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Abstract   In the present work a two fluid model for blood flow through abnormally constricted 
human artery (stenosed artery) has been developed. The model consists of a core region of suspension 
of all erythrocytes assumed to be micro-polar fluid so as to include the micro-structural effects in 
addition to the peripheral-layer viscosity effects, and a peripheral plasma layer free from cells of any 
kind of Newtonian fluid. This model is used to predict the effects on physiological characteristics of 
blood flow in normal and stenosed condition. The significance of the present model over the existing 
models has been pointed out by comparing the results with other theories both analytically and 
numerically. 
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. ی مسدود ارائه شده استدر این تحقیق یک مدل دو سیالی براي جریان خون از میان شریان آئورت   چکیده    

تا علاوه  مدل از ناحیه هسته اي سوسپانسیون اریتروسیت ها که میکروپلار فرض شده اند تشکیل شده است
بر تائثرات ویسکوزیته لایه جانبی و یک لایه جانبی پلاسما که فاقد هر گونه سلول سیال نیوتونی می باشد، 

 ژیکیون مدل به منظور پیش بینی تاثیرات بر روي خواص فیزیولای. تاثیرات میکروساختاري را نیز در بر گیرد
اهمیت مدل حاضر در . هر گونه جریان خون در شرایط طبیعی منقبض شده مورد استفاده قرار گرفته است

  .برابر مدل هاي موجود با مقایسه نتایج با سایر نئوري هاي تحلیلی و عادي مورد تاکید قرار گرفته است
  
  

1. INTRODUCTION 
 
Blood is a suspension of red cells in plasma; a 
micropolar fluid may represent it. The 
experimental results by several mathematical 
models Eringen [1], Valanis [2], Aroesty [3], 
Thurston [4], Iida [5], have been proposed to study 
the various aspect of microcirculation. To explain 
the observed Fahraeus-Lindquist effect, Haynes 
[6], has considered a two-fluid model with both 
fluids as Newtonian fluids and with different 
viscosities, i e., the peripheral layer with the 
viscosity of plasma and the core with the viscosity 
equivalent to shear viscosity of blood. The authors 
Haynes [6], Bugliarello, et al [7], have assumed 
that either both layers, i.e., peripheral layer of 
plasma and core region, are of Newtonian fluid or 
both layers are of non-Newtonian fluids. This 
seems to be improper because it has been shown 
experimentally by Bugliarell et al [7], Cokelet [8], 

that plasma is a Newtonian fluid and core region 
fluid behaves like a non-Newtonian fluid. 
Bugliarell et al [7] have proposed that blood flow 
through an artery in smaller diameter consists of 
peripheral plasma layer which, being cell-free, is 
Newtonian in character and a core of red cell 
suspension in plasma. The effects of stenosis are 
much more important in microcirculation where 
peripheral layer thickness and viscosity effects 
dominate the flow characteristics. Tondon, et al 
[9], have investigated the effects of this peripheral 
layer in microcirculation, and found that the 
viscosity of the peripheral layer fluid is two to 
three times higher in the diabetic patients; these 
subjects are more prone to such diseases. 
     Shukla, et al [10], have studied the effect of 
stenosis on the resistance to flow through artery by 
considering the behaviour of blood as a power-law 
fluid and a Casson fluid. In these investigations the 
core-region and peripheral layer fluids are 

