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A formulation for finite element analysis of tapered and monosymmetric I shapedAbstract
beam-columns is presented. This is a general way to analyze these types of complex elements.
Based upon the formulation, member stiffness matrix is obtained explicitly. The element
considered has seven nodal degrees of freedom. In addition, the related stability matrix is found.
Numerical studies of the aforementioned members show the validity and accuracy of the
formulation in comparison to the other ones.
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INTRODUCTION

Progress in fabr icat ion techniques of stee l
members has resulted in optimized use of the
mate r ia l. To gain the lowest we ight in stee l
members, tapered and monosymmetric sections
h a ve be e n wide ly u se d . H owe ve r , t h e
complexity of the section results in difficulty of
stability analysis of the members. The re is no
classical way to determine the critical actions of
t a p e r e d e l e m e n t s . I n t h e c a s e o f
monosymmetric members, the crit ical actions
can be found only for some simple loading
conditions by solving the differential equations
of equilibrium. Numerical methods are generally
u se d fo r st a b il i t y a n a lysi s o f t a p e r e d ,
monosymmetric or tapered and monosymmetric
members.
F in ite e lement me thod is wide ly used in

stability analysis of st ructure s. In the fin it e

e lemen t mode lling of beam-co lumns, any
complex section, loading or boundary conditions
can be conside red. In steel frames, members
with I sections are used more widely than other
sh ap e s. In t h is a r t icle , a f in it e e leme n t
formulation is presented for determining elastic
critical actions of beam-columns having tapered
and monosymmetr ic I sections. The e lement
used has seven nodal degrees of freedom.

HISTORICALOVERVIEW

The finite e lement method has been utilized
re ce n t ly t o inve st iga t e t h e st abilit y o f I
beam-columns. Rajeskaran [1] and Yang and
Mcguire [2] have presented the stiffness and
stability matr ices of such members. Conci [3]
has found the stiffness and stability matrices of
monosymmet r ic I be am-columns for fin it e
element analysis. Wekeze r [4] used the fin ite
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element method to investigate the instability of
t h in wa lle d t a p e rd ba r s. H e u se d t o t a l
lagrangian formu la t ion where t he volume
should be divided to t r iangular subdomains.
Yang and Yau [5] presented explicit st iffness
a n d s t a b i l i t y m a t r ic e s o f t a p e r e d I
beam-columns. Flexural torsional buckling of
variable and open section columns have been
ana lyzed , using exact shape funct ion s fo r
establishing stiffness and stabilitymatrices, by
Eisenberger and Cohen [6].
U t il iz in g t h e fin it e in t e gra l me t h od ,

Kit ipornchai and Traha ir [7] have offe r ed
solu tions for buckling loads of tape red and
monosymmetric simple I beams. Elastic buckling
of tape red and monosymmetr ic beams have
been investigated by Bradford and Cuk [8],
using finite elements. They have presented the
st iffness and stability matrice s of an element
with eight degrees of freedom. These matrices
a r e compu t e d u sing fou r po in t G aussian
quadrature . R ecently, Raje skaran [9,10] has
found cr it ical act ions of tapered thin walled
beams of generic open section using the finite
element method. The related matrices are also
established by numerical integration.

THEORETICALBASES

The assumptions used for the analysis of a thin
wa l le d t a p e r e d a n d mo no symme t r ic I
beam-column are [11]:
The material is elastic and homogeneous.1-
The section is thin walled.2-
Every cross section is rigid in its own plane.3-
Shearing deformation of the middle surface4-
of the section is negligible.
Longitudinal displacements are neglected5-
compared to transverse displacements.
For a tapered and monosymmetric I beam,

shear center axis is not parallel to the centroid
axis. There fore , the minor axis bending and

Figure 1. Tapered monosymmetric element.

to rsion can not be sepe rated [7]. The finite
element analysis of tapered and monosymmetric
I sh a p e e leme n t , u se s two syst ems o f
coordinates, passing through centroid (c) and
midhe ight of the web (o). I t has been shown
that th is leads to the same e last ic buckling
p re dict ion s using the cla ssical syst ems o f
coordinates passing through centroid and shear
center [8]. As shown in Figure 1, a right handed
coordinates system is chosen , where x is the
centroidal axis and y and z are principal axes of
the cross sect ion. The posit ion vector of any
arbitrary point that is located on the midsurface
can be expressed as [5]:

(1)r=xi+yj+zk

Be cause the e lement is nonpr ismat ic, th is
position vector will have derivatives with respect
to x, y and z as follows:

r,x = i + yÅj + zÅk
(2)r,y = j

r,z = k

Linear and nonlinear components of strain
t en so r , n egle ct ing large disp lacement and
rotations, can be generally written as:

m,n=x,y,zemn = __ [r,m.u,n + r,n.u,m]
1
2

m,n=x,y,zhmn = __ [u,m.u,n]
1
2

By inserting position vector derivatives in strain
tensors, strain components can be found as:

(1)exx = uÅxc-yuÅÅyo-zuÅÅzo-wqÅÅxo-yqÅxo
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(2)exy = -__ (z + ___ ) qÅxo
1
2

Ãw
Ãy

(3)exz = -__ [ (y - ___ ) - yo ] qÅxo
1
2

Ãw
Ãz

hxx = __ [uÅyo2 + uÅzo2 - 2zuÅyoqÅxo+ 2yuÅzoqÅxo
1
2

(4)+ (y2 + z2)qÅxo2 + yo2qÅxo2 - 2youÅzoqÅxo]

hxy = __ [-(uÅxc - zuÅÅzo)uÅyo + uÅzoqÅxo
1
2

(5)- yoqxoqÅxo]

(6)hxz =
__ [- (uÅxc-yuÅÅyo)uÅzo - uÅyoqxo]
1
2

in which:
w = yÅz + zÅy
y = wÅ - (y-yo)zÅ + yÅz

SECTION PROPERTIES

The areas of the cross section, torsion constant
and moments of inertia with reference to Figure
2 are expressed as:
A = bTtT + bBtB + htw

J = __ (bTtT3 + bBtB3 + htw3)
1
3

Iy =
___ (bT3tT + bB3tB)
1
12

Iz = bTtTyT2 + bBtByB2

Figure 2. Monosymmetric section.

Figure 3. Diagram of w.

Figure 4. Diagram of y.

The diagrams of w and y using midheight of the
web as the pole for sectorial area, are shown in
Figures 3 and 4. With reference to these figures,
the section properties dependent on w and y
can be found as:

Iw = ß w2 dA = Iy
__h2

4
Iy = ß y2 dA = Iy hÅ2

Iwy = ß wy dA = Iy
___hhÅ
2

Iyz = ß yz dA = (IyT - IyB) hÅ

Iwz = ß wz dA = (IyT - IyB)
__h
2

Other section properties that will be used in the
fo rmulat ion are yo, r po2 and bE. The se a re
defined by:

yo =
___ (bTtT - bBtB)
h
2A

rpo2 =
______ + yo2
Iy + Iz
A

bE =
__ {yT(IyT+b TtTyT2 +

__twyT3) - yB (IyB +
1
Iz

1
4
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bBtByB2 + __ tByB3)} - 2yo
1
4

To find relations between the section properties
o f t h e fir st e lemen t node ( i) , and t h e se
p r op e r t ie s a t a ny a r bit r a ry po in t , t ap e r
coefficients are used. Showing the properties of
the top flange, bottom flange and web, by T, B
and w, re spect ive ly. These coe fficien t s are
defined by:

gT =
_________bTj - bTi

bTi

gB =
_________bBj - bBi

bBi

gh =
_______hj - hi
hi

The thicknesses of the flanges and the web are
assumed to be constant along the length of an
e lement . U sing tape r coe fficien t s, width of
flanges and height of the web (distance between
flange centroids) at any point along longitudinal
axis are found as:
bT = (1 + gTx) bT0
bB = (1 + gBx) bB0
h = (1 + ghx) h0
I n t h e se re la t ion s, x is no nd ime nsio na l
longitudinal coordinate and is equal to x/L. It
should be noted that hÅ= ghh0/L, because the
t ape r o f t he web and also t he flange s are
assumed to be linear.
With the aid of tape r constants, sect ion

prope r t ie s at any poin t can be writ ten as a
function of the proper tie s at x= 0. These are
given in Appendix 1.

