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Abstract A formulation for finite element analysis of tapered and monosymmetric I shaped
beam-columns is presented. This is a general way to analyze these types of complex elements.
Based upon the formulation, member stiffness matrix is obtained explicitly. The element
considered has seven nodal degrees of freedom. In addition, the related stability matrix is found.
Numerical studies of the aforementioned members show the validity and accuracy of the
formulation in comparison to the other ones.
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INTRODUCTION

Progress in fabrication techniques of steel
members has resulted in optimized use of the
material. To gain the lowest weight in steel
members, tapered and monosymmetric sections
have been widely used. However, the
complexity of the section results in difficulty of
stability analysis of the members. There is no
classical way to determine the critical actions of
tapered elements. In the case of
monosymmetric members, the critical actions
can be found only for some simple loading
conditions bysolving the differential equations
of equilibrium. Numerical methods are generally
used for stability analysis of tapered,
monosymmetric or tapered and monosymmetric
members.

Finite element method is widely used in
stability analysis of structures. In the finite
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element modelling of beam-columns, any
complex section, loading or boundary conditions
can be considered. In steel frames, members
with I sections are used more widely than other
shapes. In this article, a finite element
formulation is presented for determining elastic
critical actions of beam-columns having tapered
and monosymmetric I sections. The element
used has seven nodal degrees of freedom.

HISTORICAL OVERVIEW

The finite element method has been utilized
recently to investigate the stability of I
beam-columns. Rajeskaran [1] and Yang and
Mcguire [2] have presented the stiffness and
stability matrices of such members. Conci [3]
has found the stiffness and stability matrices of
monosymmetric I beam-columns for finite
element analysis. Wekezer [4] used the finite
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element method to investigate the instability of
thin walled taperd bars. He used total
lagrangian formulation where the volume
should be divided to triangular subdomains.
Yangand Yau [5] presented explicit stiffness
and stability matrices of tapered I
beam-columns. Flexural torsional buckling of
variable and open section columns have been
analyzed, using exact shape functions for
establishing stiffness and stability matrices, by
Eisenberger and Cohen [6].

Utilizing the finite integral method,
Kitipornchai and Trahair [7] have offered
solutions for buckling loads of tapered and
monosymmetric simple I beams. Elastic buckling
of tapered and monosymmetric beams have
been investigated by Bradford and Cuk [8],
using finite elements. Theyhave presented the
stiffness and stability matrices of an element
with eight degrees of freedom. These matrices
are computed using four point Gaussian
quadrature. Recently, Rajeskaran [9,10] has
found critical actions of tapered thin walled
beams of generic open section using the finite
element method. The related matrices are also
established by numerical integration.

THEORETICAL BASES

The assumptions used for the analysis of a thin
walled tapered and monosymmetric I
beam-column are [11]:
1- The material is elastic and homogeneous.
2- The section is thin walled.
3- Every cross section is rigid in its own plane.
4- Shearing deformation ofthe middle surface
of the section is negligible.
5- Longitudinal displacements are neglected
compared to transverse displacements.
For a tapered and monosymmetric [ beam,
shear center axis is not parallel to the centroid
axis. Therefore, the minor axis bending and
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By

Figure 1. Tapered monosymmetric element.

torsion can not be seperated [7]. The finite
element analysis of tapered and monosymmetric
I shape element, uses two systems of
coordinates, passing through centroid (c) and
midheight of the web (0). It has been shown
that this leads to the same elastic buckling
predictions using the classical systems of
coordinates passing through centroid and shear
center [8]. As shown in Figure 1, a right handed
coordinates system is chosen, where x is the
centroidal axis and y and z are principal axes of
the cross section. The position vector of any
arbitrary point that is located on the midsurface
can be expressed as [5]:

r=xityj+zk (D

Because the element is nonprismatic, this
position vector will have derivatives with respect
to X,y and z as follows:

=1+ yAJ + Ak

Ty=] )
r,=k

VA
Linear and nonlinear components of strain
tensor, neglecting large displacement a"d
rotations, can be generally written as:

- 1 —
Con =+ [ty + Tt ma=xyz

mn m,n=x,y,z

h = % [U U]

By inserting position vector derivatives in strain
tensors, strain components can be found as:

Cxx ™ u'&xc_yuAAyo_ZuAAzo_WqAAxo_quxo (1)
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Cxy = _% (z + _Aﬁ\vgv ) qAxo (2)
cum —1 10— 55) -y, 10k, G)
Moo= 5 [uho? + uho? — 2zub G, + 2yul, 0l
7+ 20k v oA — 2yuh,0h] ()
hxy = % [_(u’&xc - ZuAAzo)uAyo + u'&zoqAxo

- YquoqAxo] (5)
hxz = % [— (u'&xc_yuAAyo)u’&zo - UAyoqxo] (6)

in which:
W = y.&z + z.&y
y = wA — (y—yo)z}-\ + y}-\z

SECTION PROPERTIES

The areas of the cross section, torsion constant
and moments of inertia with reference to Figure
2 are expressed as:
A= thT + bBtB + htw

1 3 3 3

= 5 Ortr” + byty” + )

1
[ = —
’ 12
I, = btryr? + bgtpys’
z Tir¥YT BBYB

(bt + byglty)

g
> <

Figure 2. Monosymmetric section.
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Figure 4. Diagram of Y.

The diagrams of W and Y using midheight of the
web as the pole for sectorial area, are shown in
Figures 3 and 4. With reference to these figures,
the section properties dependent on Wand y
can be found as:

_ 2 a1
Ly= 8w dA = T, 7
I,= By*dA = I, h¥
Ly = BwydA = thThA

Iy, = ByzdA = (I —

Ip) hA
h
2
Other section properties that will be used in the
formulation are y,, r,,> and bg. These are

defined by:

po

h
Yo T A (brty — bgtp)
»_ Lt
po A
_ 1 2, 1 3
by = T {yrdyrtb ptryr” + 2 LT ) —yg (gt
Z

2

r T Y
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To find relations between the section properties
of the first element node (i), and these
properties at any arbitrary point, taper
coefficients are used. Showing the properties of
the top flange, bottom flange and web, by T, B
and w, respectively. These coefficients are

defined by:
_ brj — by
dr b
_ bpj — bg;
I bg;
h; — h;
%=

The thicknesses of the flanges and the web are
assumed to be constant along the length ofan
element. Using taper coefficients, width of
flanges and height of the web (distance between
flange centroids) at any point along longitudinal
axis are found as:

by = (I + grX) by

bg = (1 + 0ggX) bg

h= (1+ g,X) hy

In these relations, X is nondimensional
longitudinal coordinate and is equal to x/L. It
should be noted that hA= g,h,/L, because the
taper of the web and also the flanges are
assumed to be linear.

