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Abstract   The main objective of this paper is to formulate a mathematical model for 
finding flow field and cavitation problem on dam spillways. The Navier-Stokes Equation 
has been applied for the computation of pressure and velocity field, free water surface 
profiles and other parameters. Also, for increasing accuracy of the problem, viscosity effect 
has been considered. Because of internal flows the effect of gravity forces has been 
ignored. To have more accuracy the continuity and momentum equations have been 
transformed to a coordinate system with axis tangent and normal to stream flow. 
Finite differences has been used to solve equations governing the over flow of dam the 
spillways. To linearize the nonlinear equations the parameters are expressed in terms of 
products of last step in the new one. Later the remaining derivatives are with finite 
differences form. Coefficients of convergence as well as a three diagonal system are used 
for all the grids points. The cavitation phenomena are discussed after determination of 
velocity and pressure fields, which cause erosion on the spillway shut and side walls. 
Also, the different types of cavitations and appropriate solutions were considered and a 
computer program <MANS> was developed Two examples were solved on this basis and 
the computed results were compared with experimental results. The results show that for 
flows up to 4000 m3/sec the condition is good, but for flows higher than this value, the 
water surface shows high uprising and provisions are needed to resist cavitation at these 
flows. The results also indicate that at flows about 10899 m3/sec secondary flows dominate 
near the lateral gates and side walls. 
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                                  Difference 
 

هدف اصلی اين مقاله، ايجاد مدل رياضی جهـت بدسـت آوردن ميـدان جريـان و تعيـين پديـده                        هچكيد
سـرعت  ،   فـشار   جهـت تعيـين ميـدان       استوکس ناويرمعادله  . حفره زدايی بر روی سرريز سد می باشد       

 سطح آزاد آب و ساير پارامترها بر روی سرريز بدست آمـد؛ ضـمنا بـرای بـالا بـردن دقـت          پروفيلجريان و   
معادلـه  . اثر نيروی ثقل به دليل وضعيت جريان ناديده گرفته شـد          .  لزجت سيال در نظر گرفته شد      ،عمل

محـدود  تفـاوت هـای      بـا روش      را در يک دستگاه مختصات در مسير جريان نرمال         ممنتمجريان پيوسته و    
 هـای قـديم در      تـرم برای خطی کردن معادلات غير خطی، پارامترها را بر اساس حاصل ضـرب              . حل شد 

بعـد از   . ضريب همگرايی در سيستم سه بعـدی، بـرای تمـام نقـاط در نظـر گرفتـه شـد                   . جديد بيان شد  
 مـی    هـا  هبـستر و ديـوار    حفـره زايـی کـه باعـث فرسـايش در            تعيين ميزان فشار و سرعت جريان پديده        

ضـمنا  . همچنين انواع پديده حفره زايی و روش های کنترل آن ارايـه گرديـد     .  مورد بحث قرار گرفت    شود،
دو مثـال حـل     . نوشته و بـه کـار گرفتـه شـد           برای حل معادلات   MANSيک برنامه کامپيوتری تحت عنوان      

 نتايج بدست آمده از     ه مقايسه شد،  ا ارقام اندازه گيری شد    ، ب شد و نتايج محاسبه شده توسط مدل را       
 بـا مـشاهده      متر مکعب بر ثانيـه، ارقـام محاسـبه شـده           4000 نشان می دهد که تا جريان        MANSمدل  
  در سـطح آزاد آب بوجـود  تغييراتـی  همخوانی خوبی دارند، ولی برای جريـان هـای بيـشتر از ايـن     شده  

نتايج مدل همچنين نشان می دهد که       . رددمی آيد که در نتيجه منجر به ايجاد پديده حفره زايی می گ            
 متر مکعب بر ثانيه جريان های ثانويه در دريچه و ديوار های جـانبی سـرريز                 10899در جريان های حدود     

  .بوجود می آيد
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1. INTRODUCTION 
 

