting case are qualitatively following the physics.

Keywords: Random Vortex Method, Simple Line Interface Calculation (SLIC), Low Mach Number
Model, Premixed Combustion, Reynolds Number
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1. INTRODUCTION

Most flames in practical applications burn under
turbulent conditions to enhance the rate of heat
release and to meet the loading requirements in
small size combustors. This study focuses on the
continuous combustion of premixed gases where
the fuel and oxidizer were well homogenized prior
to burning. To stabilize the burning process, flow
separation induced to maintain a continuous
recirculation of products, which, in turn provides
the energy, required to sustain the ignition of
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reactant. Turbulent combustion involves a
complex set of interactions between essentially
unstable fluid flow phenomena and transient
exothermic chemical reactions that produce
significant increase in the specific volume of the
following mixture. In general, these interactions
influence the structure of the fluid flow as well as
the progress of chemical process and lead to a
highly un-tractable situation, especially when
basic mechanism of both phenomena represent
substantial challenges in their analysis. Random

Vol. 24, No. 3, October 2011 - 269



Vortex Method is an effective method for solving
the vorticity field [1].

Chorin used this method for solving the

Navier-Stockes equations in 1973 for the first
time [2]. Chorin and Ghoneim used Random
Vortex Method for modeling turbulent flow in a
combustion tunnel in 1981[3]. Beale and Majda
worked on the convergence of this method in
1985[4]. Ghoniem et al. introduced Transport
Element Method in 1986 to extend the method to
transport of scalar and energy equations.
In the current work, random vortex method and a
modified SLIC algorithm were combined to
compute the flow field and the flame propagation.
Flow around a circular cylinder used as the test
problem and the effects of Reynolds number on
burning and combustion were analyzed.

2. GOVERNING EQUATIONS

In this method, it is essential to use a set of

differential equations that describe both fluid flow

and flame propagation in an open domain.

Governing equations for a combustion flow are

complicated so the following assumptions are

used:

1. First order, irreversible, unimolecular, single
step reaction.

2. Arrhenius rate reaction expression as a source
term.

3. Burnt and unburnt gas mixtures behave as
perfect gas with the same molecular weight,
same constant heat conductivities and specific
heats.

4. The thin flame thickness.

5. A Low Mach number model [5, 6].

D_oto =0w/dt+uVw=(1/Re)V’w O
@ = Ou, / Ox —0u, / Oy )
u=v+u,, v=Vé, u =Ow,0p) 3)
Viy =-o (4)
V2¢=%5(x—xf) ()
%—Ij+ u,VF =8, |VF| ©
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2.1. Numerical Solution A hybrid numerical
scheme which is used in this study combines the
Random Vortex Method for incompressible,
viscous and two dimensional flow with the Simple
Line Interface Calculation (SLIC) algorithm for
the propagation of the flame interface [7, 15, 16].
Two solutions are coupled by:

1. The advection part of the flame motion, which
uses the velocity field computed by random
vortex method used to propagate the flame
interface.

2. The expansion field due to the heat release
resulting from burning at the flame front, which
contributes to the flow field computation by the
random vortex method.

3. A third coupling mechanism, in which the
generation of vorticity at the flame front is
neglected.

2.2. Fluid Flow-Random Vortex Method The
random vortex method solves the vorticity
transport equation instead of momentum equation.
In addition, conservation mass equation and the
identity VpxVP =0 are used.

In random vortex method solution, the
vorticity field is discretized among a finite
number of vortex elements whose configuration is
updated every time according to the flow
equations. A Lagrangian formulation is employed
for advection expressed in terms of a set of
coupled ordinary differential equations while an
appropriate random walk algorithm simulates
diffusion. Numerical diffusion is minimized by
avoiding Euleran discretization of computational
grid. Therefore, numerical scheme is grid free and
the computations are self adaptive since vortex
elements move to capture zones of large velocity
gradients with concentration of vorticity [8, 17].
In the following, we proceed to demonstrate the
application of the method to the fluid flow
equations on the computational domain listed
below. The governing equations are as follow:

Do it +uVo=(1/ROV o

Dt

@ =0u, / Ox—0u, / Oy

u=v+u,, v=Ve, u,=(0,y,0)

Viy =-o
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The solution of the flow equations proceeds
differently to region as follow:

1. Out of wall region

2. Wall region
Also, in random vortex method, each time step is
divided into two fractional steps.
During each fractional step one of the advection
or diffusion mechanisms is considered.