With the aid of taper constants, section
properties at any point can be written as a
function of the properties at X= 0. These are
given in Appendix 1.

STRESS RESULTANTS

The cross section stress resultants of a taperd
monosymmetric I beam column are defined by

F,= Bs dA (7)
M,= —R s, ydA (8)
M, = B, zdA 9)
F,= Bt,dA (10)
F,= Bt,dA (11)
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Mx =B [txz(y_YS)_tX)xZ_Zs)] dA (12)
M, = —B S W dA (13)

where S, is the normal stress and t, and t,, are
shear stresses. The normal stress may be found
from Hook's law as follows:

s,= Ee,

Stress resultants can be written in terms of
the strains by substituting S, in eqs (7) to (9)
and Equation 13 as:

EAul = F,

VIRTUALWORK EQUATION

Internal linear virtual work can be generally

written as:

Wi = 2B {Ed(e,d) + 2G diey, + e, } dv
(14)

Using linear strain expressions in Equation 58

will lead to:

W= > B E { AdwA)) + Ty dulh,?) + Iz
dwMy,?) + 1, d(ahh?)

+ Iy d(ghD) + 2L,y d(ah gl + 21,
d(ohqubh,) + 57 d(Gh?) } dx (15)

It should be noted that I, will be equal to zero,
if shear center is used as the pole of sectorial
area. Internal geometric virtual work can be
divided into two parts. The first part is common
between symmetric and monosymmetric sections
and is shown by superscript s. The second part
is found only in monosymmetric sections and is
denoted by superscript m. Internal geometric
virtual work is generally expressed as:

Wi, = B {s,dh,+ 2t dh + 2t,dh,} dv
(16)
Substituting Equations 4 to 6 in Equation 16
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will lead to:

W= B o B kg Ry 208, —
M, duh,gh,) — M, duh ok, — F, duh uh,
—uh,0,) — F, dwh ok, +u 00,0 } dx  (17)

XC™ Z0

Wig™ = By { —F, d(youh, 0ho) —F,d(y,0.,9h0)
— o M, d(b; ol } dx (18)
The principle of virtual work in an updated
Lagrangian formulation is written as:
Wi+ W'+ W,m= W, — W, (19)
where W, and W, are external works in the
current andneighboringdeformed equilibrium
state. It should be reminded that in an updated
Lagrangian formulation the local reference
state for each element is the current
configuration.

FINITE ELEMENT FORMULATION

To use finite elements for the stability analysis
of a beam-column, stiffness and stability
matrices are needed. Theyare found by using
shape functions which relate the displacements
of any arbitrary point to the nodal degrees of
freedom. Linear shape function is used for axial
displacement and a cubic one for other
displacements. These shape functions are
defined by:

[Ni]=[(1=X) (X)]

[N;] = [(1=3x%+2 x?) L(Xx—2x>+ x%) (3x2—=2%%)
L(—Xx*+x%)]

Using these functions, the incremental
displacements can be expressed as follows:

u, = [Ny] {Dy} (20)
uy, = [N3] {Dy} (21)
u,, = [N;] {D,} (22)
Oxo = [N3] {Dg} (23)

According to Figure 1,the nodal degrees of
freedom are defined by:

{Dx} = { ucxi ucxj }
{Dy} = { uOyi qozi uOyj qozj }
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D} = {u®; —0%;u®,; —q°%; }

Dg} = { 0% 5 0° by}

Subscripts ¢ and o are used to show that the
generalized displacements are referred to
centroid or midheight of the web. By
substituting Equations 20 to 23, internal parts of

virtual work can be written as:

W, = {dD}T B (EA/L)[N A,JT[NA,] dx {D} +
{dD 3T B (BI/LY)[NMITINM,] dx {D} +
{dD 3T [ R (Bl /LN, INM;] dx (D} + B
(EI,/L)[NM;]T[NA;] dx {Dg} + B EI,/L%)
[NATINM;] dx (D} 1+ {dD 3T [ R(EI,/L?)
[NMTTINAL] dx {Dg} + B (EI/L)[NAJT[NA;]
dX {Dg} + B (EI/L?) ((NATT [NAA] + [NMA)T
[INA]) dx {Dg} + B (EI,,/L%) [NA]T [NM;] dx
{D,} + B (EL,,/L?) [NM]T [NA;] dx {D}

+ B (GI/L) [NA]T [NA] dx (D¢} ] (24)
Wb = {dDgT [ B (M ,+M ,/L?) [NATTINA]
dx {D,} — B (MM ,)/L?) [NATTNA] dx
D} 1+ {dDT [B (MM /L) INA]TNA]
dx {D + B (F L) [NA]JT[NA] dx (D}

+ B (ML) (1-)—M/L)x) [NA]T[NA]

dX {Dg} — B (MM /L) [NA]T[NA] dx
Dy} 1+ {dD 3T [ B (—(M,+M /L% [NA]T
INAT dx (D} + B (F L) INKITINA] dx (D}
+ B (ML) (1-X)—(M y/L)x) [NA]TT[NA;] dx
Dyt = B (MM /L) [NA]T[NA] dx {D g ]
+ {dDg} T [ B (=(My#M /L) [N3]T[NA;] dx
Dy} + B (ML) (1-X)—(MyL)X) [NAJT[NA;]
dx {D,} — R (M ,+M L) [N;]'[NA] dx {D,}
+ B (M /L)(1-X)—=(M yL)x) [NA]T[NA] dx
D} + B (FyLyr?,, INAJTINA] dx {Dg}] (25)
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Wig = {dD3 T B (=(F /L) y, [NAJT[NA;] dx

{Dg} + {dDg} " [ B (—(F L) y,[NA]"[NA;] dx
(D} = B((M ;M L) y, (NAITIN] + [N3]T
[NAJ]) dX {Dg} + B (ML) (1-X) + (M/L)X)

b [NAJT[NA]) dx {Dy} ] (26)
It should be noted that in these equations, the
stress resultants at section X of the element
have been expressed in terms of those at the
element nodes as [2]:

F,= ij)

Fy= =M, + M,)/L

F,= My + My/L

M, = ij

M, = —M,; (I-x/L) +M ; (x/L)

M, = =M, (1-x/L) +M , (x/L)

Substituting for section properties in eqs (24)
to (26), and performing the integration, the
stiffness matrix ([s]) and stability matrix ([g]) are
derived. The stability matrix is divided into two
parts. The first part is found from Equation 75
whose notation is [g.]. The second part, which is
derived from Equation 76, is shown by [g.,]. The
matrices [s] and [g,] are found completely in
explicit form. In [g,,], the terms having b can
not be derived explicitly. If by is written in
terms of X, it will have a sixth degree polynomial
as denominator, therefore the terms containing
it can not be integrated explicitly. For these
terms, the integration with respect to X is
carried out by three point Gaussian quadrature.

The stiffness and stabilitymatrices are given in
appendices (2), (3), and (4). It should be noted
that these matrices are symmetric , so onlythe
nonzero entries of the upper triangle will be
given in the appendices.

SUBSPACE ITERATION

The global stiffness and stability matrices of a
beam-column ([S], [G,] and [G,,]) are found by
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assembling element matrices ([s], [g,] and [g.,]).
The stiffness matrix is considered to be constant
and the stability matrix as a multiple of its base
value obtained from a base load. The equation
of equilibrium can be written as:
([S1+ 1[G]) {F} = {0} @27
where [G]=[G (J+[G ,,] is the total base stability
matrix and | is a load factor that will cause
buckling. It should be noted that {F} is the
buckling mode shape. To find the critical
eigenvalue |, a subspace iteration with shift is
used. It should be mentioned that in a
monosymmetric section, the stability matrix is
not positive definite. It could have zero,
negative or positive diagonal terms, depending
on the value of bg. To solve the eigenproblem,
first stiffness and stability matrices are
interchanged, leading to:
[G] {F} = {IS] {F} (28)
Then a shift is applied causing the stability
matrix to become positive definite, finding a
new eigenproblem written as:
([G]l —ris]) {f} = m[S] {F}
where I is the shift and m is a new eigenvalue.
Using the subspace iteration method, mis
found. After adding r and m, the biggest and
smallest eigenvalues are symmetric with respect
to zero. Therefore, the biggest negative
eigenvalue of Equation 28 is -(r+m). To find
the smallest eigenvalue of Equation 27, -(r+ m)
should be inversed, so that | can be derived as:

. = —
min m+r

The shift is proposed to be initialized to -0.0001.
If after shifting, the stability matrix does not

become positive definite, the shift should be
increased.

NUMERICAL STUDIES

A computer program has been designed to
perform geometrical nonlinear analysis using
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Figure 5. Beam section.

the derived stiffness and stability matrices.
Critical eigenvalue is found by subspace
iteration with a shift. To showthe accuracyof
the method, one example of tapered and
monosymmetric simple beam is solved and
compared to the existing solutions. Two new
problems are also solved.

Example 1- A simple monosymmetric beam that
has linearly varying flange width and is under
central concentrated load (Q), as shown in
Figure 5, is considered. The same beam has
been investigated using the finite integral
method by Kitipornchai and Trahair [7], and
also by Bradford and Cuk [8], and Rajeskaran
[10] by finite elements. The web height and
thickness are 72.76mm (2.865in) and 2.13mm
(0.084in), respectively. The flange thicknessis
3.11mm (0.1225in) and the maximum width of
the flange is equal to 31.55mm (1.242in). The
ratio of the smallest to the largest width of the
flange is shown by a&. The material is aluminum
with E= 65.16GPa (9450Ksi) and G=25.65GPa
(3740Ksi). In type A, the top flange is wider at
midspan, while in type B, it is wider at the
supports. The resultsofusing ten elements for
beam modelling are shown in Figure 6. Good
agreement exists between the results of this
paper and those of Bradford and Cuk and also
Rajeskaran. It should be added that using finite
integral method, results differ appreciably in
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Figure 8. Continuous beam.

typelA.

Example 2- An [ section with linearly tapered
flanges is shown in Figure 7. It is under a
concentrated axial load (P) at its top and
uniformly distributed axial load (p) along its
length, so that p,)L=P/4. The section
dimensionsat bottom are: b= 300, h= 289, tf

Vol. 13, No. 2, May 2000 - 7



= 19 and tw=11mm. The length of the column
is 8m and the modulus of elasticity and shear
modulus are equal to 200GPa and 80GPa,
respectively. The width of the flange at the top
end equals ah, where ais the taper ratio. The
critical load (Pcr) has been found for four types
ofboundaryconditions and presented in Table

1. It can be seen that in tapered columns, the
crifical Toad[doesmotichange@alonglprismatic

columnsby[differingboundarytonditions.

Example(3-[Alstaticallyindeterminatel lbeam[has
three spans and is under distributed load on its

top flange (q and 2q), as shown in Figure 8. The
top flange width and the web height are
constant and equal to 200 and 300 millimeters,
respectively. The thickness ofthe web and the
flangesCarealsolconstant Jand Care[tw=8mm [and
tf= 15mm. The width of the bottom flange
varies linearly from 150mm at the outer
supports to 250mm at the middle supports, so
that[the[beam[is[prismaticlinthe Mmiddle[span.n
this situation, when the beam is under positive
moment (top fibers in compression), the top
flange is larger and vice versa. It should benoted

that this structure is statically indeterminate, so
it should be analyzed based on its nonprismatic
section properties. In order to consider the
variations of the moments, sixteen elements are
used for modelling the beam. Assuming
E=200GPa and G=80GPa, the obtained critical
load is q,=63.72KN/m.

CONCLUSION

After a brief review of the developments in the
area of stability analysis of thin walled I
beam-columns, a formulation ispresented. The
finite element method uses this formulation
along with an element which has fourteen
degreesoffreedom. All entries of the stiffness
matrix for tapered and monosymmetric
elements are calculated explicitly. Most of the
entries of the related stability matrix are
explicitly found as well. Finally, this formulation
is used to solve some examples. Numerical
results show the validity and also the accuracy
of the derived matrices, compared to other
techniques.