Spillways are one of the major parts of big dam 
structures. Cavitation is the main problem in 
spillways. It is the erosion of the shute and 
spillway channel bed. This phenomena which is 
caused by high speed flow has attracted the 
attention  of experts for a long time. Most of  the 
big dams worldwide have experienced this 
problem. That is  why intensive research has been 
carried out in this field. The damage caused by 
cavitation is not something new. In 1963 
investigations showed that the introduction of air 
through flow can reduce the damage remarkably. 
Regarding the economical views aspect,  several 
solutions exists [1]. 1. To avoid cavitation with 
hydraulic provisions like aeration ducts. 2. To 
reinforce the critical surfaces with high resistant 
covers (steel lining or fiber concrete). The 
objective of this paper in to define the cavitation 
phenomenon over the ogee spill way of a dam and 
discuss the cavitation parameters and cavitation 
control. Also to formulate and solve the navier 
stokes equation and to determine the velocity and 
pressure fields. Using the results of the pressure 
fields and corresponding flow rate in order to 
design aeration ducts for cavitation control.  
 

 
 

2. HISTORY OF INVESTIGATION 
 

During  1964-1965, scientists like Adler & 
FonBokh, Rotenberg discussed the application of 
finite difference in fluid dynamics to solve the 
Laplace equation in potential flow theory using 
networks. In viscous flow the equations are 
elliptical with more terms,  as a result the finite 
difference method becomes tedious.The studies of 
“Southwell & Vaisey” in using the former method 
is a milestone in this area.In 1965, “CASSIDY” 
tried to find the flow field over spillways with 
arbitrary shape and constant depth, employing the 
F.D. method and using complex coordinates 
instead of physical surfaces [2]. In 1964, 
“STRELKOFF”, found the coefficients at flow in 
upper and lower water profiles over sharp 
spillways, solving the integral equations, using the 
“conformal mapping”. The method depended on 
special simple boundary conditions. “Waters & 

Streets” turned to analyze the flow over obstacles 
on its path. It was limited to special cases [3]. In 
1977, “Diersh” and his colleagues tried to obtain a 
linear set of equations for solving the potential 
function at nodes using the finite element 
procedure [4]. In 1973 “Ikegawa & Washizu” 
solved the flow over an ogee spillway with any 
geometry with the aid of “Luke” changing form 
[5]. From 1932 and 1984 experiments was 
conducted by “USBR” on shear edge spillways, 
and standard shapes were introduced. Usually 
laboratory prototypes were taken into account 
[5,6,7]. Considerable research has been done to 
determine the shape of the crest of an overflow 
spillway and different methods which are available 
[8] that depend on the relative height and upstream 
face slope of the spillway (manynord 1985). The 
majority of ht existing information is derived [9] 
from extensive data taken from physical models 
completed by the U.S. Bureau of Reclamation 
(USBR) and the U.S. Army corps of Engineers 
(USACE, 1990). In 1998 Guo et al expanded on 
the potential flow theory by applying the analytical 
flow theory by applying the analytical functional 
boundary value theory with the substitution of  
variables to derive non singular  boundary integral 
equations. This method was applied successfully to 
a spillway. With a free drop [10]. Burgisser and 
Rutschmann in 1999 used finite elements and an 
eddy viscosity to  iteratively solve the 
incompressible 2D vertical steady Reynolds 
averaged Navier-Stokes (RANS) equations [11]. 
Given a flow rate, They successfully computed the 
free surface and velocity and pressure fields using 
a finite- element grid that adapts locally for a 
changing water surface. Olsen and Icjellesvig in 
1998 showed excellent agreement for water 
surfaces and discharged coefficients for a limited 
number of flows [12]. However, pressure data was 
only recorded at five locations downstream from a 
nonstandard crest at one flow and showed some 
variability. Bruce M. savage et.al. in zool 
developed physical and numerical models and 
solved flow over ogee spillway of the dam [13].  

 Since the actual modeling is too expensive, it is 
used in the second stage of design, succeeding the 
preliminary mathematical modeling. 

It is difficult to give a concise definition of 
cavitation and at the same time convey much 
significant information about it; we use instead, the 
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following brief description of the main features of 
the fundamental cavitation process. 

