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Abstract  In this paper, we develop a mathematical model of sprinting in which anaerobic
metabolism is included. This model is simplified by considering the broad changes of energy level
and the cyclic variation associated with the strike pattern. We consider the effect of the centre of mass
to the overall energy balance along with force of resistance during initial motion of body. Results are
obtained for the model from an event of a sprint championship. These computed results closely
predict the overall average performance of the participants over the course of entire race.
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1. INTRODUCTION

Several —mathematical applications of bio-
energetics for running have been studied.
Numerous parameters affect running performance,
but one factor among them is particularly
important in the present context, when an athlete
initiated running, the ability to move rapidly from
the starting block depends critically on availability
of energy by anaerobic metabolism. Position of
centre of mass i.e., the shape of the body plays a
vital role in sprinting. Theoretically, an increase in
TCr (muscle total creatine) stores may provide an
ergogenic effect during sprint exercise by
enhancing the rate of ATP synthesis during muscle
contraction and by improving the rate of PCr
(phosphocretine) resynthesis during recovery,
which may be beneficial for repeated sprint
activity. The experimental evidence supporting an
ergogenic effect for CrS (creatin supplements) is
somewhat mixed. Several studies have
demonstrated an improved high intensity exercise
performance after CrS whereas several others have
reported no beneficial effects. Some of the data
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may be explained by differential Cr loading into
muscle. We know that improvements in
performance are related to the CrS-induced
increase in TCr content [1]. A few studies have
simultaneously determined the change in muscle
TCr (Total Creatin) content and exercise
performance after CrS [2]. Furthermore, the
inconsistent performance improvement associated
with CrS can be related to whether the exercise
task involved single or multiple sprint bouts. The
evidence supporting this possibility, however, is
controversial, because improvements in
performance have been found with single sprints,
or in the first sprint bout of a set of sprints, by
Birch et al [3]. Similarly, enhanced exercise
performance has been observed in the latter bouts
of an intermittent, high-intensity exercise session
by some but not all. Another possible explanation
for the conflicting findings may be related to the
experimental design used for examines the effects
of CrS on exercise performance. Most studies have
employed a cross-sectional experimental design or
an ordered treatment allocation. Few CrS studies
have utilized a crossover experimental design,
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probably because the time required for muscle TCr
to return to basal levels after CrS was unknown.
Hultman et al [4] have demonstrated that this
duration is negligible. An improved sprint
performance after CrS may result from a more
rapid rate of ATP synthesis during exercise. Few
studies have examined this  possibility.
Muscle lactate accumulation, as well as ATP and
PCr degradation, was unaltered after a 30-s sprint;
this suggests that muscle anaerobic metabolism
was unaffected by CrS. This may be misleading,
however, because the total work performed
during the 30-s bout was greater in the
supplemented state, thus indicating that the
anaerobic metabolite changes per unit work were
actually attenuated by CrS. If this was in fact the
case, the mechanism explaining such a
phenomenon remains unexplained. Some studies
have found that blood lactate and pH, measured
during recovery from a sprint bout, were
uninfluenced by CrS. It should be noted that CrS
produced no cryogenic effect.

It has been suggested that any performance
enhancement during intermittent, high-intensity
exercise may be associated with an increased rate
of PCr synthesis during the recovery periods.

Hill [5] studied the relationship between sprint
records and physiological data. Ward-Smith [6]
found that 92-93% of chemical energy converted
during a 100m running is from anaerobic sources.
Spriet [7] gave a mathematical model describing
the power relationship for oxygen independent
glycolysis, phosphocreatine  utilization and
utilization = of  endogenous  ATP.  These
mathematical models relate running performance
to the physiological parameters by setting down
the individual contribution to the whole body
energy balance during sprinting. Moravec et al [8]
obtain a result for the distance time history of elite
sprinters measures at regular intervals over
100m.

