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Abstract  Energy technique procedure for computing the leakage reactance in transformers is
presented. This method is very efficient compared with the use of flux element and image technique
and is also remarkably accurate. Examples of calculated leakage inductances and the short circuit
impedance are given for illustration. For validation, the results are compared with the results obtained
using practical tests for 3 types of a small single-phase transformer, 3-phase distribution transformers
and a high voltage test transformer were studied.
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1. INTRODUCTION

Determination of transformer leakage reactance
using magnetic cores has long been an area of
interest to engineers involved in the design of
power and distribution transformers. This is
required for predicting the performance of
transformers before actual assembly of the
transformers. A method has been presented for
estimating the leakage reactance by flux tube in
order to be included in an electric circuit model of
transformer [1].

Computer-based numerical solution techniques
using finite elements analysis, boundary element
method and boundary-integral method are accurate
and form an important part of the design
procedures. However, they require rather elaborate
computer resources and a somewhat lengthy setup
before a solution can be obtained. Also a closed-
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form solution often provides more insight about
critical physical parameters than a computer-based
numerical solution.

Finite-element method is used for calculation of
leakage inductances of electric machineries
nowadays, but it needs special software and ample
time [2-4]. A superposition of 2-D analysis results
for approximate determination of the flux density
distribution is presented in Reference 3. The FEM
is also used to determine the leakage inductance of
synchronous machines [2].

Dowell has also presented an analytical theory
to calculate the ohmic losses of transformers but
there has not been involved the reactance [5].

The reverse design method is also applied to
partial core transformers; but the method is used
for special type of transformers [6]. The windings
should be wrapped around the core with primary
winding inside the secondary winding and the
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yokes and limbs that usually form the rest of the
core in full-core transformers, were not presented
[6].

In this paper a closed form solution technique
applicable to the leakage reactance calculations for
transformers is presented. An emphasis is on the
development of a simple method to characterize
the leakage reactance of the transformers.

Leakage reactance calculations play an
important role in designing geometry of
transformers. The design parameters may be varied
as such that the required short circuit impedance is
determined. A 2D representation proves to be
satisfactory in determining the leakage reactance.
Final expressions are developed on a per-unit-of-
length basis for the third dimension. Certain
assumptions have been made in this calculation.
End effects introduced by the terminations in 3D
configurations are not evaluated here.

There are different techniques for the leakage
reactance evaluation in transformers. The most
common technique is the use of the flux leakage
elements and estimation of the flux in different
parts of the transformer [1,7-11]. The images
technique can also be used. The base of this
method is considering the image of every turn of
the winding where the magnetic potential vector
[12,13] is employed to compute the mutual and
leakage inductances. Although the technique is
effective, the computation result depends on the
current of the image conductor [12].

This paper presents a novel technique for
calculation of the leakage inductance in different
parts of the transformer using the electromagnetic
stored energy.

2. COMPUTATION USING
FLUX ELEMENT TECHNIQUE

In order to compute the leakage reactance
analytically, some approximation is required to
achieve a closed-loop solution [1]. The
assumptions are:

1. The leakage flux distribution in the winding
and the space between the windings must be in
the direction of the winding axial.

2. The leakage flux is uniformly distributed along
the length of the windings.
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3. The leakage flux in the space of two windings
is divided equally between them.

The leakage flux for each winding for
a two-winding transformer, based on the
above assumptions is [1]:

/\:/,loNzle(%+§)/Lc (1)

Using the following equation:

2
X=2n? 2)

and reflecting leakage reactance between HV
windings to the primary side yields:
X=Xi+HNi/N2)’X; 3)
Equation 3 will be as follows:

N2 d s d s
X, =2nfp, —=(L,, (F+-2)+L, (F+-=
12 Ty, L ( mt, 3 2) mt, 3 2))

C

“4)

If it is assumed that L,; = L,,; (meaning that
the length of each turn of HV and LV
windings are equal). Equation 3 can be
simplified as follows:

2 5
X=27Tf[.10 Tl Lmtl(dl';dz_'_s) ()

C

This is the conventional equation used in
References 8, 9 and 10.

3.COMPUTATION USING
IMAGE METHOD

This method is based on considering an Image
conductor to the core for each loop, because
the surface of the core is an equipotent for the
magnetic scalar potential, so the core surface
will be a mirror for magnetic field [12].