mailto:sapna1980jan@rediffmail.com


178 - Vol. 24, No. 2, June 2011 IJE Transactions A: Basics 

represented by two Newtonian fluids of different 
viscosities and independent of each other. Again 
Shukla, et al [11] have considered a two-layer 
model in which the peripheral plasma layer and the 
core are both Newtonian in character. In this 
analysis they have studied the influence of 
peripheral layer viscosity on the resistance to blood 
flow through a stenosed artery. Tondon, et al [12] 
have discussed that the blood flow in the peripheral 
layer is neither a Newtonian nor a non-Newtonian 
fluid but it is actually the suspending medium of 
red cells. A theoretical model for sedimentation of 
red cell aggregates in narrow horizontal tubes has 
proposed by Secomb, et al [13] in which they 
modelled the core region as a solid cylinder 
moving inside the tube. Murata [14] has proposed 
a sedimentation model in which he considered 
constant values of hematocrit and Newtonian 
viscosity in the circular core region, containing red 
cell aggregates. Murata [15] has also considered a 
two-layer sedimentation model with flat interface 
between the plasma layer and red cell layer. The 
experimental study of Cabel, et al [16] conducted 
the venous resistance for normal blood decreased 
by approximately 60 % when blood flow was 
increased 4-fold from 5 ml/(min.100 g tissue) to 20 
ml/(min. 100 g tissue), and increased by 
approximately 70 % when blood flow was 
decreased 5-fold from its normal level to 1 
ml/(min. 100 g tissue). For many disorders, like 
heart disorder, myocardial infarction, 
cerebrovascular disease, stroke, hypertension, 
Chien [17] has proposed that the agreeability and 
rigidity of red cells is higher than their normal 
value. Lerche [18] has used an empirical equation 
to describe smooth axisymmetric hematocrit 
profiles in power law form. Both hematocrit 
distributions have derived by assuming zero 
peripheral layer thickness. In this model the 
suspension of erythrocytes in the core region is 
assumed to be micropolar fluid and peripheral 
plasma layer is treated as Newtonian fluid. 
 
 
 

2. ANALYSIS OF THE PROBLEM 
 
Consider the axisymmetric flow of blood in a 
uniform circular tube with an axially non-
symmetric but radially symmetric mild stenosis. 

The geometry of the stenosis, in Figure 1, is 
represented by 
 

(m 1) m
0 0

0

R(z) 1 A[L (z d) (z d) ], d z d L
R

1, otherwise,

−= − − − − ≤ ≤ +

=
 (1) 
 

where R(z) is the radius of the artery with stenosis, 
Ro is the constant radius of the artery. Lo is the 
stenosis length and d indicates the stenosis 
location, and m ≥ 2 is a parameter determining the 
stenosis shape and is referred to as stenosis shape 
parameter. Here axially symmetric stenosis occurs 
when m = 2, the parameter A is given by: 
 

m/(m-1)

m
0 0

δ mA =
R L (m -1)

, 

 
where δ denotes the maximum height of stenosis at 
z = d + L0 / m1 / (m–1). δR0<<1. 
     The function R1(z) representing the radius of 
the artery in central layer, and the geometry of the 
stenosis in central region is given by, Figure 1  
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Where: δ1 denotes the maximum bulging of 
interface at z = d + L0/m1/(m-1) due to the presence 
of stenosis and α is the ratio of the central core 
radius to the tube radius in the unobstructed region. 
 
 
 

3. FORMULATION OF THE PROBLEM 
 
Consider a steady, laminar and fully developed 
flow of blood through a rigid circular tube of 
radius R. Based on the experimental results of 
Bugliarello, et al [7], the blood flow can be 
represented by a two-fluid model with core of 
micropolar fluid of radius R1 and peripheral layer 
of plasma as a Newtonian fluid of thickness (R–R1) 
as shown in Figure 1. Let μ1 be the viscosity of 
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Newtonian fluid in the peripheral plasma layer and 
μ2 be the shear viscosity of blood in the core 
region. 
     The equations for steady, one-dimensional 
velocity and cell rotation are given by, 
 

( )
1

2 2
R R2

2 2
R R 2

0 r R

V (rω )1 1 Pμ μ r 2μ 0
r r r r r z

(rω ) V1γ 2μ 4μ ω 0
r r r r

≤ ≤

∂ ∂∂ ∂   
+ + − =   ∂ ∂ ∂ ∂   

∂ ∂∂    
− − =   ∂ ∂ ∂   

 (3) 
 

1and for R r R,≤ ≤  
 

1
1

1
1

V1 Pμ r 0
r r r z

V1ω ,
2 r

∂∂ ∂ 
− = ∂ ∂ ∂ 

∂
= −

∂

 (4) 

 
where ∂P/∂z is the constant pressure gradient, 
(V1,ω1) and (V2,ω2) are the velocity and cell 
rotation in the region RrR1 ≤≤  and 1Rr0 ≤≤  
respectively. (μR/2) is relative rotational viscosity 
and γ is viscosity of gradient of total rotation (4) 
which is assumed to be zero for Newtonian fluid. 
     These boundary conditions have been used to 
solve Equations 3 and 4: 
 