STRESS RESULTANTS

The cross section stress resultants of a taperd
monosymmetric I beam column are defined by
[2]:

(7)Fx = ß sx dA

(8)Mz = -ß sx y dA

(9)My = ß sx z dA

(10)Fy = ß txy dA

(11)Fz = ß txz dA

(12)Mx = ß [txz(y-ys)-txy(z-zs)] dA

(13)Mw = -ß sx w dA

where sx is the normal stress and txy and txz are
shear stresses. The normal stress may be found
from Hook's law as follows:
sx = E ex
Stress resultants can be writ ten in terms of

the st rains by subst ituting sx in eqs (7) to (9)
and Equation 13 as:

EAu Åxc = Fx
-EI yuÅÅzs = My

EI zuÅÅys = Mz

EIwqÅÅxs = Mw

VIRTUALWORKEQUATION

In te rnal linear virtual work can be generally
written as:

Wis = __ ß { E d(e xx2) + 2G d(e xy2 + exz2) } dv
1
2

(14)
Using linear strain expressions in Equation 58
will lead to:

Wis = __ ß0L E { A d(uÅxc2) + Iy d(uÅÅzo2) + Iz
1
2

d(uÅÅyo2) + Iw d(qÅÅxo2)

+ Iy d(qÅxo2) + 2Iwy d(qÅxoqÅÅxo) + 2Iyz

(15)d(qÅxouÅÅzo) +
__ J d(qÅxo2) } dx
G
E

It should be noted that Iwz will be equal to zero,
if shear cente r is used as the pole of sector ial
area. In te rnal geomet ric virtual work can be
divided into two parts. The first part is common
between symmetric and monosymmetric sections
and is shown by superscript s. The second part
is found only in monosymmetric sections and is
denoted by supe rscript m. Internal geometric
virtual work is generally expressed as:

Wig = ß { sx dhxx + 2 txy dhxy + 2 txz dhxz } dv
(16)

Substituting Equations 4 to 6 in Equation 16
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will lead to:
Wig

s = ß0L {
__ Fx d(uÅ2yo+u Å2zo+r 2poqÅ2xo) -
1
2

Mz d(uÅzoqÅxo) - My d(uÅyoqÅxo) - Fy d(uÅxcuÅyo
(17)-uÅzoqxo) - Fz d(uÅxcuÅzo+uyooqxo) } dx

Wig
m = ß0L { -Fx d(youÅzoqÅxo) -Fyd(yoqxoqÅxo)

(18)- __ Mz d(bE qÅ2xo) } dx
1
2
The principle of virtual work in an updated

Lagrangian formulation is written as:
(19)Wis + Wig

s + Wig
m = We2 - We1

where We2 and We1 are exte rnal works in the
current and neighboring deformed equilibrium
state. It should be reminded that in an updated
Lagrangian formulation the local refe rence
st a t e fo r e a ch e le me n t is t h e cu r r e n t
configuration.

FINITE ELEMENT FORMULATION

To use finite elements for the stability analysis
o f a be am-co lumn , st iffn e ss and st abilit y
matrices are needed. They are found by using
shape functions which relate the displacements
of any arbitrary point to the nodal degrees of
freedom. Linear shape function is used for axial
d isp la cemen t an d a cu bic on e fo r o t h e r
disp lacement s. The se shape funct ions a re
defined by:
[N1] = [ (1-x) (x) ]

[N3] = [(1-3x2+2 x3) L(x-2x2+ x3) (3x2-2x3)

L(-x2+ x3)]
U sin g t h e se fu n ct ion s, t h e in creme n t a l
displacements can be expressed as follows:

(20)uxc = [N1] {Dx}
(21)uyo = [N3] {Dy}
(22)uzo = [N3] {Dz}
(23)qxo = [N3] {Dq}

According to F igure 1,the nodal degrees of
freedom are defined by:
{Dx} = { ucxi ucxj }
{Dy} = { uoyi qozi uoyj qozj }

{Dz} = { uozi -qoyi uozj -qoyj }
{Dq} = { qoxi qÅoxi qoxj qÅoxj }
Subscrip ts c and o are used to show that the
ge ne ralized disp lacemen ts a re re fe rr ed to
ce n t r o id o r m idh e igh t o f t h e we b . By
substituting Equations 20 to 23, internal parts of
virtual work can be written as:

Wis = {dDx}T ß (EA/L)[N Å1]T[NÅ1] dx {Dx} +

{dDy}T ß (EI z/L3)[NÅÅ3]T[NÅÅ3] dx {Dy} +

{dDz}T [ ß (EI y/L3)[NÅÅ3]T[NÅÅ3] dx {Dz} + ß

(EI yz/L3)[NÅÅ3]T[NÅ3] dx {Dq} + ß EIwz/L3)

[NÅÅ3]T[NÅÅ3] dx {Dq} ] + {dDy}T [ ß(EI w/L3)

[NÅÅ3]T[NÅÅ3] dx {Dq} + ß (EI y/L)[NÅ3]T[NÅ3]

dx {Dq} + ß (EI wy/L2) ([NÅ3]T [NÅÅ3] + [NÅÅ3]T

[NÅ3]) dx {Dq} + ß (EI yz/L3) [NÅ3]T [NÅÅ3] dx

{Dz} + ß (EI wz/L3) [NÅÅ3]T [NÅÅ3] dx {Dz}

(24)+ ß (GJ/L) [NÅ3]T [NÅ3] dx {Dq} ]

Wig
s = {dDx}T [ ß ((M zi+M zj)/L2) [NÅ1]T[NÅ3]

dx {Dy} - ß ((M yi+M yj)/L2) [NÅ1]T[NÅ3] dx

{Dz} ] + {dDy}T [ ß ((M zi+M zj)/L2)[NÅ3]T[NÅ1]

dx {Dx} + ß (Fxj/L) [NÅ3]T[NÅ3] dx {Dy}

+ ß ((M yi/L) (1-x)-(Myi/L)x) [NÅ3]T[NÅ3]

dx {Dq} - ß ((M yi+M yj)/L) [NÅ3]T[NÅ3] dx

{Dq} ] + {dDz}T [ ß (-(Myi+M yj)/L2) [NÅ3]T

[NÅ1] dx {Dx} + ß (Fxj/L) [NÅ3]T[NÅ3] dx {Dz}

+ ß ((M zi/L) (1-x)-(Mzi/L)x) [NÅ3]T[NÅ3] dx

{Dq} - ß ((M zi+M zj)/L) [NÅ3]T[NÅ3] dx {Dx} ]

+ {dDq}T [ ß (-(Myi+M yj)/L) [N3]T[NÅ3] dx

{Dy} + ß ((M yi/L) (1-x)-(Myj/L)x) [NÅ3]T[NÅ3]

dx {Dy} - ß ((M zi+M zj)/L) [N3]T[NÅ3] dx {Dz}

+ ß ((M zi/L)(1-x)-(Mzj/L)x) [NÅ3]T[NÅ3] dx

(25){Dz} + ß (Fxj/L)r2po [NÅ3]T[NÅ3] dx {Dq}]
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Wig
m = {dDz}T ß (-(Fxj/L) yo [NÅ3]T[NÅ3] dx

[NÅ3]T[NÅ3] dx{Dq} + {dDq}T [ ß (-(Fxj/L) yo
{Dz} - ß ((M zi+M zj/L) yo ([NÅ3]T[N3] + [N3]T

[NÅ3]) dx {Dq} + ß ((M zi/L) (1-x) + (Mzj/L)x)

(26)bE [NÅ3]T[NÅ3]) dx {Dq} ]

It should be noted that in these equations, the
stre ss resultan ts at sect ion x of the element
have been expressed in terms of those at the
element nodes as [2]:
Fx = Fxj)
Fy = -(Mzi + Mzj)/L
Fz = (Myi + Myj)/L
Mx = Mxj
My = -Myi (1-x/L) +M yj (x/L)
Mz = -Mzi (1-x/L) +M zj (x/L)

Substituting for section properties in eqs (24)
to (26) , and pe rforming the in tegration , the
stiffness matrix ([s]) and stability matrix ([g]) are
derived. The stability matrix is divided into two
parts. The first part is found from Equation 75
whose notation is [gs]. The second part, which is
derived from Equation 76, is shown by [gm]. The
matr ices [s] and [gs] are found completely in
explicit form. In [gm], the te rms having bE can
not be de r ived explicit ly. I f bE is writ t en in
terms of x, it will have a sixth degree polynomial
as denominator, therefore the terms containing
it can not be in tegrated explicit ly. For these
te rms, t he in t egrat ion wit h re spect to x is
carried out by three point Gaussian quadrature.
The stiffness and stabilitymatrices are given in
appendices (2), (3), and (4). It should be noted
that these matrices are symmetric , so only the
nonzero entries of the upper tr iangle will be
given in the appendices.

SUBSPACE ITERATION

The global st iffness and stability matrices of a
beam-column ([S], [Gs] and [Gm]) are found by

assembling element matrices ([s], [gs] and [gm]).
The stiffness matrix is considered to be constant
and the stability matrix as a multiple of its base
value obtained from a base load. The equation
of equilibrium can be written as:

(27)( [S] + l [G] ) {f} = {0}
where [G]=[G s]+[G m] is the total base stability
mat r ix and l is a load factor that will cause
buckling. I t should be noted that {f} is the
buckling mode shape . To find t he cr it ica l
eigenvalue l, a subspace iteration with shift is
u se d . I t sh ou ld be men t ion e d t h a t in a
monosymmetric section, the stability matrix is
no t po sit ive de fin it e . I t cou ld have ze ro ,
negative or positive diagonal terms, depending
on the value of bE. To solve the eigenproblem,
fir st st if fn e ss an d st ab il it y ma t r ice s a r e
interchanged, leading to:

(28)[G] {f} = _ [S] {f}1
l

Then a shift is applied causing the stability
matr ix to become posit ive de finite , finding a
new eigenproblem written as:
( [G] - r [S] ) {f} = m [S] {f}
where r is the shift and m is a new eigenvalue.
U sing t he subspace ite r at ion me thod, m is
found. After adding r and m, the biggest and
smallest eigenvalues are symmetric with respect
t o ze r o . The re fo re , t h e bigge st n e ga t ive
eigenvalue of Equation 28 is -(r+ m). To find
the smallest eigenvalue of Equation 27, -(r+ m)
should be inversed, so that l can be derived as:
lmin = - _____1

m+r
The shift is proposed to be initialized to -0.0001.
If after shift ing, the stability mat rix does not
become positive definite , the shift should be
increased.