TABLE 1. Critical Load P_.(KN).

a 0.2 0.4 0.6 0.8 1
cantilever 152 275 389 498 604
hinged-hinged 268 646 1116 1673 2310
hinged-fixed 542 1346 2352 3537 4887
fixed-fixed 1026 2551 4457 6697 9246

APPENDIX 1. SECTION PROPERTIES AND TAPER CONSTANTS

A= (1+C XA, , J = (1+C X)Jg, Iy = (1+C yX + CuX2 + CisX)ypo,

Ip= (I+C j, X+C ib2X2+C ibSXS)IyBOa I, = (I+C j; x+C iy2X2+C inXS)IyOa

.=
[= 14C ) X+C o X2HC 3 X3+C X HC X
’ (1+C X)*

_ 2 3 4 5
Lo, Iw= (1+C jy; X +C jyo X+ CipsX” + CypaX™ + CisX™ ) wo,

Iy= (1+ CyX + CipX* + CiiX)lyg, Iy = (1 + CupyiX + CyyoX? + CuysX® + CoryaX Dy, Iy, = Iy
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2
YOO + Cvolx + CVOZX

2 3 _ 2 3 _
T Cya X+ CypXFC ysX, T =T wigtC w XHC wip X HC 53X, ¥, = I+ Cx
a

b

2 Tt CoX+ CooXt+ CoaXP + CuXt + CpsX®
P (1+ Cx)°

In the presented taper constants, AT0O, ABO and AWO are the areas of the top flange, bottom

T

flange and web, respectively.

1 1
C= A (A1oQrtA golstA wolh), C= 37 (bBTotTgT"‘b 3BothB‘"h 30twgh)a Ciu=3 01, C;p=3 ng, Cig= 93T
0 0

1 1 1
Ci,i=3 s, Cipn=3 ng’ Cins= g3Ba Ciy1: - (CibIIyBO+C itlIyTO)a Ciy2: - (CinIyBO+C itZIyTO)a Ciy3: T
Ly Ly Ly
1
(CirsLyao™C ialyro)s Cin=(A n0tA 10)(4A AT A ) 8A moAroAWe, Cin= 5 — [4A700Aw(G5t2 Gy +

izn

207)+H4A 10A’50 (20542 Oit O1) + 8AT0ARAwe(05+3 Oyt Or)+A 10A wo (404+ Or)+A 5oA (04 O],

1
Cin= & — [A’10Apo(80504+8 Up0r+4 05 +16 0,01+4 01 +A 10A’s, (40°5+16 050, +8 Up0r+4 §°,+8 040r)

+A 10Ap0Awo (24050,+8 p0r+24 07424 0,0r) +A 10A o (60°+4 0y01) + ApeA’wo (400,76 901,

1
Cs= & — [4A%10Apo(050° 1+ U001+ 060712 02012 0n0°1)+4A 10A%50(20 500+ 0°50r+2 0507, +

izn

4050:0r + 07401 + 8UiATABAw(30s0y + 30s0r + OCh + 30,00 + 207A A (20, +

1
307)+2 gzhABoAzwo Bt 2001, Cipy = T [4ghgTA2T0ABO(2ngh + 20507 + 007) T 4nghAT0A230(ngh

+ 20507 + 20:00) + 80" WA T0ARAwo (Gs0n T 30581 + Gi0r) + ThATA (G + 400 + 0L AA, (405
1 2 2 42 2 2 2 3 4 2
+ Ol Cys = T [4050 10 TA 10AB) T 4050 10rAT0A By T 8080 1OrATIAB AW + J ndrATA wo T
1

1
ng4hABOA2WO]7 Ciwi = I (Cinlygo + Ciulyro + 204ly0), Cown = L [2C10n + Cin) Lyt (2C 11100+ C i)

y0 y0

1 1
Lyrot gthyO I, Cws= L [(Ciblgzh 2C 20 Cipz) Lypo+H(C itlgzh+2c 20tC i) Lo 1, Cwe= L
y0 yo
1 1
[(Cibzgzh+2c 300 Lygo™(C it292h+2c 06O Lrol,  Cws= L [Cib392thBO+C it392thT0]a Cwyi= L
y0 yo
1 1
[CivilypotC i1 Lyrot Gnlyo), Cuvyn= L [(Civ19nTC i2) Lypo T (City OwtC i2)ly10], Cwys= L [(CipaOn T Cis) Lyno
y0 yo
1 h guh
t (CipOn + Cig)lyrols Cwys = L [Cinslygo + Ciglyrol, Cya= % [Citr Lyro—Civi1 Lygo)s Cyro= %
y0
g.h h h
[CitZIyTO_CinIyBO]a Cyz3: % [CitSIyTO_CibSIyBO] » Cwa= 70 [CitIIyTO_CibIIyBO+ gh(IyTO_IyBO)]a Cwo= 70
h h
[(Ci19ntC i) lyro—(Cip1 IntC i2)lypol,  Cws= 70 [(Cio0ntC i) Lyro=(CinnOntC i53)lypols  Cwms= 70
I 1 1 1
[CizOnlyro—Civ3Onlysols Cya™ ALZ = 12A, (bBBOtB+b 3T0tT) , Cya1 = 4—A0 (bBBOthB +b 3T0tTgT)a Cyar= aA,
1 L h’
(bBBothzs"‘b 3TotngT)» Cyas™ 1AL (b330t3933+b 3T0tT93T), Ca0= A—O = FAOE [4A2}30AT0+A BO
0 0
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h2
(4A% 1 8A AwetA “wo) + AA vol Car= g2% 14A%0AT0(20xH2 u - GFA mo [4A°10 (572 G2 0r)
2

£ SAnAwe (053 00 ODFA (@400 T+ AnAl | (404G} Co 21;‘; (2A%50Ar
(O° 5t 400+ 20a0r+ O'ut 2000 + Apg [2A%10 (20505t 20601+ O°4+ 40:0r+ §°1) ; 4A oA o
(39a0nt 05013 '3 0u0r) T A’wo (205013 O 1+ AnA’ye 1 BG°+2 8181) }, Cos= % {2A%0A 1
(20°50n+ O'pGrt 2059k 400001+ 07401) + Apo [2A10 (097s + 4050:0r + 087+ 2gzhgT+O 20,9°0) +
gih’