V1 = 0 at r = R 
 

V1 = V2, τ1=τ2, 0
r

)ω(r
r
1 2 =

∂
∂    at    r = R1 (5) 

 

W2 = 0 and V2 is finite at r = 0, 
 
where τ1 and τ2 are stresses at r = R1. 
     The expression for velocities V1, V2 and cell 
rotations ω1 and ω2 obtained as the solution of 
Equation 3 and 4 with boundary condition (5) are: 
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The total flux, Q is  
 
Q = Q1 + Q2 

 
and Q is written as: 
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Figure 1. Geometry of stenosed artery with peripheral layer. 
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Since for small x the modified Bessel function can 
be approximated as: 
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From Equation 8 the pressure gradient is written as 
follows: 
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To determine λ, we integrate Equation 9 for the 
pressure P0 and PL are the pressure at z = 0 and z = 
L, respectively, where L is the length of the tube. 
     The resistance to flow (λ0) is defined as follows 
Young [19] 
 

−
= L 0
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P P
λ
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Let λN be the resistance to flow for Newtonian 
fluid and with no stenosis, then  
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from Equation 10 and 11 we have, 
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Equation 8 can be rewritten as: 
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and can be termed as apparent viscosity of fluid 
flow in the tube. 
     The shearing stress at the (maximum height of 
the stenosis) can be written as: 
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and the shear stress for Newtonian fluid with no 
stenosis is as: 
 

τ
π

 
=  

  

1
3N
0

4 μ Q
R

 (15) 

 
Now the ratio of shearing stress at the wall can be 
written as: 
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4. RESULTS AND DISCUSSION 
 
Using governing equations with appropriate 
boundary conditions the expression for resistance 
to flow (λ), apparent viscosity (μapp) and wall shear 
stress (τ) have been derived and represented by 
Equations 12, 13 and 16 respectively. The graphs 
1-8 have been plotted by taking the values of 
parameters based on experimental data of Ariman, 
et al [20] (Table 1). 
     The variation of resistance to flow (λ) with 
stenosis size (δ/R0) for different values of stenosis 
shape parameter (m) is shown in Figure 2. It is 
evident that resistance to flow increases as stenosis 
size increases. Increase in the resistance to flow 
with stenosis shape parameter is also indicated in 
this figure. These results are consistent with the 
observations of Eringen [1] and Tandon [12]. 
Figure 2 shows that the resistance to flow increases 
with peripheral layer viscosity (μ1) as well. Coagan 
[21] found that the peripheral layer viscosity of 
blood in diabetic patients is higher than in non-
diabetic patients, resulting higher resistance to 
blood flow. Thus diabetic patients with higher 
peripheral layer viscosity are more prone to high 
blood pressure. Therefore, the resistance to blood 

flow in case of diabetic patients may be reduced by 
reducing viscosity of the plasma. This can be done 
by injecting saline water to such patients [9]; the 
process is called dilution in medical terms. 
     Figure 3 shows variation of resistance to flow 
(λ) with stenosis length (L0/L) for different values 
of stenosis shape parameter (m). In the figure, the 
resistance to flow (λ) is found to decrease as 
stenosis length (L0/L) increases. However, the 
resistance to flow (λ) is found to increase with the 
increase in stenosis shape parameter (Figure 2). 
This was also reported by Haldar [22], Siddiqui, et 
al [23]. The variation of apparent viscosity (µapp) 
with stenosis size (δ/R0) is shown in Figure 4. The 
apparent viscosity (µapp) is seen to increase as 
stenosis size (δ/R0) increases. This indeed is the 
case with human artery, as apparent viscosity (µapp) 
of the blood is found to increase with stenosis 
growth [24] and hence this validates the present 
model. Apparent viscosity (µapp) is symmetrically 
distributed in the stenotic region and its maximum 
lies at axially symmetric stenosis (m = 2). Figure 4 
also shows that the apparent viscosity (µapp) 
changes inversely with peripheral layer viscosity 
(μ1). The symmetry of the curves may be due to the 
assumed symmetry in the geometrical 
configuration of the stenosis.  
     Figure 5 describes the variation of apparent 
viscosity (µapp) with stenosis length (L0/L) for 
different values of peripheral layer viscosity (μ1). 
The apparent viscosity (µapp) is found to increase as 
stenosis length (L0/L) increases. Tandon [26] has 
also obtained similar results. In addition, the 
apparent viscosity (µapp) is found to change 
inversely with peripheral layer viscosity (μ1). The 
variation of apparent viscosity (µapp) with stenosis 
shape parameter (m) for different values of 
peripheral layer viscosity (μ1) is shown in Figure 6. 
The apparent viscosity (µapp) is seen to increase as 
stenosis shape parameter (m) decreases, and is 
maximum at axially symmetric stenosis (m = 2) for 
all values of peripheral layer viscosity. It is also 
seen that apparent viscosity (µapp) decreases as 
peripheral layer viscosity (μ1) increases. The 
apparent viscosity (µapp) is found to decrease as 
peripheral layer viscosity (μ1) increases with α 
(Figure 7).  
     Variation of apparent viscosity (µapp) with 
stenosis size (δ/R0) for different values of stenosis  