When a body of liquid is heated under constant 
pressure, or when its pressure is reduced at 
constant temperature by static or dynamic means, a 
state is reached ultimately at which vapor or gas 
and vapor filled bubbles, or cavities, become 
visible and grow in size. The bubble growth may 
be at a nominal rate if it is by diffusion of 
dissolved gases into the cavity or merely by 
expansion of gas content with  rise in temperature 
or pressure reduction. The bubble growth will be 
explode if it is primarily the result of vaporization 
into the cavity. This condition is known as boiling 
if caused by temperature rise, and cavitation if 
caused by dynamic pressure reduction of 
essentially constant temperature. Bubble growth by 
diffusion is termed as  degassing although it is also 
called gaseous cavitation (in contrast to vaporous 
cavitation) when induced by dynamic pressure 
reduction. This description is seen to contain a 
number of pertinent facts and ideas.  Cavitation is a 
liquid phenomenon and does not occure under any 
normal circumstances either in a solid or a gas, and 
cavitation is the result of pressure reductions in the 
liquid and thus presumably it can be controlled by 
controlling the amount of pressure reduction. If the 
pressure is reduced and maintained for sufficient 
duration below a certain critical  pressure, 
determined by the physical properties and 
conditions of the liquid, it will produce cavitation. 
Otherwise, no cavitation will occur. Cavitation is 
concerned with the appearance and disappearance 
of cavities in a liquid.  

Cavitation is a dynamic phenomenon, as it is 
concerned with the growth and collapse of cavities. 
Some of the important  exceptions are: 

a. There is no indication whether the liquid is in 
motion or at rest. Thus it may be implied that 
cavitation can occur in either case. 

b. There is no indication that the occurrence of 
cavitation is either restricted to or excluded from 
solid boundaries, therefore it would seem that 
cavitation may occur either in the body of the 
liquid or on a solid boundary. 

c. The description is concerned with dynamics 
of cavity behavior, a distinction is implied between 
the hydrodynamic phenomenon of cavity behavior 
and its effects such as cavitation erosion. 
 

3. TYPES OF CAVITATION 
 
The exact-events in the inception and development 
of cavitation depend on the condition of the liquid, 
including the presence of pollutants, either solid or 
gaseous, and on the pressure field in the zone of 
cavitation. Also, the manifestations that hydro-
dynamically produced cavitation depend on these 
factors and on the solid- boundary configuration as 
well. 

There are a number of ways of classifying the 
different appearances in two types. One method is 
according to the conditions under which cavitation 
takes place, that is, cavitation in a following 
stream, cavitation on moving immersed bodies, 
and cavitation without major flow. Another 
possible method is to classify according to the 
principal of  physical characteristics using a 
combination of these two methods. There are four 
types of cavitation.  

Traveling cavitation is composed of individual 
transient cavities or bubbles which are formed in 
the liquid and move with the liquid as they expand, 
shrink, and then collapse. 

Fixed cavitation refers to the situation that 
sometimes develops after inception, in which the 
liquid flow detaches from the rigid boundary of an 
immersed body or a flow passage to form a pocket 
or cavity attached to the boundary. The attached or 
fixed cavity is stable in a quasi- steady sense. In 
other cases the surface between the liquid and the 
large cavity may be so smooth as to be transparent. 
The liquid adjacent to the large cavity surface has 
been observed to contain a multitude of small 
traveling transient cavities. 

In vortex cavitation, the cavities are found in 
the cores of vortices which are  formed  in zones of 
high shear. The cavitation may appear as traveling 
cavities or as a fixed cavity. Vortex cavitation is 
one of the earliest observed types, since it often 
occurs on the blade tips of ship propellers. In fact, 
this type of cavitation is often referred to as tip 
cavitation. 

Vibratory cavitation is another  important type 
of cavitation which does not have the latter 
characteristic. Although it is sometimes 
accompanied by continues flow, the velocity is so 
low that a given element of liquid is exposed to 
many cycles of cavitation rather than only one 
[5,7,14]. 
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4. THE CAVITATION PARAMETER AND 
CAVITATION CONTROL 

 
In discussing cavitation problems it is desirable 
to have indices to provide quantitative measures 
of the dynamic flow conditions from two 
viewpoints. The solution needs are for the 
following:  

- A parameter that would assume a unique 
value for each set of dynamically similar 
cavitating condition. 