The absolute measurement of anabolic power
during a complex exercise is too much difficult and
the idea of the kinetics as anaerobic metabolism
using a computational approach was the motivation
for the present work due to its difficulty in this
region. The objective of this study is to develop a
mathematical model of sprinting by using three-
parameter model of anaerobic metabolism.
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2. MATHEMATICAL MODEL

If the power contribution is expressed relative to
basal metabolic rate, then the equation for
sprinting, expressed in per unit body mass can be
formed. )

dee  dM  dw  dB

dt dt df  dt (1)
Here the energy E is released by chemical
reactions as the muscles passes through a number
of intermediate stages and in conformity with the
first law of thermodynamics is ultimately
transformed into external work W, expanded on
the centre of mass of the sprinter and rest part of it
transformed into heat M. In the above equation,
left hand side represents the rate of chemical
energy conversion, while first, second and third
term on right hand side are the rate of degeneration
of mechanical energy into thermal energy, the rate
of external mechanical work and wvariation of
cyclic patterns respectively. If the mass of body is
m and velocity over the ground is v, then
contribution of two principal parts to the rate of
external work, one is the rate of increase of kinetic
energy of centre of mass of sprinter in horizontal

dv
direction,va (here, v = dx/dt) and other is rate

of working against aerodynamic drag, Dv/m,
where D is aerodynamic drag and if h be the
distance of centre of mass from ground then the

dh

rate of work against gravity can be given as ga ,
combine these components and using Ward-Smith
[9] model,
dw Dy dh
dt m dt dt

2

Here the drag is
1 1

D= EQ(V—R—W)ZQCD = EQ(V_R_ w) 4

3)
The rate of degeneration of mechanical energy by
taking Ward-Smith [9] model in consideration.
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Here [ is the rate of degeneration of mechanical
energy into heat energy per unit velocity and  can
be described using Ward-Smith [6].

B=0,+Pw-pBR
(5)

In equation 5, f,,,andf3, are positive constants

and R is mechanical resistance parameter.
The rate of conversion of chemical energy can be
written as:

a?EY — CiEYQH + a?EYaEV
dt dt dt

(6)
If P is the maximum sustainable aerobic power and
A is a parameter governing the rate of aerobic
energy release then the equations (7) turns to the
aerobic energy released, according to the
experiment done by Margaria [10], written in the
form

azr — Pf] — -A
7 [1-e™]
(7)
dr dh v
"= Pyt d(v-R-w) +g—+v——Pll-¢”
PERLAEAE R et U
®)
On combining these result, we have
dE@f’L dE@E?’
dt dt
dh dv
+MV-R-w)’+g—+Vv—-P(1l-e™*
PV + ( ) 95 TVt ( )
dB
+ — 9
i )
Here8=% (10)
2m
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The aerobic power under conditions of maximum
exertion, consideration the model of bioenergetics
of sprinting given by Lloyd [11], Ward Smith
[9] etc.,

dE,,

dt

Where P represent the maximum anaerobic power
m

=P,e " (11)

and A is a parameter governing the rate of
an

anaerobic energy released. This expression is most
suitable for the period when oxygen independent
glycolysis is present there and used when t>0.

Now taking results from Fuller mathematical
description of anaerobic metabolism application to
small values of t proposed by Ward Smith [9]. If
we use the suffix notation i= 1,2,3; where 1 relate
to ATP utilization, 2 for Phosphocreatine
utilization and 3 for oxygen-independent
glycolysis. This power equation turns in the form
of

IDI — (Pm)x (SI )% [(1 +SI )]{(“Sf)"si}[l _ e*%f :Ie*ﬂ‘-’fi
(12)

In above equation P and (P )I represents the

st
instantaneous and maximum power of the i

component respectively, 0 and o are time

1 1
th
constants relating to the i component and
g
5=
o

I

Hence the anaerobic power takes the form
dga” N Z(Pm)l (Sl )(%z][(HS[. )/ 8, ](HS’) /8 [i—e'“”]e'm

I s
(13)

and hence

av i dh dE
= NV-R-— 2 o an
gt ANV REWTT g

P[1-e "]

(14)

A relation between o and O is

0, = 0cosece
Where
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€
0, = —AO
2m
Here e is the air density, w is wind velocity, Q
is projected frontal area of the sprinter, CD is drag

constant and A (=QCD) is the drag area.