 
 
 
TABLE 1. List of Parameters used in the Paper Has Been 
Taken from Ariman, et al [19] Data. 
 

Parameter Value 

μR 0.98 cp 

γ 12 x 10-8 gm-cm/sec 

R0 0.2 cm 

L 5 cm 

α 0.95  

δ/R0 0.02 to 0.14  

L/L0 0.02 to 0.14  

μ1 0.1 to 1.0  

m 2 to 9  
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Figure 2. Variation of resistance to flow with stenosis size for different values of stenosis shape parameter. 
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Figure 3. Variation of resistance to flow with stenosis length for different values of stenosis shape parameter. 
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Figure 4. Variation of apparent viscosity with stenosis size for different values of peripheral layer viscosity. 
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Figure 5. Variation of apparent viscosity with stenosis length for different values of peripheral layer viscosity. 
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Figure 6. Variation of apparent viscosity with stenosis shape parameter for different values of peripheral layer viscosity. 
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Figure 7. Variation of apparent viscosity with peripheral layer viscosity for different values of a. 
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length (L0/L) is described in Figure 8. The 
apparent viscosity (µapp) is found to decrease with 
decreasing stenosis size. But the same is not true in 
the absence of stenosis [24]. In normal human 
artery, apparent viscosity (µapp) is found to 
decrease with the artery radius [27] and is called 
Fahraeus-Lindquist effect. Figure 8 also shows that 
the apparent viscosity (µapp) increases as stenosis 
length (L0/L) increases. Sirs, et al [28] observed 
that diabetic patients are more prone to various 
cardiovascular diseases due to increased apparent 
viscosity. The wall shear stress (τ) is found to 
increase with stenosis size (δ/R0) as observed in 
Figure 9. Chow, et al [25] had similar 
observations. The wall shear stress (τ) is also found 
to increase with peripheral layer viscosity (μ1). 
 
 
 

5. CONCLUSION 
 
The effect of peripheral layer viscosity on the blood 
flow in the presence of mild stenosis in the lumen of 

the artery has been investigated by developing a 
mathematical model. The resistance to flow and 
apparent viscosity have been found to decreases 
with viscosity of peripheral layer, but the same are 
found to increase as the size (height and length) of 
the stenosis increases. The model predicts increase 
in wall shear stress with peripheral layer viscosity. 
Predicted trends are found to exist in human artery 
and hence validate the model. 
 
 
 

6. REFERENCES 
 
1. Eringen, A.C., “Simple Microfluid”, Int. J. Engi. Scie., 

Vol. 2, (1964), 205-212. 
2. Valanis, K.C. and Sun, C.T., “Poiseuille Flow of a Fluid 

with Couple Stress with Application to Blood Flow”, 
Biorhe, Vol. 6, (1969), 85-92.  

3. Aroesty, J. and Gross, J.F., “The Mechanics of Pulsatile 
Flow in a Small Vessel I-Casson Theory”, Microvasc 
Res., Vol. 4, (1972), 1-12. 

4. Thurston, G.B., “The Viscosity and Visco-Elasticity of 
Blood in Small Diameter Tubes”, Microvasc, Vol. 11, 
(1996), 133-141. 

