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Abstract This investigation deals with multi server queues with balking. The customers arrive in
poisson fashion and independent of time, under the assumption that the system is initially empty. The
number of customers in the system stochastically increases and distributed in a steady state (stationary
state) as required. The expressions for the measure of the speed of convergence from transient state to
steady state within in the probability of the system are obtained.
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1. INTRODUCTION

In performance evaluation of various queuing
systems such as production, manufacturing,
telecommunication, computer communication,
etc., the stochastic process plays an important
role. In multi server M/M/C queuing systems, the
computation of time-dependent distribution
attracts the interest of many researchers. Abate
and Whitt [1] and Parthasarthy [11] discussed a
simple approach for transient solution to Single-
server M/M/1 queuing models. Baccelli and
Massey [5] and Conolly Conolly and Langaris [6]
also obtained the time dependent distribution for
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classical queuing system when the number of
channel is unity. The transient analysis and other
measures were obtained in multi server M/M/c (c
> 1) queue by Kimura [9]. The numerical
calculation of transient performance measures for
the M/M/1 queue has been discussed by Abate
and Whitt [2] and Van de Coevering [15]. Later,
Stadje and Parthasarthy [14] obtained the
expression for the measure of speed of
convergence from transient state to stationary
state in many server poisson queues. For detailed
references, we refer to Kijima [8]. Due to wide
applicability of discouragement queuing models,
a large number of researchers have contributed in
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this direction and obtained various performance
indices. Daley and Servi [7] proposed the method
to obtain moments estimators for the arrival and
customer's loss rates for many server queuing
systems with a poisson arrival process and
customer loss via balking. Artateljo and Lopez-
Herrero [4] investigated ergodicity conditions
making use of classical mean drift criterion for
M/G/1 queues with balking. Mandelbaum and
Shimkin [10] examined a model in which a
customer arriving at an M/M/m queue which may
not enter the system (i.e. balk), if he found that he
will not get service immediately. The transient
solution of non - truncated M/M/2 queue with
balking and additional server for longer queues
was suggested by Al-Seedy [3].

In this paper, transient analysis of a multi server
M/M/C queuing model by incorporating balking
was considered. This investigation facilitates the
measure of speed of convergence towards a
stationary state by including balking concepts in a
multi server model which was not taken into
consideration by earlier researchers. Without loss
of generality, it is assumed that the service rate is
equal to one. We derive the expression for the
measure of convergence to a steady state of
probability distribution. In Section 2, we have
provided the mathematical formulation of the
model and recursive relations for transient
probabilities and steady state probabilities. The
steady state moments are given in Section 3. The
measure of speed of convergence from transient
state to steady state, are based on moments, and by
using integration techniques given in Section 4. In
Section 5, we have defined the matrix method
technique to verify the stationary probability under
special cases. The numerical illustration for
stationary probability is given in Section 6.

2. THE MATHEMATICAL MODEL AND
RECURSIVE RELATIONS

We consider the M/M/C queuing model with
balking. It is assumed that, the arrival rate of
customers follows the poisson distribution with
rateA (< ¢) and without restriction of generality
service rate to 1. Denote X(t): The number of
customers in the system at time t.
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e O=E[X(1) Vi=1,2,..;

w =E[X]Vi=1,2,..

PL(D=P(X(t)=n):

Probability that there are n customers in the system
at time t.

P, = lim Pn(t):
t—>w

Steady state probability of n customers being in the
system.
The balking probability is given by

1>
_ n<c
Bn_ C B n>c
n+1 -

The governing equations for the probabilities P,(t)
are as follows:

%po(t):Pl(t)—XBOPO(t);n:O (1)

S pa®=(n+DPy (1) o
(Min-i-n)Pn (t)+l[3n_l Pn_l(t); 1<n<c
d =CP
LPa(O=CPy (1)
(}”Bn+c)Pn (t)+ an_an_l(t); n>c

(3)
The stationary probabilities P, can be obtained as
apc-n-1 el n=0,1,2,..,(c-2)
-1
kc_l A€ (c=1) 5]
Pn = ! | + T ;n=c—1
(e=D!f (e=Dl(e=2) ;5 j!
n+l-c
: P > n=c,c+1,...
(n+1) c—1
4)
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Recursive relations for stationary state probabilities
are

n-Hpn—i-l_apn27“(Bnpn_ﬁn—lpn—l) ®)
Epn :M}n—lpn—l

and

p. =0 (6)
Where

n =min (n,c).

