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Abstract    In this paper, we consider a multi-server queuing system in which additional servers are 
allowed for a longer queue to reduce the customer’s balking and reneging behavior. The customers 
are assumed to arrive in Poisson fashion and their service- times follow exponential distribution. The 
number of servers in long run depends on the queue-length. We obtain equilibrium queue size 
distribution. The expression for expected number of customers in the system in the long run has been 
obtained. Some other performance measures have also been provided. In order to match our results 
with earlier work, special cases are discussed. The numerical results are presented to verify the 
validity of the proposed analytical method  
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گيريم كه در آن مجازيم تعداد سرويس دهنده         را در نظر مي    در اين مقاله يك سيستم صف چند كاناله          چكيده
شوند و    است كه مشتريان بر اساس توزيع پواسون وارد مي         اينفرض بر . كاهيمرا زياد كنيم تا از گلايه مشتري ب       

تعداد سرويس دهندگان در دراز مدت بستگي به طول          . زمان سرويس دهي آنها هم داراي توريع نمايي است         
 عبارتي براي ميانگين تعداد مشتري در     . كنيم مادر اين تحقيق توزيع طول صف پايدار را محاسبه مي         . صف دارد 

به منظور مقايسه   . كنيم چند معيار عملكرد سيستم نيز تعريف مي       . آوريم سيستم را در حالت پايدار بدست مي       
 .دهيم نتايج كار ما با كارهاي انجام شده، چند حالت خاص را هم مورد بررسي قرار مي

 
 

1. INTRODUCTION 
 
In many real life situations, the arriving customers 
may be discouraged due to long queue, and decide 
not to join the queue and leave the system at once. 
This behavior of customers is referred as ‘balking’. 
Sometimes customers get impatient after joining 
the queue and leave the system without getting 
service. This behavior of customer recognizes as 
‘reneging’. The early valuable works on balking 
and reneging are due to Palm [1], Haight [2], Finch 
[3], Cox [4], Anker and Gaferian [5]. Reynolds [6] 
gave the stationary solution of a multi-server 
model with discouragement. For later advances, we 
can refer the following research papers and 
references therein. Varshney et al. [7] proposed a 
multi-server queuing model with balking and 
reneging by using diffusion approximation method. 
Garg et al. [8] designed G/Gy/m queuing system 
wi th  d iscouragement  by us ing d i f fus ion  
approximation method. Jain and Singh [9] 
developed a finite capacity priority queue with 

discouragement. Ke and Wang [10] evaluated cost 
analysis of the M/M/R machine repair problem 
with balking, reneging and server breakdowns. Jain 
and Dhayani [11] proposed a state dependent bulk 
service queue with balking. Shawky [12] analyzed 
the M/M/C/K/N queuing model with balking, 
reneging and spares. 
     The provision of additional servers for a 
longer queue is advantageous for reducing the 
waiting time in many queuing situations. For 
example in production processes, transportation, 
telecommunication and computer systems. Some 
investigators developed such type of queuing 
systems by incorporating additional servers. 
Makaddis and Zaki [13] analyzed the problem of 
queuing model M/M/1 with additional servers 
for a longer queue. Murari [14] discussed limited 
space queuing problem with service in batches of 
variable size by providing an additional special 
channel. Varshney et al. [15] discussed a 
M/M/m/K queuing system with additional servers 
for a longer queue. Abou-El-Alta and Shawky [16] 
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developed single server Markovian overflow 
queue with balking, reneging and an additional 
server for longer queues. Shawky [17] suggested 
single server machine interference model with 
balking, reneging and an additional server for 
longer queues. Jain [18] analyzed M/M/R machine 
repair problem with spares by using additional 
repairman. Jain [19] considered M/M/m queue 
with discouragement and additional servers. Jain 
and Vaidya [20] discussed finite M/M/m/K 
queue with discouragement and additional 
servers. 
     In this study, we analyze multi-server 
Markovian queue with balking, reneging and 
having the provision of additional servers in 
case of long queue. The paper is organized as 
follows: In Section 2, we describe queuing 
model with balking, reneging and additional 
servers and obtain queue size distribution in 
different cases. Section 3 provides some other 
performance measures by using queue size 
distribution. In Section 4, we outline some 
special cases which tally with earlier existing 
models. Section 5 facilitates numerical results to 
validate the proposed analytical method. In last 
Section 6, conclusion and further scope of the 
work are stated. 
 
