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Abstract This paper develops a computational technique for finding the maximum allowable load
of mobile manipulators for a given trgjectory. The maximum allowable loads which can be achieved
by a mobile manipulator during a given trajectory are limited by the number of factors; probably the
dynamic properties of mobile base and mounted manipulator, their actuator limitations and additional
constraints applied to resolving the redundancy are the most important factors. To resolve extra D.O.F
introduced by the base mobility, additional constraint functions are proposed directly in the task space
of mobile manipulator. Finally, in two numerical examples involving a two-link planar manipulator
mounted on a differentially driven mobile base, application of the method to determining maximum
alowable load is verified. The simulation results demonstrates the maximum allowable load on a
desired trgjectory has not a unique value and directly depends on the additional constraint functions
which applies to resolve the motion redundancy.
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1. INTRODUCTION

The maximum alowable load of a fixed base
manipulator is often defined as the maximum
payload that the manipulator can repeatedly lift in
its fully extended configuration. However, to
determine the maximum allowable load of a robot
must take into account the inertia effect of the load
aong a desired trgectory as well as the
manipulator dynamics. Wang and Ravani were
shown the maximum allowable load of afixed base
manipulator on a given trgectory is primarily
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constrained by the joint actuator torque and its
velocity characteristic [1]. Korayem and Basu by
removing rigid body assumption for the links and
joints imposed additional constraints as resultant
end effector deflection for flexible manipulators
[2-4]. They presented a method to determine
maximum allowable load of flexible manipulators
subject to both actuator and end effector deflection
constraints. Carriker et. al. worked on determining
point-to-point motions, which must perform a
sequence of tasks defined by position, orientation,
force and moment vectors of the end effector [5].
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Papadopoulos and Gonthier considered the effect
of base mobility of robotic manipulators on large
force quasi-static tasks [6]. They introduced the
force workspace concept for identifying proper
base guaranteeing task execution along desired
paths. In their work the dynamic effects of the load
and manipulator are not examined. There are some
other works, which published about carrying heavy
loads and stability of the wheeled mobile
manipulators [7-9]. Also there are some other
research studies which consider the problem of
large force task planning and carrying heavy loads
on mobile manipulators, however non of them
consider the problem of finding maximum load
carrying capacity of mobile manipulators.

In this paper, we present a new method of
determining the maximum allowable load for
mobile manipulators subject to both actuator and
redundancy constraints. For motion planning and
redundancy resolution, additional constraint
functions and the augmented Jacobian matrix are
used. The recursive Newton-Euler method is used
to formulate the dynamic effects of combined
mobile base and manipulator motion on joint
actuator torques. A general computational
procedure is presented for finding the maximum
allowable load of muilti-link mobile manipulators
for a desired trgjectory. Finally, by numerical
examples involving a two-link planar manipulator
mounted on a differentially driven mobile base,
application of the method is presented and
simulation test is carried out.

2. KINEMATIC MODELING OF MOBILE
MANIPULATORS

The position of the end effector in the task space of
mobile manipulators can be defined as bellow:

X = Xp(G) + X (An) 1

wheeX =[x y Z"adX, =[x, Y, z]
are the position of the end effector and the base in
the inertial reference
frame. X o =[Xwn Yoo Zmiol 1S the
position vector of manipulator with respect to the
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base. The Jacobian equation of the mobile
manipulator can be determined as:

X =1q 2

wheed =(3, J,) ad q=(q, 9,)".

X OR™ denotes the task velocity space of mobile
manipulator with respect to the fixed coordinate

frameand qJR" isthe joints velocity space.

The general form of the constraint equations
can be written as:

3,q=0 3

where J, OR“". On the other hand, the combined

system of mobile manipulator has extra degrees of
freedom on its motion. Therefore to resolving the
redundancy, we can apply r additional constraint
equations, which can be written as:

XZ :'qu (4)

whereJ, OR™ . Hence the kinematic equation of

mobile manipulators by combining the Equations
(2), (3) and (4) iswritten as:

< X, O0H=( 3. 3)¢c
@X Q(zc)q (5)

Hered, =(3 J, J.) s
augmented Jacobian matrix. The J, matrix can be

obtained using singular value decomposition and
other methods. However, the ssmple method is to
choose user specified constraint equations in
general form[10]:

Xz =9(q) (6)

named as

By differentiating of Equation 6 with respect to

time, we have X =J,q smilar to Equation 4.
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The augmented Jacobian matrix J,, regardless of
the configuration gof the mobile manipulator
must be non-singular, or the determinant of
J, must be non-zero:

Det(J,) # 0. (7)

If the resultant J, to be non-singular then
joints velocity acceleration vectors are found:

B
q @X g ®

q=3(X X. og -J,c 9
g a(QX g 29 (9)

3.DYNAMIC MODELING OF MOBILE
MANIPULATORS

In order to obtain DLCC for a mobile
manipulator, proper modeling of mobile
manipulator and load dynamic is a
prerequisite. Therefore the desired values are
evaluated on the(n+1)thcoordinate system
attached to the center of mass of the end-
effector and load as a composite body [1]. The
proposed agorithm is based upon the forward
recursive Newton-Euler formulation that is
used to determine the linear and angular
accelerations of the ithlink (w anda,) and its

mass center (v, and a,) iteratively computed

from link 1 out to link n. The dynamic
equations are obtained using the Newton-Euler
approach as follows:

F =ma, (10)

N;="la; +w x" 1, (11)

where ¢ is the coordinate frame has its origin
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at the center of the link and has the same
orientation as the ithlink coordinate frame.
Then, the joint actuator torque's is computed
recursively from link nback to link 1 by the
backward Newton-Euler formulation as:

'f= iRi+lfi+1+i|:i (12

i i+l

ini :i N + iRi+1ni+l-'-i|:)ci xi I:i -'-il:?wtlxiﬂi Ri+]f'+1 (13)

i+l i

="'z (14)

Here, ,; Rdescribes the rotation matrix from
coordinate frame i+1relative to coordinate
frame i. The other variables denoted by the
general form' f, describe the vector f in the
ith link described in coordinate frame 1. Also
on the above formulation, f denotes joint

force, njoint torque, P position vector,
Tjoint's actuator torque and zis the unit
vector in the direction of joint’ s rotation axis.

4. DETERMINING MAXIMUM
ALLOWABLE LOAD

For determining the maximum allowable load,
separate computation of the actuators torque
for compensating the load dynamics 7, and
the manipulator dynamics 7, on the each joint
is needed. Therefore the mobile manipulator
dynamic computations are executed in two
steps. In both steps, by neglecting the load
moment of inertia 1,,,, and considering only
mass portion of load, "'n ., is set equa to

zero in the dynamic equations. In the first step
the total dynamic effects of the load and
mobile manipulator on the actuators 1 is

considered and ™'f .is set equal to
m.(g—a.), where m, and a_are of the end-
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effector and load masses and accelerations as a

composite body and gis the gravitationa

acceleration vector. In the second step, "*f, .,

is set equal to zero, which considers only the
effect of the mobile manipulator dynamics on
the joint actuators 1, . By subtracting 7, from

T ,the 1, isresulted:
1,=T-T, (15)

In this Section the computational procedure
for determining the maximum allowable load
isoutlined and aso flowcharted in Figure 1.
Continuous trgectory of the end effector is
discretized into equally spaced mpoints along
the trgectory, and then the total torque
on jthjoint at each grid pointt; (k)is obtained
where k =12,...,m. The joints actuator torque

constraints are formulated based on the typical
joint-speed characteristics of DC motors as
follows:

T = ki_kzd

(16)
TO = _kl_kzd
wherek, =T,and k, =T,/w,, Tis the stll

torque and w,, is the maximum no-load speed
of the motor. If 7, (k) satisfies the following
inequality:

TO®K <71, (K <T,7(K) (17)
and if
T, () =1 (] < [T, () =7, (K) (18)

then the load coefficient a jthjointC; can be
calculated as bellow:
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Discretize theload given trajectory
x(t), v(t), a(t) into m points

q(k) Find joints vector space

qm'n < q(k) =< anX

Find Jacobian
matrix Ja (k),
Det (Ja (k))=0

Compute
(k) = 3,7 (K)* xioaa (k)
CI(SET.

q(k) =3 (k)* (.).(Ioad (k)—:] a (k)* q(k)) Compute
1
adk) a(k).v. (k). a (k) compute
i

T, T, ,T Computeload and end-effector dynamic effects

i
TO (k) and T™ (k)Find actuator equations

Mygaq and Cm 2Find maximum load coefficient

Figure 1. Flowchart of determining maximum allowable |oad.