3
0

(4A50A10(0 500+ 207507+ 2050101)+ Ao [4A°10(205010n+ 205071+ 0h0°1)+ 8A oA wo(0s0"h+ 305007 +
g’sh%

4A10A w0 (3050743 Us0n0r+ 0'h+3 07h01) +A “wo (305052 TPI+A 1A W] 20°+3 0501}, Cou=

0°0r) + 2A%0 (4060i+ 070 1+ AnA’wol (@4+4 8udr) }o Cous = =7 (4A750A100°s + Apo [4A75
0
h h
ngzT+8A ToAwoIsgndrt gzhgT+A 2wogagzh] + ATOAzwogzhgT) 5 Cyo0 = Yoo = C[Apy—Aq], Cyo1 = |
a.h 2A, 2A,
(gB+ gh) ABO_ (gT+ gh) ATO ]7 Cy02 = 0 [gBABO_gTATO]a CrpO = 1‘2]300 = CyaO—i_C 2y00+C zal» Crpl =

2A,

Ca(zcya0+ C2y00)+ Cya1+ 2Cy00cy01+ Czalﬂ C = Czacya0+ 2Ca (Cya1+ CyoOCyol)+ Cya2+ 2Cy00cy02+

p2

Czyol—i_C za2»s Crp3 = Czacyal + Ca(zcyaZ + 2CyoOCyOZ + Czyol) + Cya3 + 2CyoleOZ + CzaSa Crp4 = CzacyaZ +

2Ca(cya3 + CyolcyOZ) + C2y02 + Cza4a CrpS = Czacya3 + CaczyOZ + CzaS

APPENDIX2.[STIFFNESSIMATRIX

Only the elements that are related to [,, Iy, and Iy, will be given here. The other elements are

identical to those of Yang and Yau [5], replacing C,, C;, C,, Cy and C; in that paper with C,, C;, C

1y°

Ciwand Cyy, given in appendix (1), respectively. First, the elements which are used when c,Uo,

related to I, are given:

36ELn(1+C I
“(8 : L0 [06,(C1=412C %411 Cia—4113C 4T, ~4C,+C 1)
Cc,L

—4C%,(4C 2= 4C,+C ) H5C %, (4C =4+ C 1) 24C,(Cora=Cis}H28C o]+ —— i
5¢7 (1+C )L
(180Ci21—20Ci22—1OCiZ3—8CiZ4—7Ci25—480)—C53(840Ci21—320ci22+ 30C, 5+ 12C; 4+ 9Ci25—480)—2c45l

5(2,2) = —s(2,9) = s(9,9)=

[60C’,~C°,

(360C,,; —600C;,+ 230C,3—20C 4= 7Cys)+ 10C°,(96C,,,—156C 5+ 60C,,—5C,,5)~20C2,(60C,,~96C,,,
12ELn(14C ),

8 12
oL

—2C—6)+ 3C*(6C 1= TCipp+ 2C;3) —4C° (6C = TC 5+ 2C1p0)+ 5C°(6C 5= TCout 2C 1,5) —6Co(6C 4

+37C ;,5)+120C ,(12C;,4,—19C;,5)—1680C,,5], s(2,6)= —s(6,9)= [C63(2Ci21—7)+2C *(7C
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EI z0

5¢’,(1+C )L’
—630C;,+ 50C,5+ 13C;,4+ 8C,,5—720)=2C*,(540C,,,—=990C;,,+ 450C;,;—35C,,,—8C )+ 30C°,(48C,,

=7C,,5)+42C 5]+ [120C7,-C®,(360C,,,—30C;,,—10C,,;~7C,,,—6C 5 ~780)-C,(1380C

-86C,,;+ 39Ciz4_3ci25)_60C23(30Ci23_53ciz4+ 24C;5)+ 540C,(4C;4,-7C,5) -2520C;5], s(2,13)=
12ELn(1+C ),
ct L’
=5C51+C i) +5C 2a(6ci23_5Ciz4+C i25) —0C,(6C,;,4—=5C,,5)+42C 5]+

[C°)(Cii=5)+2C °y(5C 1,1 —Ci—6)+3C *,(6C 1, —5C;,n+C 13)—4C ,(6C
El,,

5¢’,(1+C )L’
~30C,,—-20C,;;—17C,,4—15C,;,s—660) —=C°,(1140C,,, =330C;,, + 40C,,+ 23C,,+ 19C,;s—720)-2C",

~8(9,13)=

[60C’,—C°(180C,

(540C;,,-810C;,,+ 240C,;-25C;,4,—13C;,5)+ 30C°,(48C,,,—70C,4+ 21Ciz4—2Ci25)—60C23(30Ciz3—43Ciz4

4ELn(1+C )L,
8

+13C i25)+180C a(lzciz4_17Ci25)_2520Ci25], S(696): [4C6a(cizl_3)+zc 53(12Ci21_4ci22

a

—9)+ 3C*(9C 1 —12C o+ 4C,3) —4C>(9C,,,—12C 5+ 4C )+ 5C7(9C ;35— 12C 4+ 4C,5) —18C,(3C 4

El

—4C,)+63C ]+ ———2——[240C7,—C°,(690C,,,—60C,,,—15C,,;—8C,,,—6C,,s—1260)-C,(2250C,,
15C",(1+C )L

~1200C,,+ 105C, 3+ 22C,,4+ 10C,,s—1080)—C*,(1620C,,, —3240C,,,+ 1710C,,;—150C,,,—29C,,s)+ 15C°,

(144C;, -282C; 3+ 148C,,4— 13Ci25)—30C23(90Ciz3— 174C; 4+ 91Cy,5)+ 270C(12C,,4—23C,,5) —3780C 5],

AELn(1+C )L,
ctL

a

Ciz + 2C,)+5C 23(9Ci23_9ciz4+2c iz5) =34C,(Ci 4 —Cyy5)+63C 5]+

[C°,(2C;,1—9) + 2C°,(9C ,; —2C;,,=9)+3C *,(9C 1, —9C;,,+2C 1,3)—-4C>,(9C ,, - 9
El,,

15C’,(1+C )L
-30C;, -15C,;~13C,,—12C,,s—1080)—C’,(1890C,,,—690C,,,+ 45C 5+ 17C;,,+ 14C,,s—1080) — C*,

5(6,13) =

[120C’,-C°, (390C,,

(1620C,,; =2700C,,+ 990C,,;—60C,,,— 19C,5) + 15C°,(144C,,-234C, 1+ 86C,,,—5C,,5)=30C>, (90C, 5 —

4ELn(1+C )L,
8

144Ciz4 + 53Ci25) + 270Ca(12Ciz4_19Ci25)_3780Ci25]» S(13913): [CGa(Cizl_6) + 2CSa