2.3. Out of Wall Region The method of viscous
splitting is applied to the vorticity transport
equation in this region. The governing equations
are solved, and the vorticity field is updated at
every time step, using two fractional steps: an
advection step and diffusion step. In the former,
the vorticity field is updated according to the
inviscid version of the vorticity transport
equation, namely:

a—w+u.Va)=0 )
ot

Then, in the diffusion step, vorticity field is
updated solving related equation:

0 1 8

_CO _ —Vza) ( )
ot Re

This is equation 1 but with u=0.

Combining the two solutions provides a solution
for Eq. 1 in the out of wall region.

2.4. Advection Inviscid term of the transport
equation is written as follows [9]:

—+uVeo =0

t

According to Eq. 7 the vorticity advects along
particle paths. Thus, vortex blobs and vortex
sheets advects according to Eq. 7. Given the

locations X' at timef = nAt, one may compute
the intermediate locations due to the advection
alone, X' at timet=(n+1)At. In this

i,adv
research Euler’s method is used for time
integration:

XM= X4 A,

i,adv

Y =Y+ Aty

i,adv
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2.4. Diffusion  The random walk algorithm is
based on the fact that the Green functions of one
dimensional form of Eq. 8 given by the following
equation:

G(x,t)= (Re/4pt}’? exp(- x*Re/4r)

is identical to the probability density function of a
Gaussian random variable 4 with a zero mean

and a standard deviation of 5 = /ﬁ , namely:
Re

P(h,t)=(1/2s*p)“? exp(- h? /2s ?)

So, the diffusive transport of vortex elements is
simulated stochastically by adding to their
convective motion an extra displacement drawn
from a Gaussian population with zero mean and a
standard deviation o. The total transport of vortex
elements obtained by adding the two fractional
displacements is:

X-(HL: Xn+l +h. (9)

i i adv i

where, h= (h,,h,)is the random displacement

vector, and X ;Hl = 1s the new location of blob at
t=(n+1) Dt.

Note that wall region diffusion takes place
only in the direction normal to the wall. Without
diffusion term, the sheets would never leave the
boundary, since u= (0, 0) at the wall, by
construction. Therefore, Eq. 9 will change to the
following equations:

n+l _ n+1
X _Xi,adv
n+tl__ n+1

Vi = YiaTh,

where £, is the random jump.

3. Combustion Solution

Now, the numerical description of the motion of
the flame interface is considered. The motion of
the flame can be split into two components:
advection and burning. Advection is simply the
motion of the flame interface as a passive material
surface with the local flow velocity. Burning, on
the other hand, is the motion of the flame into the
reactants with respect to an observer moving with
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the reactants immediately ahead of the flame. The
reactants burn, and are converted into products.
As a result of the exothermic combustion reaction,
heat is generated at the flame front. The products
of combustion are at a higher temperature, and
lower density, than the reactants. The fuel and air
mixture expands upon burning. In thin flame
model, this expansion of the fluid crossing the
flame zone occurs only at the flame interface. The
flame expansion field discretized here into a finite
number of two-dimensional point sources, which
are distributed along the flame interface. The
implementation of these sources is described
below.

3.1. SLIC Algorithm Various methods exist for
the numerical description of the shape and
evolution of interfaces between fluids. The
algorithm implemented in this research is based
primarily on the SLIC (Simple Line Interface
Calculation) method introduced by Noh and
Woodward [11], and later implemented by Chorin
[12] for flame propagation and advection with
increased spatial resolution. This method uses a
finite set of horizontal and vertical straight-line
segments on a two dimensional rectangular grid to
construct the flame interface, and an alternating
direction scheme to advect the interface.
The information provided by SLIC includes the
amount of products, or reactants, in each cell of
the computational grid, and, for cells containing
the flame interface. The flow field is divided for
this purpose into cells. The fraction of volume (V)
occupied in a given cell by the burned medium is
expressed in terms of a number [13]:

— Vb 10
/ v (10)

Thus, f'=0.1 means that there is, respectively,
either unburnt or burnt medium in the cell, while
fractional values of f indicate cells containing the
interface. The particular geometry of the interface
is deduced, depending on the fmnumber of
neighboring cells. In this connection, as illustrated
in Figurel, proper provisions are included in the
algorithm for four possibilities:

a) Vertical interface

b) Rectangular corner

¢) Horizontal interface

d) Neck
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(a) (b)
(c) (d)

Figurel. Elementary components of an interface
recognized by the algorithm a) Vertical interface, b)
Rectangular corner, ¢) Horizontal interface, d) Neck

3.2. Advection  We begin by discretizing the
domain using a non uniform grid with cell size
given by Ar & A@ . As shown in Figure 2, each

cell is assigned a fractional index f; which

indicates the amount of products in the cell.
Hence, f, =1 for a cell full of products, f;

i i

=0
for a cell full of reactants, and 0< fy <1 for

fractional cells, which contain some reactants and
some products. These fractional cells contain the
flame interface. The orientation of the interface
inside a cell is determined by wusing SLIC
algorithm.

After the interface is located, its velocity is
evaluated by interpolating between the velocities
on both sides of the cell. The interface velocity is
used to move the interface.

The velocity due to convection is related to the
stream function which is the solution of Poisson's
equation:

V¥ = -0 (X)

oY e oY

oy’ ox
3.3. Wall Region In the context of the Random
Vortex Method, the "wall region" refers to a very
thin region extending only a few o ’s (Random
walk standard deviations) from the domain walls,
where the discretization of the vorticity field uses
vortex sheets instead of blobs, the latter being
used in the bulk of the flow domain. Vorticity is

u =

IJE Transactions B: Applications



Figure 2. polar grid

generated at the walls to satisfy the no-slip
boundary condition. Chorin used scheme of
vorticity generation in the random vortex method
to satisfy the viscous boundary condition at the
solid walls [8]. The vorticity generated along the
wall is discretized into elements separated by a
distance "h". To improve desired resolution,
required circulation generated at each wall is
distributed among several elements (sheets) such
that each has a certain maximum -circulation.
These sheets leave the wall by diffusion, to
become part of the out of wall vorticity field at
later times, when they are converted to vortex
blobs of appropriate core radius to satisfy
compatibility between the out of wall and wall
regions. The wall region (also referred to below as

the sheet region) has a thickness of A .

By the nature of the solution in the wall region,
we will use the wall velocity computed from out
of wall flow calculation, as specified for the
boundary layer equations. We will not need to use
the Helmholz decomposition, Eq. 3 of the velocity
field. It will be sufficient to write down the curl of
the Navier-Stokes equations and the continuity
equation as starting points. Further, since Ag is

typically much less than the cell size used for the
flame propagation algorithm, we will not consider
the expansion field of any flame source in the
sheet region, rather the effect of the expansion
field will be presented via U.

3.4. Combustion The motion of the flame in the

direction normal to itself due to combustion is
calculated in the exact manner as advection but
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the normal burning speed is used in all possible
directions of propagation instead of the advection
velocity, since the direction of propagation of the
flame due to combustion is not known a priori,
S gives all possible directions and the actual
flame motion corresponding to all directions is
calculated, thus the flame speed is taken as [14]:

S, =(S,c0s0,S, sind,)

where 6, = bz

4
Andi=1,2 ... 8.
According to Huygens principle, the actual flame
propagation is the maximum advancement in all
directions, thus f  is updated as:

f(t+At)=Maxf,

0<i<8

where  f, = f(¢)

3.5. Exothermicity Figure 3 explains the
dynamic effect of burning due to the increase in
specific volume in which a particle moves away

from the flame front by a distance of 2u_after
burning. To account for this effect in the two-

dimensional calculations of the velocity field,
changes in f duo to flame advancement in the

combustion step Af, are used to calculate the

strength of the volumetric sources according to
the following equation:

A=0.5(—- l)rArAQi—];"

Where v is the specific volume ratio across
the flame. For each cell withAf > Af,

min ?
where Af,

min

is negligible change in volume, a
source blob is generated and placed at the
center of this cell. The core size of this blob
is:

LA

’ 2ru,

Where u, =0.5(v-1)S, is the maximum
velocity generated by the flame propagation.
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4. RESULTS

In Figure 3, vortex locations around a circular
cylinder are shown at ¢ =2 . Case (a) shows non-
reacting case with S, =0 and, case (b) shows the

reacting case with §, =0.02.