C, (k) =[T, () =1, (k)| /7, (K) (19)

else, if Equation 18, is not satisfied then:

C,(K) =T =1, (K)|/T,(K) (20)
otherwise, ifr, (k)>T® (k)and
7,(k) < Othen:

C,(K)=| T, (K) =T (k) /T, (K) | (21)
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Figure 2. Schematic view of mobile manipulator.

Under the different conditions, unrealizable
case encountered (e.g., if the desired speed is
too high or the desired trgjectory is physically
impossible) and we have:

C,(k)=0 (22)

The maximum load coefficient at the jth
joint along the given trajectory is computed as:
C, mx =Min{C, (k),k =12,...,m} (23)

Finally, the maximum load coefficient for
the mobile manipulator C__ aong the given

trajectory is computed from

C,. =min{C =1 to n}. (24)

j,max’J

where nisthe number of manipulator’sjoint.
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The maximum allowable load carrying
capacity for the mobile manipulator is
computed from the following equation:

rnoad = Cmax X m (25)

5.SIMULATION STUDIES

To investigate the proposed algorithm, some
simulation studies are presented. In these
studies, a specified trajectory for the load is
assumed. A two-link planar manipulator
mounted on a differentially driven mobile base
is considered as a case study (Figure 2). The
joint actuators are similar and their constants
ae w, =3.5rad/sand k; =63.22N.m. For

simulation study two cases are considered in a
situation where the same tragjectory for the load
is selected, but a different additional constraint
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Figure 3. The movement of the mobile manipulator from initial to final configuration along the trgjectory.

functions are applied to resolve the motion
redundancy in each case.

5.1. Simulation Model-1 The planar two-link
arm is mounted on mobile base at point F on the
main axis of the base (Figure 2). The position of
point F relative to world coordinate frame is

denoted by X;,Y; . In this case, the user specified
additional constraints X, = g(q) , are considered
as the base position coordinates F (X, ,Y;).

We combine the additional constraint
Equations (A-3), the end effector velocity
components  Equations (A-4) and the
nonholonomic constraint Equation (A-5) (please
see Appendix A for details).

Then we rewrite these equations in the matrix
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| X
(Y )neie=(50 em, 0.0 em)
form as mentioned in the Equation (5):
[§n@,) -Cos(@) 1, 0 HBOH
O

o1 0 Jp Iy 0 %XEEI
00 1 Ji Ja ) B=¥e
0 U O
01 0 0o o0 5. 0
H o 1 0 o 28 R A
: B B0

~
N
NS

where, the expression of J,;,J,, ,J, ,J4, 5, and
J,; aregiven by:

Jps =y =1, 806, +6,) =1, sn(6, +6, +6,),
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Figure 4. The variation of the allowable load along the |oad trajectory and associated with maximum allowable |oad.

Jos = -1, 8in(6, +6, +6,),

Ja33 = Jg =1,008(6, +6,) +1, cos(6, +6, +6,)

and J,, =1, cos(6, +6, +86,)

By direct calculation, the determinant of the
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augmented Jacobian matrix on the left hand side of
the Equation (26) is found

Det(J,) =1, x1, x1, 5n(6,)

Hence J,is non-singular provided that

6,0 or 180" . That is the two arms are not
along the same axis. Suppose that the base length

is 1,=40 cm, the links length are
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Figure 5. Variations of the base and links angles and angular velocities along the trajectory.

[, =1, =50 cm. Let theinitial configuration of
the mobile base is given by:

a ={X;, ¥;» 6,}={0 cmO cmO rad}

The initial task vector is considered as
Xi ={X., Y1, X;, ¥+ }; ={50,0,0,0;cmand

desired final task vector at time t=2Secis
specified
asX, ={X,Y.,X,Y;}; ={150,7550,75 cm.

Notice that final tool tip position is not feasible
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without the base motion. The desired task space
path is specified as straight lines from initial to
final configuration. By simulation study the overall
movement of the mobile manipulator is found and
shown in Figure 3.

Using the recursive Newton—Euler's dynamic
formulation the torques at the joints of the
manipulator are obtained as follows:

T, =Hy, Xi+H, Y, +
(27)

Hl3 et H140’)22 + H15 w1+ Hlﬁa’l2
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Figure 6. The movement of the mobile manipulator from initial to final configuration.