NUMERICAL STUDIES

A compute r program has been designed to
perform geometr ical nonlinear analysis using
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Figure 5. Beam section.

the de rived st iffness and stability mat r ice s.
Cr it ica l e ige nva lue is found by subspace
iteration with a shift . To show the accuracy of
t h e me thod, one e xamp le o f t ape re d and
monosymmetr ic simp le beam is solved and
compared to the exist ing solu tions. Two new
problems are also solved.
Example 1- A simple monosymmetric beam that
has linearly varying flange width and is under
cent ral concent rated load (Q ), as shown in
F igure 5, is conside red. The same beam has
be en invest iga ted using the fin it e in t egral
me thod by Kitipornchai and Trahair [7], and
also by Bradford and Cuk [8], and Rajeskaran
[10] by finite e lements. The web height and
thickness are 72.76mm (2.865in) and 2.13mm
(0.084in), respectively. The flange thickness is
3.11mm (0.1225in) and the maximum width of
the flange is equal to 31.55mm (1.242in). The
ratio of the smallest to the largest width of the
flange is shown by a. The material is aluminum
with E= 65.16GPa (9450Ksi) and G= 25.65GPa
(3740Ksi). In type A, the top flange is wider at
midspan, wh ile in type B, it is wide r at the
supports. The results of using ten elements for
beam modelling are shown in Figure 6. Good
agreement exist s be tween the result s of this
paper and those of Bradford and Cuk and also
Rajeskaran. It should be added that using finite
in tegral method, resu lts differ appreciably in

Figure 6. Critical load.

Figure 7. Tapered column.

Figure 8. Continuous beam.

type A.

Example 2- An I section with linearly tapered
flanges is shown in F igure 7. I t is unde r a
concen t r at ed axial lo ad ( P) a t it s t op and
uniformly dist ributed axial load (p0) along its
le n gt h , so t h a t p 0L= P /4 . T h e se c t io n
dimensionsat bottom are: b = 300, h = 289, tf
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= 19 and tw=11mm. The length of the column
is 8m and the modulus of e lasticity and shear
modulus are e qual t o 200GPa and 80GPa,
respectively. The width of the flange at the top
end equals ah, where a is the taper ratio. The
critical load (Pcr) has been found for four types
of boundary condit ions and presented in Table
1. It can be seen that in tapered columns, the
cr  it  ical  lo  ad  d  o  e  s  n  o  t  ch  an  ge  alo  n  g  p  r  ismat  ic
columns by differing boundary conditions.

Example 3- A statically indeterminate beam has
three spans and is under distributed load on its
top flange (q and 2q), as shown in Figure 8. The
t op flange widt h and t he web he igh t a r e
constant and equal to 200 and 300 millimeters,
respectively. The thickness of the web and the
flanges are also constant and are tw=8mm and
t f= 15mm. The width o f th e bo t tom flange
va r ie s lin e a r ly from 150mm at t h e ou t e r
supports to 250mm at the middle supports, so
that the beam is prismatic in the middle span. In
this situation, when the beam is under positive
moment ( top fibe rs in compression), the top
flange is larger and vice versa. It should benoted

that this structure is statically indeterminate, so
it should be analyzed based on its nonprismatic
sect ion prope rt ie s. In orde r to conside r the
variations of the moments, sixteen elements are
u se d fo r mode ll ing t he be am. Assuming
E=200GPa and G=80GPa, the obtained critical
load is qcr=63.72KN/m.

CONCLUSION
After a brief review of the developments in the
a rea o f st ab ilit y ana lysis o f t h in wa lle d I
beam-columns, a formulation is presented. The
fin ite e lement me thod uses th is formulat ion
along wit h an e lement which has fourte en
degrees of freedom. All entries of the stiffness
ma t r ix fo r t ap e re d a n d mono symme t r ic
elements are calculated explicit ly. Most of the
e nt r ie s of t h e re lat e d st abilit y ma t r ix are
explicitly found as well. Finally, this formulation
is used to solve some examples. Numerical
results show the validity and also the accuracy
of the de r ived mat r ice s, compared to othe r
techniques.

TABLE 1. Critical Load Pcr(KN).

10.80.60.40.2a
604498389275152cantilever
231016731116646268hinged-hinged
4887353723521346542hinged-fixed
92466697445725511026fixed-fixed

APPENDIX 1. SECTION PROPERTIES AND TAPER CONSTANTS

A = (1+C ax)A0 , J = (1+C jx)J0, IyT = (1+C it1x + Cit2x2 + Cit3x3)IyT0,

IyB = (1+C ib1x+C ib2x2+C ib3x3)IyB0, Iy = (1+C iy1x+C iy2x2+C iy3x3)Iy0,

Iz= _________________________________ Iz0, Iw= (1+C iw1x +C iw2x2+ Ciw3x3 + Ciw4x4 + Ciw5x5)Iw0,
1+C iz1x+C iz2x2+C iz3x3+C iz4x4+C iz5x5

(1+C ax)2

Iy = (1 + Ciy1x + Ciy2x2 + Ciy3x3)Iy0, Iwy = (1 + Cwy1x + Cwy2x2 + Cwy3x3 + Cwy4x4)Iwy0, Iyz = Iyz0
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+ Cyz1x + Cyz2x2+C yz3x3, Iwz=I wz0+C wz1x+C wz2x2+C wz3x3, yo = __________________,
yo0 + Cyo1x + Cyo2x2

1 + Cax
rpo2 = ___________________________________________

rpo02 + Crp1x + Crp2x2 + Crp3x3 + Crp4x4 + Crp5x5
(1 + Cax)3

In the presented tape r constants, AT0, AB0 and AW0 are the areas of the top flange, bot tom

flange and web, respectively.

Ca= ___ (AT0gT+A B0gB+A W0gh), Cj= ___ (b3T0tTgT+b
3
B0tBgB+h

3
0twgh), Cit1=3 gT, Cit2=3 g

2
T, Cit3= g

3
T

1
A0

1
3J0

Cib1=3 gB, Cib2=3 g
2
B, Cib3= g

3
B, Ciy1= __ (Cib1IyB0+C it1IyT0), Ciy2= __ (Cib2IyB0+C it2IyT0), Ciy3= __1

Iy0
1
Iy0

1
Iy0

(Cib3IyB0+C it3IyT0), Cizn=(A B0+A T0)(4AB0AT0+A
2
W0)+8A B0AT0AW0, Ciz1= ____ [4A2T0AB0(gB+2 gh +

1
Cizn

2gT)+4A T0A
2
B0 (2gB+2 gh+ gT) + 8AT0AB0AW0(gB+3 gh+ gT)+A T0A

2
W0 (4gh+ gT)+A B0A

2
W0(gB+4 gh)],

Ciz2= ____ [A2T0AB0(8gBgh+8 gBgT+4 g
2
h+16 ghgT+4 g

2
T)+A T0A

2
B0 (4g

2
B+16 gBgh+8 gBgT+4 g

2
h+8 ghgT)

1
Cizn

+A T0AB0AW0 (24gBgh+8 gBgT+24 g
2
h+24 ghgT) +A T0A

2
W0 (6g

2
h+4 ghgT) + AB0A

2
W0 (4gBgh+6 g

2
h)],

Ciz3= ____ [4A2T0AB0(gBg
2
h+4 gBghgT+ gBg

2
T+2 g

2
hgT+2 ghg

2
T)+4A T0A

2
B0(2g

2
Bgh+ g

2
BgT+2 gBg

2
h +1

Cizn
4gBghgT + g2 hgT) + 8ghA T0A B0AW0( 3gBgh + 3gBgT + g2 h + 3ghgT) + 2g2 hA T0A