- An index or parameter to describe the flow 
condition relative to those conditions for 
cavitation to be absent,  incipient, or at various 
stages of development.  

It is, of course, desirable to have a single 
parameter that will serve these purposes. In the 
following, we will see that a parameter derived 
to meet a simple similarity requirement can be 
interpreted for use as a flow index.  
 

22
0

0

/Pv
PPK b

b
−

=                                                 (1) 

 
In which: 

oP = absolute static pressure at some reference 
locality, 

oV = reference velocity, 

bP = absolute pressure in cavity or bubble, 
ρ = density of liquid and  

bK = cavitation parameter 
The cavitation control methods are: 
 1) Aeration such as self aeration and 

artificial aeration  
2) Floor finishing by lining Epoxyresine, 

fiber concrete, high cement concrete and 
vitrified paving  

3) Steel lining and 4) Design consideration.  
There are several methods to create natural 

aeration. These methods are deliberate 
roughness, thick steel flow, thick channel slope 
at spillway top. Long inlet piers and installation 

of splitters. For artificial aeration however we can 
use ski-Jump ramps, air through and offset [15]. 

Steel lining can be used against cavition 
because high tensile strength of steel makes the 
erosion resistance period longer, but it has some 
disadvantages as it is too expensive and some type 
of connection in construction is needed. 
Another type of cavitation control is fiber 
concreting; fiber concrete is a composition of 
cement, aggregate, water and steel fibers which 
have been distributed in all directions in the mass. 
The advantages of this method are resistance to 
shear  erosion, high tensile and shear strength, high 
resistance to impact, high tensile strength for large 
strains and load bearing capacity cracking [16]. 
 
 
 
5. MODEL FORMULATION PROCEDURE 

 
The Navier-Stokes equation has been applied for 
the computation of viscosity effect. The 
continuity and momentum equation can be 
written as: 
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In which: 
=μ dynamic viscosity, p= water pressure , u and v 

= flow velocity in X and Y directions. Equations 
have been transformed to a coordinate system with 
axis tanjent and normal to stream flow. With the 
application of conformal mapping in rectangular 
element, the continuity equation can be 
transformed in the computation formξ and η  [17, 
18] as: 
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        Conformal mapping: 
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Using equation 24 and 25 give:  
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Using equation )( ′35  gives the Navier-Stockes 
equation: 
 

 

                                               (36)          
 
Equation 36 is Navier-Stockes equation in ξ  
direction. 
 

                                       (37) 
 
 
 
Equation 37 is the Navier-Stockes equation in η  
direction. 
 

6. SOLUTION TECHNIQUE 
 

Finite difference has been used to solve equations 
governing the flow field on the spillways of dam. 
In this method the central difference approximation 
expresses the values and the partial derivatives of 
each formulation in a control volume as in figure l. 
 

 
 
 
 

 
Figure 1. Grid points with control volume 
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Figure 2. Internal grid points for finite difference formulation 
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In order to linearize some parts of equation 43, we 
can use the remaining Terms of the later equation 
in higher order to form the new equation in ξ 
direction and Navier-Stocks in η direction. 
Therefore by using finite difference forms of ξ   
and y the velocity field u and v  can be determined. 

After determination of pressure and velocity fields 
the pressure and velocity variations show the 
cavitation points where the pressure is negative as 
shown in figure 6. 
 