(6Ci1 = Cia=9)+ 3C*(9C,; —6C 0+ Ciy3)—4C° (9C;,,—6C 5+ Cipy)+ 5C°(9C;,3—6C 4+ Cips)—18C,(3C4
El
-2C;,5) + 63C,5]+ St N [60C73—C63(150Ci21—60Ci22—45Ci23—38Ciz4—33Ci25—900)—C53 (130C,,
15C",(1+C )L
~300C ,,+ 75C 5+ 52C+ 43C,s—1080)-C*,(1620C;,,-2160C;,+ 450C,5;—~90C ;,,—59C,5)

+15C °,(144C,,— 186C,;+40C 4~ 7C;,5)=30C%,(90C 5 — 1 14C,,;+25C ;5)+810C ,(4C,,4—5C,5)=3780C 5]

If C,=0, then the presented elements are replaced with:

El El
S2.2)= —5(2.9)= 5(9.9)= —Z[1246C i+ S-Copt 2-Cot o2 Crpgt 2-Cis), 5(2.6) = — 5(6,9) = —2
L3 5 5 35 7 L2
7 6 38 EI, 17 94
[6+2C ,, + ?Ciz2+ ?Ci23+ gcizf’_c izs,8(2,13) = —s(9,13) = Lzo [6+4C 1+ Tciz2+3c it gcm
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17 El, 8 2 12 13 El, 13
+ —C . 6,6 a— 4+C iz + —Ciz + _Ciz + —Ciz + —Ciz . 6,13 = 2+C iz + —Ciz +
7 i251,8(6,6) L [ 1T g vt g i T e i Ty s1,8( ) [ 1T g iz
4 26 29 El, 38 11 68 73
2 et 220t 22, s(13,13) = 443C i+ 22 Copt —Cpp + 22 C+ 2 C,,
5 iz3 35 iz4 42 125] S( ) [ 1 15 2 5 3 35 4 42 5 ]

The entries related to Iy, and Iy, are given below:

3E 3E
s(3,4)= —s(@3,11) = —s(4,10) =s (10,11)= — (TCyut7C yp16C y5) + —3(14OIWZO+70C waT36C s

35L 35L
E E
+49C ,3144C w,4), 83, 7)= —s(7,10) = — (351y,t7C y,1=2Cy5) + — (210L 1 70C \, +49C \,p +
35L 35L

E E
42CWZ3 + 38CW24)9 S(3,14): - S (10,14) = ——2 (351y20+28C y21+21C y22+16c yz3) + —2 (2101WZO +
35L 35L

E E
140Cy; F119C o t105C 5 194C i), 5(4,5) = —— (T00y,21C y, F14C y,H11C yy) = —— (2100w
70L 35L

E
+70C w, 749C o 142C \51+38C w,4), 5(4,12) = —s (11,12) = -— (701, +49C v, +42C y,,+38C y/.3)
70L

E
o (2101, +140C yy,; F119C 0+ 105C y5 +94C \,0), 5(5,7) = 21ET (1051y, + 14Cy, + TCy,, +

E E
6Cy,3) — ——— (420Ly,p +105C \y; +56C y,,+42C 3 +36C ), s(5,11) = - (701y,4+21C y,t
105L 70L
E

E
14Cy, + 11Cy,3) + —— (21000t 70C iy +49C iy t42C iy t38C ), 8(5,14) = —— (1051, +
3517 210L
E

E
49Cy,;+ 35Cy,127C y,;3) = ——— (21010t 105C y,; 791C o 184C 3+ 78C W), 8(7,12) = ——
105L 210L

E
(1051y,9 +56C v, +42C y,7+36C y,3) -~ (2101,,0+105C 1 +91C 1o+ 84C 1,3+ 78C wre), $(12,14) =

E E
(1051, +91C v, +84C y,, +78C y,3) — o (4201 ,0+315C 1 +266C o +231C st 204Cy,0)
210L

APPENDIX 3. STABILITYMATRIX COMMON BETWEEN
SYMMETRIC AND MONOSYMMETRIC SECTION

In this appendix the elements related to wagner effect are presented. The other entries are identical
with those given by Yang and Yau [5], and, Yang and McGuire [2]. First, the aforementioned
elements are presented, assuming that C,UO0 :

36F Ln(1+C ,)

gs(474) = _gs(4711) = gs(llall) = C IOL

10C,*(Cpp1 =2C 0+ Crop)+ 15C, (€ =2C 55+ Crg) =21C,2(C iy —2C oyt Cros)+ 28C,(Coy—2C 1) ~36C 5]

3F,
- 35C7;L [C.(1260C o~ 140C,; —35C, 5~ 14C, 3~ 7C, 4, —4C,5)+21C (120C 10— 140C,, +20C 1y + 5C,5

+ 2C4t Cpps)—42C, (100C,,, —125C 5+ 20C, 5+ 5C,pyt 2C5)+ T0C, (90C 1~ 117C 5+ 20C 4+ 5C,05)

[C, Cpo+3C ,°(2C 30— Crp JF6C (Crp—2C,1 +C 1) —
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—420C,” (21C 153 -28C,p4+5C 15)+840C (14C 1, —19C,5)—15120C 5 ]
6F ;Ln(1+C ,)
1

0

g47) = —g(7.11) = [C,/(5C 10— Cry )F3C (7€ 109 =5C 1 +C 1) +6C ,*(3C 150 —7Cry1 +5C 5

—Cpp3) —10C, (3C 5 =7C o+ 5C,5—Cop)+ 15C, (3C 1 =7C 5+ 5C,p4—Cos) =21C, (3C 3= 7C s+ 5C5)
F..
+ 28C, (3C4—7Cyys)~108C, 5] — —3— 210C, C,p+C ,*(5040C 15— 1680C, +35C 1, ~7C,3=7Cs —