As shown in Figure 3 (b) in the reacting case,
vortex generation is more than Figure 3 (a) which
is for non-reacting case.

Figure 4 shows the streamlines behind the
cylinder at Re =3000.

As shown in Figure 4 (b), the recirculation
zone in the reacting case is stronger than non-
reacting case as shown in Figure 4 (a).

The u-velocity on the x-axis behind the cylinder is
plotted in Figures 5 and 6 for non-reacting case
and reacting case, respectively at Re =3000. The
portion of the curve that is positive corresponds to
the positive velocity and the negative portion is
back flow on the wake axis. Note that the rear
stagnation point is situated at point (0.5, 0.0) and

0.5

0.5

(b)
Figure 3. Plot of the velocity vector field,
(a) without combustion, (b) with combustion
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(b)
Figure 4. Plot of streamline around a cylinder at
t=3 , (a) non-reacting, (b) reacting

the diameter of the cylinder is 1. Velocity on the
wake axis for calculations is in satisfactory
agreement with known experimental and
numerical results. As shown in Figure 6, the
minimum value of the velocity in the reacting
case at t<2 second is less than non-reacting case.
At t>2 the flow field is more unsteady than non-
reacting case, so the minimum value of the
velocity in the reacting case is more than non-
reacting case.

The u-velocity on the x-axis behind the
cylinder is plotted in Figures 7 and 8 for non-
reacting case and reacting case, respectively at Re
=9500. A comparison between Figures 5 and 7
indicates that the minimum velocity at Re =9500
is less than its value at Re=3000. Also, by
increasing the Re number of the flow field, the
recirculation zone will be decreased and after t =2
seconds the flow field will be unstable.

Plots of the flame front are shown in Figures 9 (a)
for Re=150 and 9 (b) for Re=3000 and as shown
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Figure 5. Velocity on the wake axis, Re=3000
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Figure 7. Velocity on the wake axis, R=9500

the Re Number value imposes some changes on
the flame front geometry. The plots identify the
flame as the interface between blue area,
depicting reactants, and red area, representing the
products.

In Figure 10 the vortex shedding is shown in
accordance with time. After initial time steps,
main vortexes began to dissipate periodically.
Those vortexes developed the Von Karman vortex
street. Additionally, it is shown that in the reactant
case stronger eddies are generated behind the
cylinder.
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Figure 6. Velocity on the wake axis with combustion,
Re=3000
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Figure 8. Velocity on the wake axis with combustion,
R=9500

5. CONCLUSIONS

The model used is based on the Random Vortex
Method of computing the turbulent flow field.
The method is grid free and avoids numerical
diffusion; therefore, it is suitable for modeling the
intrinsic physical properties of flows at large
Reynolds numbers. It can analyze large gradients
produced by the small eddies of turbulent motion,
and it allows perturbations to grow into possible
instabilities without damping or dissipation. The
combustion of premixed gases is idealized by the
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Figure 9. Flame front contours, represented by interface between reactants and products, for
S, =0.02 at different values of Re numbers. (a) Re=150 (b) Re=3000

t=10sec
t=12sec

%,

t=14sec

e

(a)

e

t=10sec
t=12sec

t=14sec

(b)

Figure 10. Vortex shedding (a) non-reacting case (b) reacting case

propagation of a flame interface, located between
reactants and products, due to convection and
self-propagation. The expansion of the flow,
across the flame, due to the exothermicity of the
reaction is taken into account using a distribution
of volumetric sources within the burning zone.
The formation of large scale eddy structures in the
turbulent flow down-stream of the cylinder
persists in the reacting case but also the flame

front almost surrounds the vorticity field and thus
produces a situation in which the flame
propagates along a streamline instead of normal to
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it. The formation of a recirculation zone behind
the cylinder provides a continuous source of
ignition by enhancing the contact between the
products and the reactants.
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