Here the nominal angle of sprinter’s torso relative
to the horizontal can be given by using Ward-
Smith [9]

tan g = ;tg = =
v 2
—+D| —H4o(v-R-w
(m dt J il )

(15)
For a sprinter, the centre of mass is raised from its
initial position, hO of 0.65 m in the blocks to about

1.0 m after some 5 meter have been run. In the
present analysis the height of the centre-of-mass

above the horizontal running surface, h' is
computed
h'=h sing (16)

Where h  represent the height of the centre-of-

mass above the ground when sprinter is standing
vertically, hence the increase in potential energy is

Eh=g(h’-h0)
some of the computed values of h' fell in the range

h' < 0.63m for these wvalues Eh was taken

negligible.

There is a short delay of duration t from the

moment at which the starting gun and measuring
equipment are simultaneously activated, Hence
total running time t are related to t; =t + t..

t

3. RESULTS AND DISCUSSION

Present model is free from the error, which are
occurred in the previous mathematical models.
This model is also free from distance time error

Table 1. Comparison of computed running times with measured running times. The contributions to the overall energy
balance are also shown. Anaerobic energy contributions were calculated.

Average reaction time tr(s)ZO. 125s
Distance | Running | Computed Energy contribution
(m) time (s)
(Ean)l (Ean)Z (Ean)Z Eaer M+W1
Okg) |OKe) kg [oKg) |OKe)
10 1.90 1.89 16.61 45.0 19.62 1.02 82.50
20 2.90 291 18.21 70.80 44.36 3.14 137.69
30 3.91 3.92 21.12 90.0 71.41 5.58 187.30
40 4.85 4.82 21.22 105.0 99.73 8.51 234.10
50 5.72 5.69 21.17 117.20 | 128.77 [ 11.95 280.01
60 6.53 6.54 21.29 127.44 | 158.21 |[15.75 322.60
70 7.44 7.45 21.24 13596 [ 187.75 |[20.23 396.30
80 8.36 8.36 21.24 143.21 |217.59 |25.20 |400.20
90 9.21 9.22 21.23 149.31 |247.33 |30.60 |448.51
100 10.10 10.11 21.29 154.50 |277.02 [36.50 |489.2
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problem which was a major setback to previous
research in this field. The data used in this model
has been taken from Sports India, a magazine
known for providing data of wvarious sports
activities. The calculation are within a limit of
0.00543 rms error and time .0054(in both way 1. e.
positive and negative). When a sprinter adopts the
position on the starting block his center-of-mass is
a distance hh behind the starting line about 0.15 —

0.17m. Here we are taking a constant value for hh

of 0.18m. Equation (14) solved by Milne’s

methods, with a time step of 0.01 second and

between the limits t=0, x = —hh and t=t, x = 100.
t

The following numerical values are used for
1

computing sprinting performance. v =96 ms , A
a
1

_ -1 -1
=3.90Jkg m ’Ko =.0027m ,h =101 m. as

we analyze above model, we are considering some
values as o = .031 unit 63= .32 unit, o = .20 unit,

62=2.9 unit (11 = Ounit 912 .19 unit

The maximum power developed by oxygen indep.
Glycolysis, PC, utilization and endogenous ATP
utilization were determined as 35, 31.1, and 16.7
respectively. The time at which these peaks occur

were evaluated as 7.0, 0.90, 0.10 seconds
respectively.

Several aspects of the kinetics of anaerobic
energy release during exercise. The ATP store
followed by PCr utilization early stage of
anaerobic metabolism, while the energy supplied
by each process is in the reverse order.

4. NUMERICAL ILLUSTRATION

In this section, we present the numerical results to
compare the computed running times with
measured running times. The contributions to the
overall energy balance are also shown. Anaerobic
energy contributions are also shown in the
simulation results. Computer program is developed
in software MATLAB and run on Pentium IV.
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