2
W0( 2gh +

3gT)+2 g
2
hAB0A

2
W0 (3gB + 2gh)], Ciz4 = ____ [4ghgTA

2
T0AB0(2gBgh + 2gBgT + ghgT) + 4gBghAT0A

2
B0(gBgh

1
Cizn

+ 2gBgT + 2ghgT) + 8g
2
hAT0AB0AW0 (gBgh + 3gBgT + ghgT) + g3hAT0A

2
W0(gh + 4gT) + g3hA

2
B0A

2
W0 (4gB

+ gh)], Ciz5 = ____ [4gBg
2
hg
2
TA

2
T0AB0 + 4g2Bg

2
hgTAT0A

2
B0 + 8gBg

3
hgTAT0AB0AW0 + g4hgTAT0A

2
W0 +

1
Cizn

gBg
4
hAB0A

2
W0], Ciw1 = __ (Cib1IyB0 + Cit1IyT0 + 2ghIy0), Ciw2 = __ [(2Cib1gh + Cib2) IyB0+(2C it1gh+C it2)

1
Iy0

1
Iy0

IyT0+ g
2
hIy0 ], Ciw3= __ [(Cib1g

2
h +2C ib2gh Cib3) IyB0+(C it1g

2
h+2C it2gh+C it3) IyT0 ], Ciw4= __1

Iy0
1
Iy0

[(Cib2g
2
h+2C ib3gh) IyB0+(C it2g

2
h+2C it3gh) IyT0], Ciw5= __ [Cib3g

2
hIyB0+C it3g

2
hIyT0], Cwy1= __1

Iy0
1
Iy0

[Cib1IyB0+C it1IyT0+ ghIy0), Cwy2= __ [(Cib1gh+C ib2) IyB0 + (Cit1gh+C it2)IyT0], Cwy3= __ [(Cib2gh + Cib3) IyB0
1
Iy0

1
Iy0

+ (Cit2gh + Cit3)IyT0], Cwy4 = __ [Cib3IyB0 + Cit3IyT0], Cyz1= ____ [Cit1IyT0-Cib1IyB0], Cyz2= ____1
Iy0

ghh0
L

ghh0
L

[Cit2IyT0-Cib2IyB0], Cyz3= ____ [Cit3IyT0-Cib3IyB0] , Cwz1= __ [Cit1IyT0-Cib1IyB0+ gh(I yT0-IyB0)], Cwz2= __ghh0
L

h0
2

h0
2

[(Cit1gh+C it2)IyT0-(Cib1gh+C ib2)IyB0], Cwz3= __ [(Cit2gh+C it3) IyT0-(Cib2gh+C ib3)IyB0], Cwz4= __h0
2

h0
2

[Cit3ghIyT0-Cib3ghIyB0], Cya0= ___ = _____ (b
3
B0tB+b

3
T0tT) , Cya1 = ____ (b

3
B0tBgB +b

3
T0tTgT), Cya2= ____

Iy0
A0

1
12A0

1
4A0

1
4A0

(b3B0tBg
2
B+b

3
T0tTg

2
T), Cya3= _____ (b3B0tBg

3
B+b

3
T0tTg

3
T), Cza0= ___ = ____ [4A2B0AT0+A B0

1
12A0

Iz0
A0

h20
4A30
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(4A2
T0+8A T0AW0+A

2
W0) + AT0A

2
W0], Cza1= ____ {4A

2
B0AT0(2gB+2 gh + gT)+A B0 [4A

2
T0 (gB+2 gh+2 gT)

h20
4A30

+ 8AT0AW0 (gB+3 gh+ gT)+A
2
W0(gB+4 gh) ]+ AT0A

2
W0 ] (4gh+ gT)}, Cza2= ____ {2A2B0AT0

h20
2A30

( g2 B+ 4gBgh+ 2gBgT+ g
2
h+ 2ghgT) + A B0 [2A

2
T0 ( 2gBgh+ 2gBgT+ g

2
h+ 4ghgT+ g

2
T) + 4A T0AW0

(3gBgh+ gBgT+3 g
2
h+3 ghgT) + A

2
W0 (2gBgh+3 g

2
h) ] + AT0A

2
W0 ] (3g

2
h+2 ghgT) }, Cza3= ____ {2A

2
B0AT0

h20
2A30

(2g2Bgh+ g
2
BgT+ 2gBg

2
h+ 4gBghgT+ g

2
hgT) + AB0 [2AT0 (gBg

2
h + 4gBghgT + gBg

2
T+ 2g2hgT + 2ghg

2
T) +

4AT0AW0(3gBg
2
h+3 gBghgT+ g

3
h+3 g

2
hgT) +A

2
W0 (3gBg

2
h+2 g

3
h)]+A T0A

2
W0] (2g

3
h+3 g

2
hgT) }, Cza4= _____

ghh
2
0

4A30
{4A2B0AT0(g

2
Bgh+ 2g

2
BgT+ 2gBgTgh)+ AB0 [4A

2
T0(2gBgTgh+ 2gBg

2
T+ ghg

2
T)+ 8AT0AW0(gBg

2
h + 3gBghgT +

g2hgT) + 2A2W0 (4gBgh+ g
2
h) ] + AT0A

2
W0] (g

3
h+4 g

2
hgT) }, Cza5 = _____ {4A2B0AT0g

2
B + AB0 [4A

2
T0

g2hh
2
0

4A30
gBg

2
T+8A T0AW0gBghgT+ g

2
hgT+A

2
W0gBg

2
h ] + AT0A

2
W0g

2
hgT) }, Cyo0 = yo0 = ____ [AB0-AT0], Cyo1 = ____ [

h0
2A0

h0
2A0

(gB+ gh) AB0- (gT+ gh) AT0 ], Cyo2 = ____ [gBAB0-gTAT0], Crp0 = r2po0 = Cya0+C
2
yo0+C za0, Crp1 =

ghh0
2A0

Ca( 2Cya0+ C
2
yo0) + Cya1+ 2Cyo0C yo1+ Cza1, C rp2 = C 2aCya0+ 2Ca (C ya1+ Cyo0C yo1)+ C ya2+ 2C yo0Cyo2+

C2yo1+C za2, Crp3 = C
2
aCya1 + Ca(2Cya2 + 2Cyo0Cyo2 + C

2
yo1) + Cya3 + 2Cyo1Cyo2 + Cza3, Crp4 = C

2
aCya2 +

2Ca(Cya3 + Cyo1Cyo2) + C2yo2 + Cza4, Crp5 = C2aCya3 + CaC
2
yo2 + Cza5

APPENDIX 2. STIFFNESS MATRIX

Only the e lements that are re lated to Iz, Iyz and Iwz will be given here. The othe r elements are

identical to those of Yang and Yau [5], replacing Ca, Cj, Cy, Cw and Ci in that paper with Ca, Cj, Ciy,

Ciw and Cwy, given in appendix (1), re spect ively. First , the elements which are used when CaÚ0,

related to Iz are given:

s(2,2) = -s(2,9) = s(9,9)= ______________ [C6a(Ciz1-4)+2C
5
a(4Ciz1-Ciz2-4)+3C

4
a(4Ciz1-4Ciz2+C iz3)

36ELn(1+C a)Iz0
C8aL

3

-4C3a(4Ciz2-4Ciz3+C iz4)+5C
2
a(4Ciz3-4Ciz4+C iz5)-24Ca(Ciz4-Ciz5)+28C iz5]+ ____________ [60C7a-C

6
a

3EI z0
5C7a(1+C a)L

3

(180Ciz1-20Ciz2-10Ciz3-8Ciz4-7Ciz5-480)-C
5
a(840Ciz1-320Ciz2+ 30Ciz3+ 12Ciz4+ 9Ciz5-480)-2C

4
a

(360Ciz1-600Ciz2+ 230Ciz3-20Ciz4-7Ciz5)+ 10C
3
a(96Ciz2-156Ciz3+ 60Ciz4-5Ciz5)-20C

2
a(60Ciz3-96Ciz4

+37C iz5)+120C a(12Ciz4-19Ciz5)-1680Ciz5], s(2,6)= -s(6,9)= ______________ [C6a(2Ciz1-7)+2C
5
a(7Ciz1

12ELn(1+C a)Iz0
C8aL

2

-2Ciz2-6)+ 3C
4
a(6Ciz1-7Ciz2+ 2Ciz3)-4C

3
a(6Ciz2-7Ciz3+ 2Ciz4)+ 5C

2
a(6Ciz3-7Ciz4+ 2Ciz5)-6Ca(6Ciz4
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-7Ciz5)+42C iz5]+ ____________ [120C7a-C
6
a(360Ciz1-30Ciz2-10Ciz3-7Ciz4-6Ciz5-780)-C

5
a(1380Ciz1

EI z0
5C7a(1+C a)L

2

-630Ciz2+ 50Ciz3+ 13Ciz4+ 8Ciz5-720)-2C
4
a(540Ciz1-990Ciz2+ 450Ciz3-35Ciz4-8Ciz5)+ 30C

3
a(48Ciz2

-86Ciz3+ 39C iz4-3Ciz5)-60C
2
a(30C iz3-53Ciz4+ 24Ciz5)+ 540Ca(4C iz4-7Ciz5)-2520C iz5], s(2,13)=

-s(9,13)= ______________ [C6a(Ciz1-5)+2C
5
a(5Ciz1-Ciz2-6)+3C

4
a(6Ciz1-5Ciz2+C iz3)-4C

3
a(6Ciz2

12ELn(1+C a)Iz0
C8aL

2

-5Ciz3+C iz4)+5C
2
a(6Ciz3-5Ciz4+C iz5)-6Ca(6Ciz4-5Ciz5)+42C iz5]+ ____________ [60C7a-C