70C,°L
55)+ 21C,°(360C 10— 540C,;+ 200C 1, —5C, 5+ C ooyt Cpps)—42C, (300C,, —475C 0+ 185C 5 —5C 0 +

Cpps) T 70C,*(270C, 1,441 C 5+ 177C, 4 —5C 1) —420C, (63C 5~ 105C, 4+ 43C,5)+ 840C,(42C

Cos) —45360Ce], g 14)= — g(1114) = OENEC) peie 430 9sC,0-2C,)+6C JB3C,

71

4

—5C,p+ 2C,0)—10C, (3C 1 =5C 0+ 2C 15)+ 15C, (3C = 5C 5+ 2C,0) =21C, (3C 3= 5C oy 2C 05) +

F..
28C, (3Cpu=5Cys) = 108C 5]~ ————— [C,/(2730C ;~210C,; =35C,,~TC,ps+2 1s)+C ,* (10080
70C, (1+C ,)

Cppo — 6720C,,; + 595C,, + 98C, 5 + 21C,, + 2.5) + 21C,” (360C 0 — 900C,,, + 590C,,— 55C,; —

2T
9C s —2C 5) —14C, (900C 1, ~2175C, o+ 1410C 13 ~135C 4 =22C,5)+ 70C,* (270C,, —639C, 5+ 411C,,

— 40C, ;) — 420 C,> (63 C
p.

Fyln(+C )L [c,’ (22C, — 8C,, + C,p) +3C 36(24Cm0—22Crp1+8C mp2—Crp3) 16C N (9C,p —24C,, +

10

147 C,py + 94 C,5) + 840C, (42 Cpy — 97 Cys) — 45360 C, 51, (7.7) =

mp3 — m4d

a

22C,, — 8Cos + Cpy) — 10C,* (9C 1 — 24C,, + 22C, 5 — 8C,y + Cps) + 15C," (9C; — 24C,p; + 22C,,
— 8Cps) — 21C(9C,;—24C,, +22C 5)+84C ((3C,,—8C,5)—324C, 5]+ EF:% 210C,°C,,-210C,’
(8C0—Cip1) — C. (18900C 1o — 10080C,,+ 1785C, ;5 —56C, 03— 14C 4 —8,,5) — 21C, (1080C,,0— 1980C  +

1140 C,py — 215C, 5 + 8C,4 +2C 1,5)+42C ,*(900C ,; —1725C,,+1030C 3 —200C,,,+8C ,,5)-210C,’ (270

p2
Cppo — 531C 3+ 324C, 4 —64C,5)+ 3780C, (21 C 3 —42C o+ 26C 5) —2520C, (42C,,—85C,5) —136080

Cos] &(7.14) = &miﬁ%”[cjmcmo—zcmﬁsc S(18C o= 11C#2C 1) + 6C,° (9C 3 ~18C,

mp2

+ 11C, 1 —2C,p3)—10C, (9C = 18C p+ 11C, 5 =2C )+ 15C, (9C 5, —18C 3+ 11C,54-2C,5)—21C,2(9C, 5

F.L
~18CuH11C 5)#252C (€ =2C 5) =324C 5]~ 25— [420C,°C g +C ,/(12180C 10 ~3360C,,; +
420C,°(1+C ,)

105C,, + 14C, 5+ TCpy+ 6,,5)+ C,°(34020C,0—~30240C, ,, + 8505C, ,—301C, 5 —35C,,—15,5)+ 21C,’

4T
(1080C ) —3060C 1+ 2670C,,—755C 5+ 28C 4+ 3C,5) —42C, (900C, ~2475C, p+ 2135C, 3 —605C,

+ 23C,) + 630C, (90C, ,—243C, ,+ 208C, ,~59C,s)~1260C,%(63C, ,~168C,,+ 143C, )+ 7560C,
15y p p p 15y p p 15y

(14C 1y — 37C,5)~136080C, 5] , g,(14,14)= LLH(C1+)L [4C, C g t12C S(BC,p=Cop)+6C (9C 0 —

a
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12C,; + 4C,)—10C, (9C 1, —12C 1y + 4C,5)+ 15C, (9C 5~ 12C 13+ 4C,0)—21C,2(9C 13— 12C oy + 4C 1 5)
F.L
+ 84C,(3C 4 —4C,p5) ~324C 5] —————— [C, (1890C,y+280C ,, ~595C,,+168C 13 — 14C, —
140C,°(1+C ,)
12,,5)+ C,/(10640C,)~3990C | ~2030C,,+ 2121C 3 = 532C, 4+ 18C )+ C,°(16380C ) — 20580C ., +
5985C,,+ 5418C,;—4592C 4+ 1080C 5)+ 7C, (1080C,,,—4140C,, + 4800C,;,—1125C, 5 — 1492C,, +
1144C,5) — 14C,"(900C,,; —=3225C,,+3550C ,3—690C ., +1222C 5)+210C ,*(90C , — 309C, 3 + 328C,,

— 54C,5) —2940C,’(9C 113~30C,,4+31C 1,5)+840C ,(42C ,—137C,5)—45360C, 5]

If C,=0, then the elements given will be written as:

g (@A) —g@11)=g (11L11)= —i (84C, ,+42C ., +24C ,+15C ,+10C 1y +7C 15)
70L
g (4.7 —g(T11)= 5 (42C, ) +42C |, +30C 1, +21C i +15C L +11C 1), g(d14)= —g(11,14)= 5
420 420
F.L
(42C, - 12C,—15C,,—14Cys), a(1.7) = e (112C,3g+28C 1 +16C 1, +11C 113+8C 1, +6C o)
F.L .
g(7,14) = — 2 (28C, +14C 1 +12C 1, +11C (i +10C 1, 49C ) , g(1414)= 3 (112, ,+84C
840 840

+72C p+65C 3+60C 1, +56C ,5)

It should be noted that the term —Fga;; and —Fa;; are added to g(4,4) and g(11,11), respectively, if
the transverse load is not applied at the web midheight. Fyand a; are the nodal transverse load
(positive acting downward), and the distance between its point of application with the web midheight
(positive upward), respectively.