3. STEADY STATE MOMENTS

In this section, we obtain the steady state moments
in terms of stationary probabilities as follows:
Let

A (c-1)!

n _xc—n—l

and
n+l-c
B - 1 A
D pnilln+1l
Since,
C o0 —
> (c-mp, = X(c-np, =
n=0 n=0 %
c—lAn o0
c—A\ % T!+1+CC§1BH pc—l
Now,
> (e=mnp, =Y (c-n)np, =
n=0 n=0
_Zn}"Bn—lpn—l:
n=1
c—1 A
cu;—A Z +c+cZnB Peei
(n-D)! o
3
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Again,

c
(e-nmpy =2 X (e=mpy By )=
0 n=0

I Mo

n

€))
From Equations 8 and 9, we get
—lA
=2 Z 1+ Z nB_ Ip._; (10)
n: c+1
Again,
C o0 —
> (c-mn’p = Y(c-mn’p, =
n=0 n=0
o2
cy —h X0y 4Py =
n=0
c—1 nA 2 © 5
cuz—k +c“+c Y n B P._1
0o (- 1)' c+1
(11)
Also,
c 2 c
> (e-mn’p =1 Y (c-mnp, B, =
n=0 n=0
c 1 A c— lnA
Al c >
0 (n—l)' 0 (n—l)'
(12)
On comparing, Equations 11 and 12, we get
Hy = + 2 n"B |p._
2 S e ¢!

4. THE METHOD OF INTEGRATION

In this section, we obtain the measure of
convergence, based upon the moments as follows:
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Let:
mj(t) = pj(t)_pj
From Equations 1-3 and 5-6, we get

() = j+1m; ()3 m; (1)-

[]mj(t)—kﬁj_nmj_n (t)} j=0,1,2,...

Therefore,

lzomja)—mmﬁl(t) ABjm, (1)

First, we prove that

' c—1
p1®= % (c=jm;®
i=0

Let,

j
h;®=PX®>)=1- % p;(t)
i=0

Since, the system is initially empty, we have

Shim=1 ¥ ijm— ZJ+th+1(t)

j=0 j=0
6]
Since Y m.(t) =0, therefore
j=0
00_ c—1 )
Zhj(o—— Zimi©= ¥ =m0 (17)
j=0 j=0 j=0

©
On putting the value of Y h j(t) from Equation 17
i=0

(14) in Equation 16 and using the fundamental theorem
of calculus, under the assumption that Zh i(t) 1s
J =
a continuous function of t, we get Equation 15.
For special cases when B, = B, the measure of
(15) convergence is obtained, based upon the
moments. On the lines of Stadje and
Parthasarathy [14], we obtain
e +H 1
D= ( — (t))d ) Mt
0 2(c—AB) " (c—AB)

°shi ')Of( (0] at
=N 1(pi-p;
i=0 o~ !

h;=0,vj and by Stochastic monotonicity, h; is

increasing function. So that, h'j(t)>0

Therefore,

]

(18)

When ¢ = 1, i.e. for single server model, Equation
18 reduces to

OO
b (0= z b= X (h0-h;0)- .
1 iz o\ j -1 "2 (18 a)
(16) 2(1-1B)
o t , t o
> Jhj(s)ds = Shj(s)ds
J:()(I) ! (I)J_O When ¢ =2, i.e. for two server model, Equation 18
yields
(h'j >0 and using monotone convergence theorem) W+ .
L B |
Now, 2(2-AB) 2-AB
Swi0= ¥ 41§ pol-- ¥ fmie gy | g RECED)
_ _ e m
R L ) Vo Mo 02p2 0 e-apy
Using Equation 14, we get (18 b)
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Where,
__2BR-2p)
1 - .
2+AB)

5. THE MATRIX METHOD

For the particular case, when B, = B, the (c-1)
X (c-1) matrix is considered, which has the
form:

A:

Y 0 0 .. 0 ]
M -0B8+1) 2 0 0
0 M —(B+2) 3 0

0 e MR —(B+c-2)

Since, we have

(s1-8)"" (a5
K, j=0,1,..,c—2.