6
a(180Ciz1

EI z0
5C7a(1+C a)L

2

-30Ciz2-20Ciz3-17Ciz4-15Ciz5-660) -C
5
a(1140Ciz1 -330Ciz2 + 40Ciz3+ 23Ciz4+ 19Ciz5-720)-2C

4
a

(540Ciz1-810Ciz2+ 240Ciz3-25Ciz4-13Ciz5)+ 30C
3
a(48Ciz2-70Ciz3+ 21Ciz4-2Ciz5)-60C

2
a(30Ciz3-43Ciz4

+13C iz5)+180C a(12Ciz4-17Ciz5)-2520Ciz5], s(6,6)= _____________ [4C6a(Ciz1-3)+2C
5
a(12Ciz1-4Ciz2

4ELn(1+C a)Iz0
C8aL

-9)+ 3C4a(9Ciz1-12Ciz2+ 4Ciz3)-4C
3
a(9Ciz2-12Ciz3+ 4Ciz4)+ 5C

2
a(9Ciz3-12Ciz4+ 4Ciz5)-18Ca(3Ciz4

-4Ciz5)+63C iz5]+ _____________ [240C
7
a-C

6
a(690Ciz1-60Ciz2-15Ciz3-8Ciz4-6Ciz5-1260)-C

5
a(2250Ciz1

EI z0
15C7a(1+C a)L

-1200Ciz2+ 105Ciz3+ 22Ciz4+ 10Ciz5-1080)-C
4
a(1620Ciz1-3240Ciz2+ 1710Ciz3-150Ciz4-29Ciz5)+ 15C

3
a

(144Ciz2-282Ciz3+ 148Ciz4-13Ciz5)-30C
2
a(90Ciz3-174Ciz4+ 91Ciz5)+ 270Ca(12Ciz4-23Ciz5)-3780Ciz5],

s(6,13) = _____________ [C6a(2Ciz1-9) + 2C
5
a(9Ciz1-2Ciz2-9)+3C

4
a(9Ciz1-9Ciz2+2C iz3)-4C

3
a(9Ciz2 - 9

4ELn(1+C a)Iz0
C8aL

Ciz3 + 2Ciz4)+5C
2
a(9Ciz3-9Ciz4+2C iz5)-54Ca(Ciz4-Ciz5)+63C iz5]+ _____________ [120C7a-C

6
a (390Ciz1

EI z0
15C7a(1+C a)L

- 30Ciz2 -15Ciz3-13Ciz4-12Ciz5-1080)-C
5
a(1890Ciz1-690Ciz2+ 45Ciz3+ 17Ciz4+ 14Ciz5-1080) - C

4
a

(1620Ciz1-2700Ciz2+ 990Ciz3-60Ciz4-19Ciz5) + 15C
3
a (144Ciz2-234Ciz3+ 86Ciz4-5Ciz5)-30C

2
a (90Ciz3-

144Ciz4 + 53Ciz5) + 270Ca(12Ciz4-19Ciz5)-3780Ciz5], s(13,13)= _____________ [C6a(Ciz1-6) + 2C5a
4ELn(1+C a)Iz0

C8aL
(6Ciz1-Ciz2-9)+ 3C

4
a(9Ciz1-6Ciz2+ Ciz3)-4C

3
a(9Ciz2-6Ciz3+ Ciz4)+ 5C

2
a(9Ciz3-6Ciz4+ Ciz5)-18Ca(3Ciz4

-2Ciz5) + 63Ciz5]+ _____________ [60C
7
a-C

6
a(150Ciz1-60Ciz2-45Ciz3-38Ciz4-33Ciz5-900)-C

5
a (130Ciz1

EI z0
15C7a(1+C a)L

-300C iz2+ 75C iz3+ 52C iz4+ 43C iz5-1080 )-C
4
a( 1620C iz1-2160C iz2+ 450C iz3-90C iz4-59C iz5)

+15C 3
a(144Ciz2-186Ciz3+40C iz4-7Ciz5)-30C

2
a(90Ciz3-114Ciz4+25C iz5)+810C a(4Ciz4-5Ciz5)-3780Ciz5]

If Ca=0, then the presented elements are replaced with:

s(2,2)= -s(2,9) = s(9,9) = ____[12+6C iz1+ ___Ciz2+ ___Ciz3+ ____Ciz4+ ___Ciz5],s(2,6) = -s(6,9) = ____
EI z0
L3

24
5

21
5

132
35

24
7

EI z0
L2

[6+2C iz1 + __Ciz2 + __Ciz3+ ___Ciz4+C iz5], s(2,13) = - s(9,13) = ____ [6+4C iz1+ ___Ciz2+3C iz3+ ___Ciz4
7
5

6
5

38
35

EI z0
L2

17
5

94
35
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+ ___Ciz5],s(6,6) = ____[4+C iz1+ ___Ciz2+ __Ciz3+ ___Ciz4+ ___Ciz5],s(6,13)= ____[2+C iz1+ ___Ciz2+
17
7

EI z0
L

8
15

2
5

12
35

13
42

EI z0
L

13
15

__ Ciz3+ ___ Ciz4+ ___ Ciz5], s(13,13) = ____ [4+3C iz1+ ___ Ciz2+ ___ Ciz3 + ___ Ciz4 + ___ Ciz5 ]
4
5

26
35

29
42

EI z0
L

38
15

11
5

68
35

73
42

The entries related to Iyz and Iwz are given below:

s(3,4)= - s(3,11) = - s(4,10) =s (10,11)= ____ (7Cyz1+7C yz2+6C yz3) + ____ (140Iwz0+70C wz1+56C wz2
3E

35L3
3E

35L3

+49C wz3+44C wz4), s(3,7)= - s(7,10) = ____ (35Iyz0+7C yz1-2Cyz3) + ____ (210Iwz0+70C wz1+49C wz2 +
E

35L2
E

35L2

42Cwz3 + 38Cwz4), s(3,14)= - s (10,14) = -____ (35Iyz0+28C yz1+21C yz2+16C yz3) + ____ (210Iwz0 +
E

35L2
E

35L2

140Cwz1 +119C wz2+105C wz3+94C wz4), s(4,5) = ____ (70Iyz0+21C yz1+14C yz2+11C yz3) - ____ (210Iwz0
E

70L2
E

35L2

+70C wz1+49C wz2+42C wz3+38C wz4), s(4,12) = - s (11,12) = -____ (70Iyz0+49C yz1+42C yz2+38C yz3)
E

70L2

- ____ (210Iwz0 +140C wz1+119C wz2+105C wz3 +94C wz4), s(5,7) = _____ (105Iyz0 + 14Cyz1 + 7Cyz2 +
E

35L2
E
210L

6Cyz3) - _____ (420Iwz0 +105C wz1+56C wz2+42C wz3 +36C wz4), s(5,11) = -____ (70Iyz0+21C yz1+
E

105L

E

70L2

14Cyz2 + 11Cyz3) + ____ (210Iwz0+70C wz1+49C wz2+42C wz3+38C wz4), s(5,14) = _____ (105Iyz0 +
E

35L2
E
210L

49Cyz1+ 35Cyz2+27C yz3) - _____ (210Iwz0+105C wz1+91C wz2+84C wz3+78C wz4), s(7,12) = -_____
E

105L

E

210L

(105Iyz0 +56C yz1+42C yz2+36C yz3) -_____ (210Iwz0+105C wz1+91C wz2+84C wz3+78C wz4), s(12,14) =
E

105L

-_____ (105Iyz0+91C yz1+84C yz2 +78C yz3) - _____ (420Iwz0+315C wz1+266C wz2+231C wz3+ 204Cwz4)
E

210L

E

105L

APPENDIX 3. STABILITYMATRIXCOMMON BETWEEN
SYMMETRICAND MONOSYMMETRIC SECTION

In this appendix the elements related to wagner effect are presented. The other entries are identical
with those given by Yang and Yau [5], and, Yang and McGuire [2]. F irst , the aforement ioned
elements are presented, assuming that CaÚ0 :

gs(4,4) = -gs(4,11) = gs(11,11) = _____________ [Ca
7Crp0+3C a

6(2Crp0-Crp1)+6C a
5(Crp0-2Crp1+C rp2) -

36FxjLn(1+C a)

Ca
10L

10Ca
4(Crp1-2Crp2+ Crp3)+ 15Ca

3(Crp2-2Crp3+ Crp4)-21Ca
2(Crp3-2Crp4+ Crp5)+ 28Ca(Crp4-2Crp5)-36Crp5]

- ______ [Ca
6(1260Crp0-140Crp1-35Crp2-14Crp3-7Crp4-4Crp5)+21C a

5(120Crp0-140Crp1+20C rp2 + 5Crp3
3Fxj
35Ca

9L
+ 2Crp4+ Crp5)-42Ca

4(100Crp1-125Crp2+ 20Crp3+ 5Crp4+ 2Crp5)+ 70Ca
3(90Crp2-117Crp3+ 20Crp4 + 5Crp5)
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-420Ca
2 (21Crp3-28Crp4+5C rp5)+840C a(14Crp4-19Crp5)-15120Crp5 ]

gs(4,7) = -gs(7,11) = ____________ [Ca
7(5Crp0-Crp1)+3C a

6(7Crp0-5Crp1+C rp2)+6C a
5(3Crp0-7Crp1+5C rp2

6FxjLn(1+C a)