 

The general form of Navier-Stockes equation 36 can be written in direction ξ  as:  
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First by integration of equation 36 we can write: 
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The finite difference form of equation 43 can be written as: 
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The central difference forms of equation can be written as: 
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By substituting the equations 45, 46 and 47 into equation 44 we can write the following equation: 

 
By using equation 49 we can write the general form of equation as follow:  
 

{ }54321 C)uu(C)uu(C)uu(C)uu(C wppEwpPE +′−′+′−′−′+′−′+′  
 

 
In which C1 to C5 are the variables from previous equation? The finite difference form of second 
term in equation 43 can be written as: 
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Substituting equations 51 through 54 into equation 50 gives the following equation: 
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The finite difference form of the last term of right hand side in equation 43 can 
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By considering the variables T1, T2 and T3 the 
equation 55 can be written as: 
T1Pw- T2Pp+T3 
Therefore, overall finite difference form of  
Navier-Stockes equation in ξ  direction can be 
written as: 
 

)uu(C)uu(C)uu(C)uu(C wppEwppE ′−′+′−′−′+′−′+′ 4321  

)uu(F)uu(F)uu(FC pNsppN ′−′−′+′−′+′++ 3215

32154 TPTPTF)uu(F pwsp +−=+′−′+  

(56) 
We can use coefficients for the convergence. 
Similarly, the finite difference form of Navier-
Strockes equation in η  direction can be written as: 
 

32154

3215

4321

KPKPKW)VV(W

)VV(W)VV(W)VV(WZ

)VV(Z)VV(Z)VV(Z)VV(Z

spsp

pNsppN

wppEwppE

++−=+′−′+

′−′−′+′−′+′+

′−′+′−′−′+′−′+′

(57) 
 
For finite difference form of pressure equation by 
using velocity in ξ  and y directions and equation 
of continuity gives the following equation: 
 

0

1

1

11

11

=′

−+′+

′−+′×

−+

−+

)J,I(v

)J,I(J)IP(g)J,I(v)I,I(J)IP(g

)J,I(u)J,J(J)JP(F)J,I(u)J,I(J)JP(F

pppp

ppp

                                              (58) 
011 4321 =′−+′+′−+′ )J,J(vE)J,I(vE)J,I(uE)J,I(uE

                                      (59) 
 

Then by using equation 56 and 57 the Velocity 
field u′   and v′ can be calculated in I and J 
element. 
 

654321 OPOPOPOpOOp sNwpp −Δ+Δ+Δ+Δ×=×Δ                                           

(60) 

 
In fact equation 60 shows the subtraction of inflow 
and outflow in a control volume and O6 is a 
convergence index. 

7. Boundary Conditions 
 

Since the spillway bed can be considered as the 
lower flow line and water surface as the upper flow 
line, therefore the components of the flow velocity 
u and v are zero.  
According to the figure.3 the boundary condition at 
section A can be written as: 
 

J/)y(yv

J/)y(yu
2

2

12

12

−=

−=

ξ

η
 

 
 
 
 

 

Figure 3. Boundary conditions 
 
 
 
 
 
In which, u and v is far from section A where: 

0=ξy  and 1=ηy   
Therefore J=1 and for spillway bed u=0 and v=0   

⎩
⎨
⎧

−=

=

)y(u
v

212
0

 

And in water surface: 0=ξy  and 0=
η∂
∂u

  

The velocity u in section c as shown in figure 3 can 
be corrected as follow: 

At first section ∫∫ −= 2

1

2

1
11

x

x

y

yin dxVdyuq  

At first section  
ξηξη =−= dydy,)vyuy(u1  
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At first section  
ηξηξ −=+= dydx,)vyuy(v1  

 
By substituting u1 and v1 in to qin , we can write: 
 

∫ ∫ η++η−= ηξξξηη
1

0

1

0

22 d)vyyuy(d)vyyuy(qin

 

∫ ∫ η=η+= ξη

1

0

1

0

22 11 d)Jp,(u)JP,(Jd)uyuy(qin  

 
Then, the flow in section before last is:  

∫=
1

0
Jqout ( in section before last) ηd     

and velocity field in ξ  direction: 
 u (IN,JP)= u(IN-1,JP) + ( qin-qout) 
 
 
 

8. Model Application Results and Discussion 
 
Two examples were considered for model 
application and comparing the solutions of 
mathematical model. In the first one the spillway 
of Marun dam which is an earth dam was analyzed. 
It is an ogee spillway with a height of 165 meters. 
The reservoir with 1290 million cubic meter 
capacity. Four radial gates 12 by 15 meter with 
10000 return period flood and a capacity of 10800 
m3/ sec. Employing different elements the results 
are depicted on graphs with the aid of water 
surface profile equation. The velocity and pressure 
field were determined and with investing the 
pressure, the cavitation was controlled. 