 

2. THE MATHEMATICAL MODEL AND 
ANALYSIS 

 
We consider M/M/m queue with additional servers 
and discouragement.  The customers arrive 
according to Poisson process with mean arrival 
rate λ, balking parameter β and reneging parameter 
α; m permanent and r additional servers serve the 
customers exponentially. The service-discipline is 
first come-first served. The number of additional 
servers available for service depends upon the 
number of customers present in the system in the 
following manner: 
• When number of customers present in the 
system is less than or equal to threshold value N 
and at least one server is free, there are m 
permanent servers available. The service rate of the 
permanent servers is µ0 (µ) if there is at least one 
server is free (all servers are busy). 
• When number of customers is greater than N 

and less than or equal to 2N, then an additional 
server is provided for service with rate µ1. 
Continuing this, in general, when the number of 
customers is greater than jN and less than or equal 
to (j+1)N, j additional servers are added to the 
system to provide service with rate µj (j = 1, 2, …., 
r-1). Thus, with the increase of N customers in the 
queue, one more additional server is added. 
• When the number of customers becomes rN, 
then all r additional servers are added to the system 
for providing service. 
• jth (j = 1, 2, …., r-1) additional server is 
removed as soon as the number of customers in the 
system drops to (jN-1). 
     The arrival and departure rates are given as 
follows: 
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     We employ product type solution for 
discouragement queue to obtain the steady-state 
queue size distribution. 
     The probability Pn can be calculated by using 
(Saaty (1961)). 
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Substituting the values from Equations 1 and 2 in 
Equation 3, we get Equation 4: 
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where ==
µ
λρ traffic intensity  

     By using normalizing condition ∑
∞

=

=
0

,1
n

np  we 

can get the value of p0  

3. SOME PERFORMANCE MEASURES 
 
We can obtain expected number of customers 
in long run with r additional servers by using 
queue size distribution as follows (Equation 
5): 
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The probability that there are grater than jN and less than or equal to (j+1)N customers in long run is 
 
Probability {jN<Q≤≤≤≤(j+1)N} = 
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The probability that all additional servers are busy is given by  
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4. SPECIAL CASES 
 
Now we shall discuss some cases by setting appropriate parameters as follows: 
 
Case 1.   When there is no reneging, i.e. α=0, then queue size distribution Pn reduces to 
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which tally with standard result given in the Hillier 
and Liberman [21].  
 
Case 4. When α=0, β=0 and r=0 then model 
converts to classical M/M/m/∞ model. 

5. NUMERICAL RESULTS: 
 
Table 1 depicts the probability (pn) for different 
values of permanent servers and reneging 
parameter. Table 2 presents the expected number 

Equation 8 coincides with the result obtained by Jain [18]. 
 
Case 2.  When α = 0 and β = 0 i.e. for model with additional servers and without discouragement, Equation 4 
reduces to 
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where  
µ
µ

δ 0= . 

 
Case 3.  When α=0 and r = 0, i.e. when no additional server is provided for service and there is no reneging, 
we get expected number of customers as 
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of customers E{Q} for various values of λ, α and 
m. We observe that E{Q} increases with mean 
arrival rate (λ) whereas it decreases as reneging 
parameter (α) and the number of permanent 
servers (m) increase. 
     Figures 1-3 demonstrate the probability (p0) of 
the system being empty vs. mean arrival rate (λ) 
for different values of reneging parameter (α), 
balking parameter (β) and number of permanent 
servers (m) respectively. We note that there is 
decrease in probability (p0) with mean arrival rate 
(λ). It increases with reneging parameter (α), 
balking parameter (β) and number of permanent 
servers (m). Figures 4-6 reveal the increasing trend 
in expected number of customers E{Q} with mean 
arrival rate(λ) whereas E{Q} decreases by 

TABLE 1.  Probabi l i ty  p0  for  N=3,  µ  =  2 ,  α  =0 .6 ,  β  =  0 .5  and r  =  2 .  
 

pn 
m = 1 m = 2 

N 

α=0.5α=0.5α=0.5α=0.5    α=1.0α=1.0α=1.0α=1.0    α=1.5α=1.5α=1.5α=1.5    α=0.5α=0.5α=0.5α=0.5    α=1.0α=1.0α=1.0α=1.0    α=1.5α=1.5α=1.5α=1.5    
0 0.59067 0.61055 0.62204 0.60500 0.60684 0.60812 
1 0.29533 0.30527 0.31102 0.30250 0.30342 0.30406 
2 0.09844 0.07631 0.06220 0.07562 0.07586 0.07601 
3 0.01421 0.00734 0.00448 0.01512 0.01264 0.01085 
4 0.00123 0.00047 0.00022 0.00157 0.00115 0.00087 
5 0.00011 0.00003 0.00001 0.00015 0.00009 0.00005 
6 0.00001 0.00000 0.00000 0.00001 0.00001 0.00000 
7 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
8 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 

sum 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 
 
 

TABLE 2 .  Ex pected Number of  Customers  E{Q} for  N=3,µ  =  2 ,  α  =  0 .6 ,  β  =  0 .5  and r  =  2 .  
 