 
 
 

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0 0.2 0.4 0.6 0.8 1

A
pp

ar
en

t 
vi

sc
os

ity

Stenosis size

0.02/LoL =
0.08/LoL =
0.14/LoL =

0.20/LoL =

 
 

Figure 8. Variation of apparent viscosity with stenosis size for different values of stenosis length. 



186 - Vol. 24, No. 2, June 2011 IJE Transactions A: Basics 

5. Iida, N. and Murata, T., “Theoretical Analysis of 
Pulsatile Blood Flow in Small Vessels”, Biorhe., Vol. 
17, (1995), 377-389. 

6. Haynes, H.R. “Physical Basis of the Dependence of 
Blood Viscosity on Tube Radius”, Am. J. Physiol., Vol. 
6, (1960), 1193-2006. 

7. Bugliarello, G. and Sevilla, J., “Velocity Distribution 
and other Characteristics of Steady and Pulsatile Blood 
Flow”, Biorhe., Vol. 7, (1970), 85-107. 

8. Cokelet, G.R. “The Rheology of Human Blood in 
Biomechanics: Its Foundation and Objectives, Y.C. 
Fung (Ed.) Englewood Cliffs”, Prentice-Hall Publ., 
(1972), 63-103.  

9. Tandon, P.N. and Mishra, J.K., “Micro Structure and 
Peripheral Layer Viscosity Effects on the Flow of Blood 
through Artery with Mild Stenosis”, Proceeding of 4th 
International Conference on Physico. Chemic. 
Hydrody., Vol. 404, (1989), 59-71. 

10. Shukla, J.B., Parihar, R.S. and Gupta, S.P. 
“Biorheological Aspects of Blood Flow Through Artery 
With Mild Stenosis: Effects of Peripheral Layer”, 
Biorhe., (1980), Vol. 17, 403-410.  

11. Shukla, J.B., Parihar, R.S. and Rao, S.P., “Effect of 
Peripheral Layer Viscosity on Blood Flow through the 
Artery with Mild Stenosis”, Bull. Math. Biol., Vol. 42, 
(1980), 797-805. 

12. Tandon, P.N., Mishra, J.K. and Verma, R.L., 
“Peripheral Layer Viscosity and Microstructural Effect 

on Capillary Tissue Fluid Exchange”, Math. Biosci., 
(1982), 1-7. 

13. Secomb, T. and El-Kareh., “A Model for Motion and 
Sedimentation of Cylindrical Red Cell Aggregation 
during Slow Blood Flow in Narrow Horizontal Tubes”, 
Biomech. Eng., Vol. 116, (2002), 243-249.  

14. Murata, T., “Theoretical Analysis of Flow Properties of 
Aggregating Red Cell Suspensions in Narrow 
Horizontal Tubes”, Clini. Hemorh., Vol. 14, (1998), 
519-530.  

15. Murata, T., “Effects of Sedimentation of Small Red Cell 
Aggregates on Blood Flow in Narrow Horizontal 
Tubes”, Biorhe., Vol. 33, (1996), 267-283.  

16. Cabel, M., Meiselman, H.J., Popel, A.S. and Johnson, 
P.C., “Contribution of Red Blood Cell Aggregation to 
Venous Vascular Resistance in Skeletal Muscle”, 
Ameri. J. Physi., Vol. 272, (1999), 1020-1032. 

17. Chien, S., “Hemorheology in Clinical Medicine, Recent 
Advances in Cardiovascular Diseases”, 2 (Supplement), 
(1981), 21-26. 

18. Lerche, D. “Modeling Hemodynamics in Small Tubes 
(Hollow Fibers) Considering Non-Newtonian Blood 
Properties and Radial Hematocrit Distribution”, In: 
Biomechanical Transport Processes, Mosora, F., Eds., 
New York, U.S.A., (2000), 243-250. 

19. Young, D.F., “Effects of a Time-Dependent Stenosis on 
Flow through A Tube”, J. Eng. India, Trans. ASME, 
Vol. 90, (1968), 248-254. 

Fig.8 Variation of wall shear stress with stenosis size for different 

0

0.2

0.4

0.6

0.8

1

1.2

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

Stenosis size

W
al

l s
he

ar
 s

tr
es

s

3.0=1μ

1.0=1μ

5.0=1μ

 
 

Figure 9. Variation of wall shear stress with stenosis size for different values of peripheral layer viscosity. 
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