. . . . H14 :_Il(mZICZ +m||2)5in(92)
T, =H, X +H,, Y, +Hywa+Hy, w1+H25wf

(28)
where, His = +ml g +(m, +m)I7 +(myl, +ml,) cos(d,)
H11:_[(mzlcz+m||2)5in(90+61+92)]+
((m, +m)l; +myl ;) sin(6, +6,) .
m, +m ), +mia) s +5,) Hag = (M, +m1) Sn,)
Hy, =(m,l, +ml,)cos(6, +6, +6,) + _
((m, +m)l, +m] ) cos(g, +6,) H, = =(myle, +ml;)sin(@, +6, +6,)
H13=02| +m2|czz "'mllz2 =1, (myl , +ml,)cos@,) H,, =(m,l , +ml,)cos(, +6, +6,)
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Figure 7. The variation of the allowable load along the load trajectory and associated maximum allowable |oad.

—c2 2 2
H23_ I +rnZ|c2 +m|2

H,, =(myl, +mly)l; cos(6,)

H25 = _(mzlcz +m|2)|1 Siﬂ(@z)

In the above formulations w, =60+6: and
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w, =60+01+0:are the angular velocities of the
manipulator links relative to inertial coordinate
frame and | is length of the ith link center of
mass from its distal joint. The task space trajectory
is discretized into equally spaced m=40 points.
Then by the procedure outlined in the Sec. 4 the
maximum alowable load of the mobile
manipulator is determined (Figure 4). The
allowable load carrying capacity for the mobile
manipulator a each point of trgectory is
determined and maximum allowable load was
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found m,, =37.147kg a the point

X, =1.276mand Yy, =0.612m. Also, the
corresponding base and links angles and angular

velocity variations along the traectory are
illustrated in Figure 5.

5.2. Simulation Model-2  The planar mobile
manipulator similar to the Case 1 is considered.
The manipulator elbow angle 3 between two arms
and end effector orientation relative to the world
coordinate frame aare used as additional
constraint equations. Thus

X, =B=m-6,

(29)
X, =a =0, +6, +0:

The corresponding differential  kinematic
equation and augmented Jacobian matrix is derived
by combining the Equations (A-4), (A-5) and time
derivatives of the Equation 29

ES n@,) -Cos(6,) I, 0 0 H
g1 0y Ju JslFy
B O 1 J33 34 35 S
0 o 0 1 1 10 o
H o 0 0 0 -1 ﬁ

L1
o

)

I
Y
M0 0 0 0 O C

Crmm
9 -

(30)

The determinant of the augmented Jacobian
matrix on the left hand side of the Equation (30) is

found to be Det(J)=I1,#0. Therefore, the

matrix Jis non-singular regardless of the
configuration of the mobile manipulator.
The initial task vector is considered
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a X, ={x,Y,.a, B}, ={50cm0cm0°,120°} and
desired final task vector at time t=2Secis
specified as
X: ={x,V,,a,6}; ={150cm75cm60°,180'}

Similar to the Case 1 the final tool tip position
is not attainable without the base motion. By
considering straight lines from initia to fina
configuration for the task space variables, the
overall movement of the mobile manipulator is
determined and illustrated by the simulation study
(Figure 6).

The task space trajectory is discretized into
equally spaced m=40points. The alowable load
carrying capacity for the mobile manipulator at
every point of the trgjectory is determined and
maximum alowable load is found

Meaq = 20.188kg at point

(x =0.5m, vy, =0.0m) asshownin Figure7.

The corresponding base and links angle and
angular velocity variations along the trajectory are
illustrated in Figure 8.

In the above two case studies, the same
trgjectory for the load is considered. However, in
each case different additional kinematical
constraint is considered for redundancy resolution.
It is seen that load capacity of the mobile
manipulator varies along its path depends on the
predefined trajectory of the load. Also it can be
seen, the maximum allowable load has a different
value in each case. Therefore, the value of
maximum allowable load for a given trajectory
depends on the additional constraint functions that
we apply to redundancy resolution. The type of
these constraint functions directly depends on the
user requirements and can be chosen arbitrarily by
considering workspace limitations, obstacle
avoidance or optimization criteria.