E{Q} 
m = 1 m = 2 

λλλλ    

α=0.5α=0.5α=0.5α=0.5    α=1.0α=1.0α=1.0α=1.0    α=1.5α=1.5α=1.5α=1.5    α=0.5α=0.5α=0.5α=0.5    α=1.0α=1.0α=1.0α=1.0    α=1.5α=1.5α=1.5α=1.5    
0.2 0.1055 0.1030 0.1011 0.1001 0.1001 0.1001 
0.4 0.2202 0.2102 0.2034 0.2011 0.2006 0.2002 
0.6 0.3412 0.3198 0.3057 0.3032 0.3018 0.3006 
0.8 0.4662 0.4303 0.4068 0.4067 0.4037 0.4012 
1 0.5931 0.5403 0.5061 0.5117 0.5062 0.5017 

1.2 0.7203 0.6490 0.6032 0.6180 0.6092 0.6021 
1.4 0.8465 0.7558 0.6978 0.7255 0.7125 0.7022 
1.6 0.9710 0.8602 0.7898 0.8340 0.8160 0.8017 
1.8 1.0931 0.9622 0.8790 0.9431 0.9194 0.9007 
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Figure 1. Probability p0 for N = 3, µ = 2, β = 0.5, m = 1, r = 2. 
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providing more permanent servers. Figures 7-11 
display the effect of mean arrival rate (λ) on prob. 

{jN<Q ≤ (j+1)N} and Prob. {Q>rN} with the 
variation of α, β and m respectively. It is observed 
that the both probabilities increase considerably 
with mean arrival rate (λ).  
     Overall, we conclude that by providing more 
servers, the number of waiting customers in the 
system decreases. Thus, the system designer can 
facilitate better service to the customers by 
implementing more permanent and additional 
servers.   
 
 

6. DISCUSSION 
 
We have studied M/M/m queue with discouragement 
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Figure 2.:Probability p0 for N = 3, µ = 2, α = 0.6, m = 1 and 
r = 2. 
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Figure 3. Probability p0 for N = 3, µ = 2, α = 0.6, β = 0.5 and 
r = 2. 
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Figure 4. Expected number of customers E{Q} for N=3, µ =2, 
β = 0.5, µ = 1 and r = 2. 
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Figure 5. Expected number of customers E{Q} for N = 3,
µ = 2, α = 0.6, m = 1 and r = 2. 
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Figure 6. Expected number of customers E{Q} for N = 3,
µ = 2, α = 0.6, β = 0.5 and r = 2. 
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and having the provision of additional servers for 
long queue. This type of model can be realized in 
the situations where the customers get impatient 
due to long queue and depart from the system, 
which causes loss to the system, and also 
inconvenience to the customers. The provision of 
additional servers may be helpful in reducing the 
balking behavior of the customers. Some other 
notable features incorporated in our model are as 
follows: 

• The service rate of permanent servers when all 
servers are busy is different from the situation 
when at least one server is idle. This is a 
common phenomenon as server may provide 
service with faster rate to reduce balking when 
all servers are busy.  

• The reneging behavior of the customers is 
included which makes our model mere closer to 
real life situation. 

• The service rate of removable additional servers 
is different from that of permanent servers as 
being special servers. 
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Figure 7. Prob. {jN<Q<(j+1)N} for N = 3, µ = 2, α = 0.6, 
β = 0.5 and r = 2. 
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Figure 8. Prob. {jN<Q<(j+1)N} for N = 3, µ = 2, α = 0.6, 
m = 1 and r = 2. 
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Figure 9. Prob. {jN<Q<(j+1)N} for N = 3, µ = 2, α = 0.6,
β = 0.5 and r = 2. 
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Figure 10. Prob. {Q>rN} for N = 3, µ = 2, β = 0.5, m = 1,
r = 2. 
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The customers may arrive in batches at service 
centers so that the incorporation of batch input will 
make our model more versatile. Our future work 
will include the batch input. 
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Figure 11. Prob. {Q > rN} for N=3, µ = 2, α = 0.6, m = 1 and 
r = 2. 