Ca
10

-Crp3)-10Ca
4(3Crp1-7Crp2+ 5Crp3-Crp4)+ 15Ca

3(3Crp2-7Crp3+ 5Crp4-Crp5)-21Ca
2(3Crp3-7Crp4+ 5Crp5)

+ 28Ca (3Crp4-7Crp5)-108Crp5] - ______ [210Ca
7Crp0+C a

6(5040Crp0-1680Crp1+35C rp2-7Crp3-7Crp4 -
Fxj

70Ca
9L

5rp5) + 21Ca
5(360Crp0-540Crp1+ 200Crp2-5Crp3+ Crp4+ Crp5)-42Ca

4(300Crp1-475Crp2+ 185Crp3-5Crp4 +

Crp5) + 70Ca
3(270Crp2-441Crp3+ 177Crp4-5Crp5)-420Ca

2(63Crp3-105Crp4+ 43Crp5)+ 840Ca(42Crp4- 71

Crp5) -45360Crp5], gs(4,14)= - gs(11,14) = ____________ [2Ca
7Crp0+3C a

6(5Crp0-2Crp1)+6C a
5(3Crp0

6FxjLn(1+C a)
Ca

10

-5Crp1+ 2Crp2)-10Ca
4(3Crp1-5Crp2+ 2Crp3)+ 15Ca

3(3Crp2-5Crp3+ 2Crp4)-21Ca
2(3Crp3-5Crp4+ 2Crp5) +

28Ca (3Crp4-5Crp5) - 108Crp5]- ___________ [Ca
7(2730Crp0-210Crp1-35Crp2-7Crp3+2 rp5)+C a

6 (10080
Fxj

70Ca
9(1+C a)

Crp0 - 6720Crp1 + 595Crp2 + 98Crp3 + 21Crp4 + 2rp5) + 21Ca
5 (360Crp0 - 900Crp1 + 590Crp2- 55Crp3 -

9Crp4-2Crp5)-14Ca
4(900Crp1-2175Crp2+ 1410Crp3-135Crp4-22Crp5)+ 70Ca

3 (270Crp2-639Crp3+ 411Crp4

- 40Crp5) - 420 Ca
2 (63 Crp3 - 147 Crp4 + 94 Crp5) + 840Ca (42 Crp4 - 97 Crp5) - 45360 Crp5], gs(7,7) =

_____________ [Ca
7 (22Crp0 - 8Crp1 + Crp2) +3C a

6(24Crp0-22Crp1+8C rp2-Crp3) +6C a
5 (9Crp0 -24Crp1+

FxjLn(1+C a)L
Ca

10

22Crp2 - 8Crp3 + Crp4) - 10Ca
4 (9Crp1 - 24Crp2 + 22Crp3 - 8Crp4 + Crp5) + 15Ca

3 (9Crp2 - 24Crp3 + 22Crp4

- 8Crp5) - 21Ca
2(9Crp3-24Crp4 +22C rp5)+84C a(3Crp4-8Crp5)-324Crp5]+ ______ [210Ca

8Crp0-210Ca
7FxjL

420Ca
9

(8Crp0-Crp1)-Ca
6 (18900Crp0-10080Crp1+ 1785Crp2-56Crp3-14Crp4-8rp5)-21Ca

5(1080Crp0-1980Crp1+

1140 Crp2 - 215Crp3 + 8Crp4 +2C rp5)+42C a
4(900Crp1-1725Crp2+1030C rp3 -200Crp4+8C rp5)-210Ca

3 (270

Crp2-531Crp3 + 324Crp4-64Crp5)+ 3780Ca
2(21Crp3-42Crp4+ 26Crp5)-2520Ca (42Crp4-85Crp5) -136080

Crp5] gs(7,14) = _____________ [Ca
7(11Crp0-2Crp1)+3C a

6(18Crp0-11Crp1+2C rp2) + 6Ca
5 (9Crp0 -18Crp1

FxjLn(1+C a)L
Ca

10

+ 11Crp2-2Crp3)-10Ca
4(9Crp1-18Crp2+ 11Crp3-2Crp4)+ 15Ca

3(9Crp2-18Crp3+ 11Crp4-2Crp5)-21Ca
2(9Crp3

-18Crp4+11C rp5)+252C a(Crp4-2Crp5)-324Crp5]-____________ [420Ca
8Crp0+C a

7(12180Crp0-3360Crp1 +
FxjL

420Ca
9(1+C a)

105Crp2 + 14Crp3+ 7Crp4+ 6rp5)+ Ca
6(34020Crp0-30240Crp1+ 8505Crp2-301Crp3-35Crp4-15rp5)+ 21Ca

5

(1080Crp0-3060Crp1+ 2670Crp2-755Crp3+ 28Crp4+ 3Crp5)-42Ca
4(900Crp1-2475Crp2+ 2135Crp3-605Crp4

+ 23Crp5) + 630Ca
3(90Crp2-243Crp3+ 208Crp4-59Crp5)-1260Ca

2(63Crp3-168Crp4+ 143Crp5)+ 7560Ca

(14Crp4 - 37Crp5)-136080Crp5] , gs(14,14)= _____________ [4Ca
7Crp0+12C a

6(3Crp0-Crp1)+6C a
5(9Crp0 -

FxjLn(1+C a)L
Ca

10
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12Crp1 + 4Crp2)-10Ca
4(9Crp1-12Crp2+ 4Crp3)+ 15Ca

3(9Crp2-12Crp3+ 4Crp4)-21Ca
2(9Crp3-12Crp4 + 4Crp5)

+ 84Ca(3Crp4-4Crp5)-324Crp5]-_____________ [Ca
8(1890Crp0+280C rp1-595Crp2+168C rp3 - 14Crp4 -

FxjL

140Ca
9(1+C a)

2

12rp5) + Ca
7(10640Crp0-3990Crp1-2030Crp2+ 2121Crp3-532Crp4+ 18Crp5)+ Ca

6(16380Crp0-20580Crp1 +

5985Crp2 + 5418Crp3-4592Crp4+ 1080Crp5)+ 7Ca
5(1080Crp0-4140Crp1+ 4800Crp2-1125Crp3-1492Crp4 +

1144Crp5) - 14Ca
4(900Crp1-3225Crp2+3550C rp3-690Crp4+1222C rp5)+210C a

3(90Crp2 - 309Crp3 + 328Crp4

- 54Crp5) -2940Ca
2(9Crp3-30Crp4+31C rp5)+840C a(42Crp4-137Crp5)-45360Crp5]

If Ca=0, then the elements given will be written as:

gs(4,4)= -gs(4,11)=g s(11,11)= ____ (84Crp0+42C rp1+24C rp2+15C rp3+10C rp4+7C rp5)
Fxj
70L

gs(4,7)= -gs(7,11)= ____ (42Crp0+42C rp1+30C rp2+21C rp3+15C rp4+11C rp5) , gs(4,14)= -gs(11,14)= ____Fxj
420

Fxj
420

(42Crp0 - 12Crp2-15Crp3-14Crp5), gs(7,7) = ____ (112Crp0+28C rp1+16C rp2+11C rp3+8C rp4+6C rp5)
FxjL
840

gs(7,14) = - ____ (28Crp0+14C rp1+12C rp2+11C rp3+10C rp4+9C rp5) , gs(14,14)= ____ (112Crp0+84C rp1
FxjL

840
FxjL
840

+72C rp2+65C rp3+60C rp4+56C rp5)

It should be noted that the term -FyiaLi and -FyiaLj are added to gs(4,4) and gs(11,11), respectively, if
the transverse load is not applied at the web midhe ight. F y and aL are the nodal t ransverse load
(positive acting downward), and the distance between its point of application with the web midheight
(positive upward), respectively.