53. Matlab Ver 6.01 In this paper, the
program MATLAB Release 12 Ver. 6.01 is used
for dynamic modeling and simulation studies. This
program provides many features that are useful in
kinematic, dynamic and trajectory planning in
robotics as well as useful capabilities for
simulation analysis and results from experiments
with real robots. Also there are some toolboxes and
publications written by the MATLAB that provides
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Figure 8. Variations of the base and links angles and angular velocities along the trgjectory.

many functions and libraries for the kinematic and mobile manipulators using the augmented Jacobian
dynamic analysis of robotic manipulators[11,12]. technique and recursive Newton-Euler method are
presented. The application of the algorithm is
outlined by simulation studies in detail. In the two
case studies a two-link planar differentially driven

6. CONLUSIONS mobile manipulator with asimilar trajectory for the
load, and different additional constraint functions
The motion planning and dynamic modeling of for redundancy resolution is considered. In the first
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case the base coordinates X¢ and Y are applied

as additional constraints and corresponding
maximum  alowable load is computed

Mg =37.147 kg. In the second case, the angle

between the two links of manipulator and angle of
the end effector are considered as additional
constraints and corresponding maximum allowable

load is computed as m,,, = 20.188 kg. Hence,

the results of the case studies are shown that the
alowable load is variable along the given
trgjectory. Also in mobile manipulators in contrast
with the fixed base manipulators, the maximum
allowable load on a given trgjectory has not a
unique value. But, a special and unique value may
be computed depends on the type of the applied
additional constraint functions to resolve the
redundancy resolution.

APPENDIX A.

A.l. Case 1 Kinematics The coordinate of the
end effector with respect to joint

variablesf,,0,and 6, is

X, =X; +1,cos(g,+8)+1,cos(8, +6, +6,)

A-1
Y=y, +l,sin(g,+8) +1,sn(@, +6,+6,) © ™

As explained in Section 5.1 the user specified
additional constraints are considered as the base
position coordinates

Xlz = Xf

(A-2)
XZZ = yf

by differentiating of Equations (A-2) with respect
to time we have:

>.<lz = ;(f
. . (A-3)
x2Z = yf

We assume that the speed at which the system
moves is low and therefore the two driven wheels
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do not sleep sideways. The nonholonomic
constraint equation for the manipulator attachment
point F :

X1 Sn(,) -y, cos(8,) +8ol, =0 (A-4)

wherel  is the distance between platform center of
mass G and point F (Figure 2). By differentiating
Equation (A-1), the end effector velocity
components are as below

Xe = X1 =1 (Bo+01)Sin(8, +6,) -

|, (8o+8:+02)sin(8, +6, +6,)
(A-5)

Yo =Y, +1,(B0+61) cos(6, +6,) +
|, (Bo+6:+62)cos(8, +6, +6,)

In the inverse kinematics problem, we
find@,and8, which correspond to a given load

position(X,,yY,) and a given platform
position(X,, Y, ).

The angle 6O,is found by the following
expression

0, =
— 2 _ 2 _12_12
Arccosd e TXi)" T (Ve m Y1) —lr 1)
21,
(A-6)
By discretizing the robot trgjectory into

M points and by numerical integration of Equation
(A-4) The angle 6,can be found. The variables

Xt and Yy are known, therefore

6 +2) = 0,) +(y, (N cosB,) =~ 57
X (i)sin (6, () xdt/1, =0
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wherei=1 to mand dt =T, /m.
Similarly, the angle 8, is given by

6, =
rrapo i H2 COE, )6, = %) -1, SN, )y, -y,
(Xe_xf)2+(ye_yf)2 H

_90
(A-8)

A.2. Case 2 Kinematics As explained in
Section 5.2 the user specified additional constraints
are:

X,=B=n-6, and X,,=a=6,+6,+6,

(A-9)

In this case, the inverse kinematic of the system is
derived as bellow

0,=m-p (A-10)

Similar to the Case 1 the base angle relative to
the world coordinate frame 8, numerically can be
computed by using the Equation (A-7). The angle
of the manipulator first link relative to the base
main axis 6, by using the second part of the
Equation (A-9) can be calculated as bellow

61 =a- (90 + 92) (A-11)

The base position relative to world coordinate
frame a point Fis caculated by rearranging
Equation (A-1). Therefore we have

X; = X, —1,cos(6, +6,) -1, cos(a)

Yi =Y.~ sin(6, +6)-1,sn(a)
(A-12)
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