following Parthasarathy and Sharafali [12], the
following equation is obtained:

akj(s)z
uc—1,j+1(S’)“k,0(s)_uk,j+l(s)uc—l’o(s)-j=01 c-3
G+ o)
u, (s)
U410
19)

Where the functions uy j(s) are recursively

determined by

uk’j(s) =0;j>k.
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uk’k(s) =1;k=0,1,...,c—2.

s+AB+k
U,k =TT
k=0,1,..,c-3.
U 1,k )=
(s+)u[3+k)uk’k_j(s)—7u[3uk_l’k_j(s).
k+1 ’
i<kk=1,.,c-3.
Ue_1,j®=

(s+AB+ c—2)uC _2’j(s) _}”Buc—3,j(s);j =0,1,....c-3.
s+AB+c—2;j=c—-2.

Let

1 B
kn=1T7 Fovt
Mk k(k—1)

ap)"
k(k—1)...k—n)’

The recursion can be written as:

i
—(XB) : +jB +
_ - IPK, k-j-1

k(k=1)...(j+1)
k-1
S X By k_jo1Un,j(8)

n=j

uk,j(s)=

k=1,2,...,(c—2) and
j=0,1,...,(k-1)

(20)

uc-l,j(s):

op!
(c—2)(c-3)..(j+1)
c-2
s(e=1) X .Bc-l,c-2-nun,j(s);
n=j

+j(c'1)Bc-l,c-j—2+

j=0,1,...,(c-2)

21

Vol. 20, No. 1, February 2007 - 31



c—2

Suppose fj(s) = 3 akj(s) and fy(s) and f.,(s) are
k=0

needed to be found , the sums of first and of the

last columns of.[(sI — A)]™.

On putting s =0,
£,(0) =

(mciz () (mciz (m}/
u u —u u
N 1,077 = Yol

ue_10@
(22)
Where
Uy 0(0)= (“3) k=01 (c-2);
_op)c!
e-1,00="C
k-1
uk1(0)=%+8kk_z;k:2,3,...,(c—2).;
B2

te-11O="5)

and

0-B)° 2 | By~
fC_Z(O)—[1+XB+ .+ o 2)'] (23)

(c-2)!
Also

flo—2(0)=

{ (O)Ci2 0(0)—u (O)ci2 (0):|
u._ uk,00)-uc-1,0 u
c-1,0 k=0 k=0 k0

(“c - 1,0(0))2

>

k=0,1,....(c—2)

(24)
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Where

k-1
ukO(O)_ Z Bkk n— 1(XB) ;

c—2 LB
ug_1,0@=(c=1) ZOBC—I,c-n—Z (D)
n=

Note that the stationary probability is obtain as

-1
L = et op)!
h l_lc‘W(w)C‘lizo i )

This value of stationary probability P.; coincides
with Equation 4 under special case when 3, = [3.

6. NUMERICAL ILLUSTRATION

To check the validity of the investigation, we take
the numerical illustration and provide the
necessary computation for stationary probabilities.
The computational results are summarized in the
form of a table. Table 1 displays the stationary
probability P.; for ¢ = 1, 2 for different arrival
rates of customers A = 1, 2, 3, 4, 5 and balking
probabilities B = .05, .10, .15. It is observed that
for single server models ¢ = 1, Py decreases as A
and P increase. However, for multi server models
when we fix ¢ = 2, P., increases as A and P
increase, except for high traffic loads when A = 5
where it first decreases and then increases as we
increase .

7. DISCUSSION

In this investigation, we have obtained the steady
state moments and measure of convergence for
multi server queue by incorporating balking. Our
study finds applications in performance evaluation
of queuing systems in particular computer and
telecommunication systems where transient states
as well as steady states play key roles in stochastic
modeling in order to maintain the desired grade of
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TABLE 1. Evaluation of Stationary Probability P _;.

X 1 2 3 4 5

p

c=1

0.05 0.95 0.90 0.85 0.80 0.75
0.10 0.90 0.80 0.70 0.60 0.50
0.15 0.85 0.70 0.55 0.40 0.25
c=2

0.05 0.04 0.09 0.12 0.16 0.54
0.10 0.09 0.16 0.22 0.27 0.30
0.15 0.12 0.22 0.28 0.32 0.34
service. single server retrial queue with balking”, Inform.
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