APPENDIX 4. STABILITYMATRIXRELATEDTO MONOSYMMETRICSECTION PROPERTIES
When CaÚ0, the entries of this matrix are given as:

gm(3,4)= -gm(3,11)= -gm(4,10)=g m(10,11)= - _____________ [Ca
4Cyo0+C a

3(2Cyo0-Cyo1)+C a
2(Cyo0

36FxjLn(1+C a)
Ca

7L
-2Cyo1+C yo2)+C a(2Cyo2-Cyo1)+C yo2]-_____ [Ca

5(5Cyo0+2C yo1+C yo2)-Ca
4(20Cyo0+5C yo1+2C yo2) -5Ca

33Fxj
5Ca

6L
(18 Cyo0 - 4Cyo1 - Cyo2) -10Ca

2(6Cyo0-9Cyo1+2C yo2)+30C a(2Cyo1-3Cyo2)-60Cyo2], gm(3,7) = -gm(4,5) =

gm(5,11) = -gm(7,10)= - ____________ [Ca
5Cyo0+C a

4(5Cyo0-Cyo1)+C a
3(7Cyo0-5Cyo1+C yo2) +C a

2(3Cyo0 -
6FxjLn(1+C a)

Ca
7

7Cyo1 + 5Cyo2) + Ca(7Cyo2-3Cyo1)+3C yo2]+ _____ [Ca
5(5Cyo0-Cyo1-Cyo2)+C a

4(150Cyo0-5Cyo1 +C yo2) +
Fxj
10Ca

6

5Ca
3 (66Cyo0-30Cyo1+ Cyo2)+ 30Ca

2(6Cyo0-11Cyo1+ 5Cyo2)-30Ca(6Cyo1-11Cyo2)+ 180Cyo2] gm(3,14) = -

gm(4,12) = gm(10,14)= -gm(11,12)= - ____________ [2Ca
4Cyo0+C a

3(5Cyo0-2Cyo1)+C a
2(3Cyo0 -5Cyo1 +

6FxjLn(1+C a)
Ca

7

2Cyo2) + Ca(5Cyo2-3Cyo1)+3C yo2] - _____ [Ca
5 (5Cyo0+C yo1) - Ca

4 (30Cyo0 + 5Cyo1 + Cyo2) - 5Ca
3 (42Cyo0

Fxj
10Ca

6

- 6 Cyo1 - Cyo2) - 30 Ca
2 ( 6C yo0 - 7Cyo1 + Cyo2) + 30Ca ( 6Cyo1 - 7Cyo2) - 180Cyo2] gm ( 4,4)

= ____________________ [Ca
6Cyo0+C a

5(Cyo0-Cyo1)-Ca
4(3Cyo0+C yo1-Cyo2)-Ca

3(5Cyo0-3Cyo1 -Cyo2) -Ca
212(Mzi+M zj)Ln(1+C a)

Ca
8L
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(2Cyo2 - 5Cyo1+3C yo2)+C a(2Cyo1-5Cyo2)-2Cyo2]-________ [Ca
6(147Cyo0+35C yo1+13C yo2) +7C a

5(80Cyo0
Mzi+M zj

35Ca
7L

-21Cyo1-5Cyo2)-7Ca
4(70Cyo0+ 80Cyo1-21Cyo2)-70Ca

3(24Cyo0-71Cyo1-8Cyo2)-70Ca
2(12Cyo0-24Cyo1+

7 Cyo2) + 840Ca (Cyo1 -2Cyo2)-840Cyo2] + ß
0

1
[Mzi(1-x)-Mzjx] __ [36x2(x-1)2]dx gm (4,7)bE

L
= __________________ [Ca

7Cyo0+C a
6(4Cyo0-Cyo1)-Ca

5(6Cyo0+4C yo1-Cyo2)-2Ca
4(16Cyo0-3Cyo1 - 2 Cyo2)

(Mzi+M zj)Ln(1+C a)
Ca

8

-Ca
3 (35Cyo0 -32Cyo1+6C yo2)-Ca

2(12Cyo0-35Cyo1+32C yo2)+C a(12Cyo1-35Cyo2)-12Cyo2] -_________
(Mzi+M zj)

420Ca
7

[Ca
6(1127Cyo0+ 22Cyo2)+ 7Ca

5(80Cyo0-161Cyo1)-7Ca
4(1110Cyo0+ 80Cyo1-161Cyo2)-70Ca

3(174Cyo0

-111Cyo1-8Cyo2)-210Ca
2(24Cyo0-58Cyo1+37C yo2)+420C a(12Cyo1-29Cyo2)-5040Cyo2] + ß

0

1
[Mzi (1-x) -

Mzjx ] bE [6x(x-1)(3x
2
-4x+1)]d x, gm(4,11) = - ___________________ [Ca

6Cyo0+C a
5(Cyo0 -Cyo1) -Ca

46(Mzi+M zj)Ln(1+C a)
Ca

8L
( 6C yo0 + C yo1 - Cyo2) -Ca

3( 10C yo0-6C yo1-Cyo2)-2Ca
2( 2C yo0-5C yo1+ 3Cyo2) + 2Ca( 2C yo1-5C yo2)

-4Cyo2]+ _________ [3Ca
6(28Cyo0-3Cyo2)+28C a

5(25Cyo0-3Cyo1)-28Ca
4(35Cyo0+25C yo1-3Cyo2) -140Ca

3(Mzi+M zj)
70Ca

7L
( 24C yo0 - 7C yo1 - 5 yo2) -140C a

2 ( 12C yo0-24C yo1+ 7C yo2) + 1680C a( C yo1-2C yo2)-1680C yo2]

+ ß
0

1
[Mzi(1-x)-Mzjx]__ [36x

2(x-1)2]dx , gm(4,14)= ___________________ [2Ca
6Cyo0+C a

5(3Cyo0-2Cyo1)
bE
L

(Mzi+M zj)Ln(1+C a)
Ca

8

- Ca
4 (12Cyo0 + 3Cyo1 - 2 Cyo2) - Ca

3(25Cyo0-12Cyo1-3Cyo2)-Ca
2(12Cyo0-25Cyo1+ 12Cyo2)+ Ca(12Cyo1

-25Cyo2)-12Cyo2] -_________ [Ca
6(147Cyo0-13Cyo2)+7C a

5(220Cyo0-21Cyo1)-7Ca
4(210Cyo0+220C yo1

(Mzi+M zj)

420Ca
7

-21Cyo2)-70Ca
3 (114 Cyo0 - 21Cyo1-22yo2)-210Ca

2(24Cyo0-38Cyo1+ 7Cyo2)+ 420Ca(12Cyo1-19Cyo2)

-5040Cyo2] + ß
0

1
[Mzi (1-x) -Mzjx] bE [6x2(x-1)(3x-2)]dx, gm(5,7) = _____________LFxjLn(1+C a)

Ca
7

[ C a
6 C yo0+ C a

5 ( 8 C yo0 - C yo1) + C a
4 ( 2 2 C yo0

-8Cyo1+ Cyo2)+ 2Ca
3(12Cyo0-11Cyo1+ 4Cyo2)+ Ca

2(9Cyo0-24Cyo1+ 22Cyo2)-3Ca(3Cyo1 -8Cyo2)+ 9Cyo2]

-_____ [Ca
5(165Cyo0-8Cyo1-2Cyo2)+C a

4(780Cyo0-165Cyo1+8C yo2)+15C a
3(78Cyo0-5Cyo1 +11C yo2) +

LFxj
60Ca

6

30Ca
2 (18Cyo0 - 39Cyo1+26C yo2)-90Ca(6Cyo1-13Cyo2)+540C yo2], gm(5,14) = gm(7,12)= _____________LFxjLn(1+C a)

Ca
7

[2Ca
5Cyo0+ Ca

4(11Cyo0-2Cyo1) + Ca
3 (18Cyo0-11Cyo1+ 2Cyo2) + Ca

2(9Cyo0 -18Cyo1+ 11Cyo2) - 9Ca

(Cyo1-2Cyo2)+9C yo2] - _____ [Ca
5(15Cyo0+2C yo1+C yo2) +C a

4(300Cyo0-15Cyo1 -2Cyo2) +15C a
3 (54Cyo0 -

LFxj
60Ca

6

20 Cyo1 + Cyo2) + 30Ca
2 (18Cyo0 - 27 Cyo1 + 10 Cyo2) - 270 Ca (2Cyo1 - 3Cyo2) + 540 Cyo2] gm(7,7) =

-____________________ [Ca
6Cyo0+C a

5(6Cyo0-Cyo1)+C a
4(12Cyo0-6Cyo1+C yo2) +2C a

3(5Cyo0-6Cyo1+3C yo2)
2L(M zi+M zj)Ln(1+C a)

Ca
8

+ Ca
2 (3Cyo0-10Cyo1+12C yo2) - Ca (3Cyo1-10Cyo2)+3C yo2]+ ___________ [2Ca

6(21Cyo0-Cyo2) + 7Ca
5L(M zi+M zj)

210Ca
7

(155Cyo0 - 6Cyo1) +7C a
4(480Cyo0-155Cyo1+6C yo2)+35C a

3(102Cyo0-96Cyo1 +31C yo2) + 210Ca
2 (6Cyo0 -
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17Cyo1 + 16Cyo2) - 210Ca(6Cyo1-17Cyo2)+ 1260Cyo2]+ ß0
1
[Mzi( 1-x)-Mzjx]bEL [(3x

2
-4x+ 1)2]dx,

gm(7,11) = __________________ [9Ca
5Cyo0+C a

4(32Cyo0-9Cyo1)+C a
3(35Cyo0-32Cyo1 +9C yo2) + Ca

2(Mzi+M zj)Ln(1+C a)
Ca

8

(12Cyo0 - 35Cyo1 + 32Cyo2) + Ca(35Cyo0-12Cyo1)+12C yo2]+ __________ [Ca
6(77Cyo0-13Cyo2) - 7Ca