Figure 4 shows the x and y coordinates system 
of the Marun dam spillway near Behbehan city in 
Khozestan province of IRAN. Figures 5 and 6 
show grid points and Mesh system of Marun 
spillway. The grid points near the gate and over the 
crest of spillway is smaller and different than other 
grid points in order to obtain better convergence.  

Figure 7 shows the water surface profile 
computed by the model. The results show that whit 
a flow of up to 4000 m3/sec the condition is good, 
but flows higher than this value, the water surface 
shows high uprising. The pressure at some points 
near gates was close to zero. Provisions are needed 
to prevent cavitation at these points. The results 
have been compared with spillway model and the  

 
Figure 4. Coordinate System for 
SPILLWAY OF MARUN DAM 

 
 
 

 
Figure 5. MESH NO. for marun spillway 

 
 
 
“USBR” laboratory findings (figure.8). It was 
observed that the results had relatively satisfactory 
stability and water surface profile was continuous. 
Figure 9 shows the pressure lines over the 
spillways for different flow rates. The maximum 
pressure occurs when flow is 10800 m3/se. Figure 
shows that at high water discharge vortex take 
place and secondary flows dominate near to lateral 
gates. As water discharge increases from 4000 
m3/sec. The secondary flows begin to form and 
become maximum as discharge increases from 
10800 m3/sec. 
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Figure 6. MESH NO. 4 

 
 
 
 

In the second example “ABASPOUR” ogee 
spillway with a height of 200 m with 3 radial gates 
and maximum capacity of 15500 m3/sec was 
studied. Depicting the results on graphs, (Figure 9) 
it was noticed that velocities at the foot of the 

chute was too high, nearly 50 m/sec. Negative 
pressures at some parts of the chute were observed. 
To compensate for this negative pressure, it is a 
necessary to use aeration ducts. Results were after 
ward compensate with those of “USBR”. 
In this example for cavitation control the aeration 
ducts with 4000 m3/sec flow capacity and 15% air 
passage were used and the calculation for the 
determination of aeration systems are as follows:  

150.
q
qC

w

a ==  and design flow is  4000 m3/sec.  

The flow rate per unit width:   
sec/m%).(qw

37258340001 =×=   
The aeration rate per unit width:             

sec/m./qa
38101001572 =×=  

 
Therefore the aeration in middle gate:     

sec/m...qa
38199518810 =×=  

Each gate:           199.8/z =99.9 m3/ sec 

Figure 7. Water surface profiles for a given flow 
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And the aerator velocity:   
va=70 m/sec    
with the area of  Aa=99.9/70=1.43 m2 
The required air for aeration:                  
Qa=qaL=10.8*18.5=199.8  m/sec 
 

In each air channel and the total area needed:     
Aa=199.8/70=2.85 m2 

The air gradually diffuse into water at the points 
where the pressure is negative and cavitation takes 
place and then the cavitation will be controlled. 

 

Figure 8. Depth obtained on spillway model

Figure 9. Pressure and water surface profiles for different flow rates 
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Notations 
 

The following symbols are used in this paper 
 

Symbols 
a 
b 
c 
d 
p 
T 
dξ 
dη 
d∀ 
du 

 
F(JP) 
g(IP) 
Ire 
V 
U 
U’ 
V’ 
Q 
μ  

Defined point over control 
“ 
“ 
“ 
“ 
Jacobian = δ2η + δ2η 
derivative  ξ 
derivative η 
control volume 
derivative u 
mean velocity over dam spillways 
distance between two η 
distance between two ξ 
Reynolds number 
velocity component at axis   y 
velocity component at axis   x 
velocity component at axis  ξ 
velocity component at axis  η 
discharge 
dynamic viscosity 

 