Using the magnetic vector potential for a
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circular filament for two conductors, the leakage
inductance is [12]:

Llcakagclz = frla I, A(rl)a Aimagc(rl)a A(I'l—rz),

Aimage (rl'rZ)a il, i29 ilimage, i2image (6)

Where rl and r2 are the radiuses of conductors,
A and A, are the magnetic vector potentials
with respect to actual and image conductors that
are dependent on elliptic integral of first and
second kinds [12,13].

The current of image conductor has a value
different from the real conductor and it should
be adjusted for each image conductor. So the
result of the leakage inductance changes
according to the default of image conductor
currents.

There are several recommendations for
this parameter to evaluate the best result of Image
Method but there is not a fixed rule for it and the
error from calculation and test results may not be
optimized.

4. COMPUTATION USING ENERGY
TECHNIQUE

The electromagnetic energy stored in the windings
and the space between them can be used to
calculate the inductance between the windings and
the leakage inductance.

The previous assumptions are considered here
in order to obtain a closed-form solution.
Consider the path F; in Figure 1, mmf for the path
having distance x from the beginning of LV
winding is [7]:

X

_ X
F _Nllld_l @)

Rising x from 0 to d; increases the magnetic
field intensity and approaches its peak value
NiIi/L.. A volume differential from LV winding
as shown in Figure 1, with height Lc, thickness
dx and radius r+s;+x is considered. The
electromagnetic energy stored in this element
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Figure 1. The volume element of LV winding for energy
computation.

is [14]:
1 >
dWx =§U0dev (®)

and the total energy is:

d, n-uN2|2d1
W, = =_Fe 11 r + + 2 =
. Jo’dwX Lod ? _([( S, + X)x~dx
nuolellz(r-'-Sl_l_d_l)d
Lc 3 4!

)

Similarly the stored energy in HV winding can be
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determined:

2

_ mNzlf(r+a+sz+dl +d,
Lc 3

. S

With a constant magnetic field intensity
between the windings, W, the electromagnetic
energy stored between them is:

\Y
W, =uoH§7a (11)
Hence:
212
w, = TENL g hg v 25, 2)
Lc 2

The stored energy for this two-winding transformer
is:

W =W, +W, +W, :%Leqlz (13)

Using Equations 9-13, the inductance will be as
follows:

2au N2, d
Leq, = L[(_l + _l)dl +
Lc 3 4
q (14)
r
(?2 - Tz)dz +1,5]
1, . 1;and r, are defined as follows:
=r+s
L (15)
r,=r+s +d +s,+d,
(16)

— S2
,=r+s +d1+?

A notable point is that if term (r;/3+d,/4) is
substituted by r../3 and term (r/3-dy/4) in
replaced by raye/3, Leg Will be:

2
}(eq12 = 27TfM
Lc (17)
I-avc dl +ravc d2
(% +1,8,)
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The following simplification is applied:

L. +L
T =ra(2m)

(18)

L. =2 =27r

mt; ave L mt, ave,

Equation 17 is converted into Equation 5. It means
that the flux element method is an approximation
of the energy method.

5. SIMULATION

5.1 A Single-Phase Transformer A small
single-phase transformer with specifications given
in Table 1 is simulated [12]. The image method
result of this reference is used to compare the
accuracy of different methods.

Using the previous results of the transformer
from Reference 12, the result of different methods
can be compared. As shown in Table 2, the error
using the energy method is lower than that of the

TABLE 1. Specifications of the Proposed Single-Phase
Transformer. Dimensionsarein mm.

Power 2kVA
Ni/N, 118/118
Voltage 110 v
L. 198
S 5
S, 17
di 5
@ 5
r 60

TABLE 2. Computations Results Using Different M ethods.

Method Inductance | Error in respect
(mH) to the test (%)
Data sheet 0.5475 21.68
Flux method 0.4673 10.51
Image method 0.4609 4.44
Energy method 0.430 2.42
Test results 0.45 HoAk
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TABLE 3. Specifications of the Proposed Transformers.

Power | N1 | N2 D1 D2 D3 V/N | Zsc

kVA mm | mm | mm %

25 11 | 522410 |11 |13 |23 |4.1
6 5 0 5 0 3

50 88 3962 |11 |11 |16 |3.0 [4.0
6 1 3 9

100 |68 |3062 |12 |12 |17 |39 |42
2 5

image method. Also the flux element method has
larger error compared to the other two methods.

5.2 Three-Phase Distribution Transformers
Three types of three-phase distribution
transformers with voltages 20/0.4 kV and
connection group YZn5 with specification given in
Table 3 are considered. Figure 2 shows the
dimensions of the 25,50 and 100kV A transformers.