5(Mzi+M zj)
420Ca

7

(100Cyo0 + 11Cyo1) - 7Ca
4(1110Cyo0-100Cyo1-11Cyo2)-70Ca

3(174Cyo0-111Cyo1+ 10Cyo2) -210Ca
2 (24

Cyo0 - 58Cyo1+37C yo2) + 420Ca(12Cyo1-29Cyo2) - 5040Cyo2] + ß
0

1
[Mzi(1-x)-Mzjx]bE [6x (x-1) (3x

2

-4x + 1) ] dx, gm(7,14) = - ____________________ [Ca
5Cyo0+C a

4(4Cyo0-Cyo1)+C a
3(5Cyo0 -4Cyo1 +C yo2)

3L(M zi+M zj)Ln(1+C a)
Ca

8

+ Ca
2 (2Cyo0 - 5Cyo1+4C yo2)+C a(5Cyo2-2Cyo1)+2C yo2]-___________ [Ca

6(7Cyo0-Cyo2) -7Ca
5(10Cyo0 +

L(M zi+M zj)

140Ca
7

Cyo1) - 7Ca
4(130Cyo0-10Cyo1-Cyo2)-70Ca

3(24Cyo0-13Cyo1+ Cyo2)-70Ca
2(12Cyo0-24Cyo1 + 13Cyo2) +

840Ca (Cyo1 - 2Cyo2) - 840 Cyo2] + ß
0

1
[Mzi(1-x)-Mzjx] bE [x(2x-2)(3x

2
-4x+ 1)] dx, gm(11,11) =

-____________________ [3Ca
4Cyo0+C a

3(5Cyo0-3Cyo1)+C a
2(2Cyo0-5Cyo1+3C yo2)+C a(5Cyo2 -2Cyo1) + 212(Mzi+M zj)Ln(1+C a)

Ca
8L

Cyo2] + __________ [Ca
6(63Cyo0+35C yo1+22C yo2)-7Ca

5(20Cyo0+9C yo1+5C yo2)+7C a
4(70Cyo0 +20C yo1 + 9

(Mzi+M zj)
35Ca

7L

Cyo2) + 70Ca
3(24Cyo0-7Cyo1-2Cyo2)+ 70Ca

2(12Cyo0-24Cyo1+ 7Cyo2)-840Ca(Cyo1-2Cyo2) + 840Cyo2] + ß0
1

[Mzi (1-x) -Mzjx]__ [36x
2(x-1)2]dx , gm(11,14)= ___________________ [12Ca

4Cyo0 +C a
3(25Cyo0 -

bE
L

(Mzi+M zj)Ln(1+C a)
Ca

8

12Cyo1) + Ca
2(12Cyo0-25Cyo1+12C yo2)+C a(25Cyo2-12Cyo1)+12C yo2]-__________ [Ca

6 (63Cyo0-22Cyo2) -
(Mzi+M zj)

420Ca
7

7Ca
5(40Cyo0+9C yo1)+7C a

4(210Cyo0+40C yo1+9C yo2)+70C a
3(114Cyo0-21Cyo1 - 4Cyo2) + 210 Ca

2 (24Cyo0 -

38 Cyo1 + 7Cyo2)-420Ca(12Cyo1-19Cyo2)+ 5040Cyo2]-ß0
1
[Mzi( 1-x)-Mzjx]bE [6x

2(x-1)(3x-2)]dx,

gm(12,14) = _____________ [4Ca
5Cyo0+4C a

3(3Cyo0-Cyo1)+C a
2(9Cyo0-12Cyo1+4C yo2) -3Ca(3Cyo1 - 4Cyo2)

LFxjLn(1+C a)
Ca

7

+ 9Cyo2] + _____ [Ca
5(15Cyo0+8C yo1+6C yo2)-Ca

4(60Cyo0+15C yo1+8C yo2) -15Ca
3(30Cyo0 -4Cyo1-Cyo2)-

LFxj
60Ca

6

30Ca
2(18Cyo0-15Cyo1+2C yo2) + 90Ca(6Cyo1-5Cyo2)-540Cyo2], gm(14,14)= - ____________________2L(M zi+M zj)Ln(1+C a)

Ca
8

[2Ca
4Cyo0+C a

3(5Cyo0-2Cyo1)+C a
2(3Cyo0-5Cyo1+2C yo2)-Ca(3Cyo1 -5Cyo2)+3C yo2]+ ___________ [Ca

6 (7L(M zi+M zj)
210Ca

7

Cyo0- 2Cyo2)-7Ca
5(5Cyo0+ Cyo1)+ 7Ca

4(30Cyo0+ 5Cyo1+ Cyo2) + 35Ca
3(42Cyo0-6Cyo1-Cyo2) + 210Ca

2 (6

Cyo0 - 7Cyo1 + Cyo2)-210Ca(6Cyo1-7Cyo2)+1260C yo2] + ß
0

1
[Mzi (1 - x) -Mzjx] bE L [ x

2 (3x-2)2 ]dx
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If Ca=0, then the presented elements are replaced with:

gm(3,4) = -gm(3,11) = - gm(4,10) = gm(10,11) = - ____ [14Cyo0+7C yo1+4C yo2), gm(3,7) = -g m(4,5)=
3Fxj
35L

gm(5,11) = -gm(7,10) = -___ (7Cyo0+7C yo1+5C yo2), gm(3,14) = -gm(4,12) = gm(10,14)= -gm(11,12)=
Fxj
70

-___ (7Cyo0-2Cyo1), gm(4,4) = -__________ (35Cyo0+13C yo1+6C yo2) + ß
0

1
[Mzi(1-x)-Mzjx] __ [36x

2Fxj
70

(Mzi+M zj)
35L

bE
L

(x-1)2] dx, gm(4,7) = -__________ (11Cyo1+7C yo2) + ß
0

1
[Mzi(1-x)-Mzjx] bE [6x(x-1)(3x

2
-4x+1)] dx,(Mzi+M zj)

210

gm(4,11) = - __________ (Cyo1+C yo2) + ß
0

1
[Mzi(1-x)-Mzjx] __ [36x

2(x-1)2] dx, gm(4,14) = __________
9(Mzi+M zj)

70L
bE
L

(Mzi+M zj)
420

(13Cyo1 + 12Cyo2) + ß
0

1
[Mzi(1-x)-Mzjx] bE [6x

2(x-1)(3x-2)]dx , gm(5,7) = ____ (28Cyo0 + 7Cyo1 +
LFxj
210

4Cyo2), gm(5,14) = - ____ (14Cyo0 + 7Cyo1 + 6Cyo2), gm(7,7) = - ____________ (4Cyo1 + 3Cyo2) + ß
0

1LFxj
420

L(M zi + Mzj)

420
[Mzi(1-x) -Mzjx] bE L [(3x

2
-4x+1) 2] dx , gm(7,11) = -___________ (13Cyo1 + 14Cyo2) - ß0

1
[Mzi(1-x) -

(Mzi + Mzj)

420
Mzjx] bE [6x(x-1)(3x

2
-4x+1)]d x, gm(7,14) = ___________ (Cyo1+C yo2) + ß

0

1
[Mzi(1-x)-Mzjx] bEL [x

L(M zi+M zj)

140
(3x-2) (3x2-4x+1)] dx, gm(11,11) = _________ (35Cyo0 + 22Cyo1 + 15Cyo2) + ß

0

1
[ Mzi(1-x) -Mzjx ] __ [

(Mzi+M zj)
35L

bE
L

36x2(x-1)2 ] dx, gm (11,14) = ___________ (11Cyo0+15C yo2) - ß
0

1
[Mzi(1-x)-Mzjx] bE

(Mzi + Mzj)

210
[6x2(x-1)(3x-2)]dx, gm(12,14) = ____ ( 28Cyo0 + 21Cyo1 + 18Cyo2 ) gm(14,14) = - ____________ (4Cyo1 +

LFxj
210

L(M zi + Mzj)

420
5Cyo2) + ß

0

1
[Mzi (1-x) - Mzjx ] bEL [ x

2 (3x-2)2 ] dx

NOTATION

BimomentMw
Shape function[N]
Web midheighto
Polar radius of gyrationrp
Shear centers
Element stiffness matrix[s]
Global stiffness matrix[S]
Thicknesst
Top flangeT
Displacementu
Webw
Internal workWi
External workWe
Monosymmetry parameterbE
Nonlinear strainh
Taper coefficientg

Nondimensional coordinatex
Eigenvaluel
Normal stresss
Shear stresst
Rotationq
AreaA
Flange widthb
Bottom flangeB
Centroidc
Taper constantC
Nodal displacements{D}
Linear straine
Elasticity modulusE
Flangef
Axial forceFx
Shear forceFy,Fz
Shear modulusG
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[g] Element stability matrix
[G] Global stability matrix
h Flange centroids distance
Iy,Iz Moment of inertia
Ip Polar moment of inertia
Iw Warping constant
Iy,Iwy,Iwz,IyzSection constants
J Torsion constant
L Element length
My,Mz Flexural moment
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