The last column of Table 3 shows the result of
short-circuit test of transformers in the factory. The
specifications and the test results (last column) in
Table 3 are measured for more than 100
distribution transformers.

The short-circuit impedance has been

D2 Lc

D, : diameter of core, = D2: diameter of primary winding
D3: diameter of secondary winding

Figure 2. A simple geometrical schematic Dimensions of the
transformer.
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Figure 3. A 250 kV, 500 kVA test transformer designed and
manufactured in Iran.

calculated using the above-mentioned methods.
The results for these transformers have been
summarized in Table 4. The result shows that
energy method has the best accuracy compared
to other methods for all of these distribution
transformers.

53 A Singlephase High Voltage Test
Transformer  The result of simulation of a
500 kVA, 250kV test transformer, illustrated in
Figure 3 and designed by the authors and
manufactured in Iran, is shown in Table 5.
The schematic presentation of windings are in
Figure 4.
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TABLE 4. Computation Resultsfor Transformers.

Power Method Impedance | Error
kVA (%) (%)

Equation (5) 6.56 58.7

25 Flux Method 4.37 5.7
Image Method 4.30 4.03

Energy Method 4.27 3.45

Test result 4.13 R
Equation (5) 5.10 24.68

50 Flux Method 433 5.97
ImageMethod 4.23 3.47

Energy Method 4.20 2.81

Test result 4.09 orokok
Equation (5) 5.086 19.71

100 Flux Method 4.416 3.94
Image Method 4.358 2.57

Energy Method 4.340 2.16

Test result 4.248 Rl

SUIN\N]

1-LV Winding
2- HV Winding
3-Coupling Winding

Figure4 . Schematic of windings of the test transformer.
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It is noticeable that the transformer has 3
windings: low voltage, high voltage and coupling
(for energy transmission to upper steps).

6. CONCLUSIONS

Different analytical methods for the leakage
inductance of transformer calculation have
been compared. It has been shown that the
energy method is the most accurate one.
Although the image method is accurate and
convenient, it depends on the current of the
image conductors. These results are compared
by practical measurements for three types of
transformers: small single-phase transformer,
three-phase distribution transformers and a
high voltage test transformer.

So by calculating stored electromagnetic
energy in windings and distance between
them leakage reactance will be calculated
simply and accurately comparing to test
result.

7. APPENDIX

Calculation of Leakage Reactance of
Test Transformer The reactance between
windings calculated two by two and the detail
of calculation is given here. The result shows
that energy method is also reliable in this
case.

Because of trapezoid shape of HV winding
of test transformer according to Figure 5, the
formula of 10 will be changed:

NI 1

W, =mp [5(r2+3kLC2)(LC1+LC2)

W;
-2LG, (1, +1.5kLC2)—§ (LC? +LGC, +LGLG,) +

(r2+kLC2)LC221nLC1]
LC -LG, LG,

(A1)
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TABLE 5. Result of Methods for the Test Transfor mer.

LV —|LV- HV-

HV Couple Couple
Flux Met. | 612 22.5 6.69
Image Met. | ¢ (5 22.6 6.45
Energy 5.83 22.81 6.32
Met.
Test Result | 5 g5 22.74 6.30
| 5l 5
1 I~
| g Ty
| e - 53
| Lel v '
| caore F— Lc2
| =T
| -~
||—¢ L~

—F o +F

| dwi dw? dw3

Figure 5. Dimensions of windings of the test transformer.

Considering Leakage reactance between LV and
HV:

4ﬂ2-fHoN§ O r
Xe = — L+
i LG B( 3

dw,

)dw, +ras, +

LC,

dw,

%(r2 +3kLC,) (LC, +LC, ) -2LC, (r, +15kLC, )

(r, +kLC,)LC?2 n LCI%

—E(ch +LCj +LC,LC, +
3 LC, -LC, LC,E

(A2)
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Where k is a constant.

Z >

g

o

S1
S,S2

8.LIST OF SYMBOLS

Leakage flux

No. of turn of winding

current

Mean length of one turn of winding
length of window of core

Width of winding

Distance between core and LV windings
Distance between LV and HV windings

Tavel, Tave2

g7

Fr‘

Mean radius of HV and LV winding
respectively

Reactance of transformer

Frequency of current of windings
Electromagnetic energy stored in active
part

Equivalent inductance of transformer
Magnetic field intensity in a distance x of
first layer of primary winding
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