APPENDIX 4. STABILITYMATRIXRELATED TO MONOSYMMETRIC SECTION PROPERTIES

When CaUO, the entries of this matrix are given as:
36F .Ln(1+C ,
2.3:4)= —gu(3,11)= —g,(4,10=g ,(10,11)= - ;C(L—) [C. CyortC 2’ (2C 100~ Cyo)+C 4 (Cyog
3F a
;(J [CaS(SCy00+2C yol—i_C y02)_ca4(2ocy00+5C yol—i_2C y02) _5Ca

a

(18 Cy00 - 4Cy01 - Con) _10C512(6Cy00_9cy01+2C y02)+30C a(zcyol_scyOZ)_60Cy02]a gm(377) = _gm(475) =
6F Ln(1+C ,)
7

3

_2Cy01+C y02)+C a(‘?‘cyo2_cyol)+C y02]_5

gm(sal 1) = _gm(7710): - [CaSCy00+C a4(SCy00_Cyol)+C 33(7Cy00_5Cy01+C y02) +C az(3cy00 -
a Fx'
7CY01 + 5Cy02) + Ca(7cy02_3cyol)+3c y02]+ F_G [CaS(SCYOO_Cyol_Cy02)+C a4(150Cy00_5Cy01 +C on) +

a

5Ca3 (66Cg=30C,;+ Cyn)+ 30C32(6Cy00—1 1C 1+ 5C,) —30C,(6C —11Cy,)+ 180C 5] gn(3,14) = —
gm(4712) = gm(10714): _gm(llalz): - w [2Ca4cy00+C aB(SCy00_2Cy01)+C az(3cy00 _5Cy01 +
C
F, a
2Cy02) + Ca(SCy02_3Cy01)+3C y02] - . [Ca5 (SCyOO—i_C yol) - Ca4 (30Cy00 + 5Cyol + Con) - 5Ca3 (42Cy00
10

6
a

-6 Cyol - Con) - 30 Ca2 ( 6C yo0 — 7Cyol + Con) + 30Ca (6Cy01 - 7Cy02) - 18OCyOZ] Zm (4,4)
_ 12(M,+M )Ln(1+C ,)

C 8L [CaGCy00+C aS(C yoO_Cyol) _Ca4(3cy00+C yol _CyOZ) _Ca3(5Cy00_3Cy01 - Con) _Ca2
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M, +M
— A [, (147C 140 F35C 4o +13C yop) +7C . (80C 440

35C,'L
—21C,; = 5Cy02) =7C, (T0C yog+ 80C 01 —21C,03) = 70C,* (24C g~ 71C o1 —8Cy2) ~70C, 2 (12C 0p—24C o +

(2Cy02 - 5Cy01+3C y02)+C a(zcyol_SCyOZ)_zcyOZ]_

1
7 Con) + 840Ca (Cyol _2Cy02)_84ocy02] + BO [Mzi(l_x)_szX] % [36X2(X_1)2]dx Zm (477)
= (MZi+M Z]C)Lén(l—i_c a) [Ca7cy00+C :16(4Cy00_cy01)_Cas(6cy00+4C yol_CyOZ)_2Ca4(16Cy00_3Cyol -2 Con)

3 2 M,+M )

-C, (35C5 —32C,,+6C ,)—C, (12C—35C,,,+32C ,,)+C ,(12C,,, -35C,,)-12C,;,] —
420C,

[Caé( 1127C 0t 22C ) + 7C35(80Cy00—161Cy01)—7Ca4(1 110C 40t 80Cy01—161Cy02)—70Ca3(174Cy00

1
—111Cy1=8Cy2) ~210C, (24C 159~ 58C 1 +37C 12 +420C ,(12€ 11 =29C,2)=5040C 5] + B [M,, (1-X) -

_ 6(M Zi+M Zi)Ln(1+C a)

M,X ] bg [6X(X-1)(3X =4x+1)]d X, g, (4,11) = [C,°Cyo0+C . (Cyop —Cyor) —Cy'

C,'L
(6Cy00 + Cyol - Con) _CaB( 1 0Cy00_6cy01_cy02)_2Caz(2cy00_5Cyol+ 3Cy02)+ 2Ca(zcyol_SCyOZ)
—4cy02]+%ﬁ [3C,°(28C 10—3C,0)+28C . (25C 100—3Cy01)=28C, (35C 1o0+25C o1 —3C,ep) —140C,>
70C,’L

(24C,00 — 7Cyo = 5y0) —140C,2(12C,50—24C o+ 7C )+ 1680C (Cy—2C,5) —~1680C 5]
(Mzi+M Zi)Ln(1+C a)
8

1
+8 M1 —x)—szx]% [36X*(x-1)"]dX , g,(4,14)= [2C,"CyoitC 4 (BC 0=2Cy01)

= O (12C 00+ 3Cy0 = 2 Cpap) = C(25C, 0= 12C 01 =3C,0) ~C,7(12C 00— 25C o1t 12C, )+ Cy(12C,,
~25C,2)~12Cy0] —% [C,°(147C 1yy=13Cy )+ 7C ,’(220C 5p=21C1) = 7C,  (210C ;+220C
21C,)=70C, (114 C,pg — 21C,01=22,0)~210C 2(24C,g=38C, o+ 7C,0)+ 420C,(12C,0~19C,,)
B, M, (%) -Mx] by [6C-DEX-2))X, £,(57) = QLZU;C)
[Caécy00+cas(8cy00 _ C L) n Ca4 (223(:

~5040C,,,] +

yo0

_8Cy01+ Cy02)+ 2C33( 12Cy00_ 1 1Cy01+ 4Cy02)+ Caz(9Cy00_24Cyol+ 22Con)_?’Ca(?’Cyol _8Cy02)+ 9Cy02]

LF,
—— [ (165C 150=8Cy01~2Cy)+C ,(780C 0= 165C,,+8C 1) #15C [ (78C,0=5C,q +11C ) +

60C, LF Ln(1+C ,)
?’Oca2 (18Cy00 - 39Cy01+26C y02)_90Ca(6Cy01_13Cy02)+540C y02]7 gm(5714) = gm(7712): —Xi%

[2C, Cyoot C, (11C,00=2C 1) + C,’ (18C 00— 11C 0+ 2Cy00) + C,2(9C 0 —18C 0+ 11C,) - 9C,

LF,,
60C16 [C, (15C o+2C 101 +C y03) +C . (300C 150—15C,0; —2Cyqp) +15C > (54C 0 —
20 Cyop + Cyo) + 30C,” (18C 0 — 27 Cyoy + 10 Cyp) = 270 C, (2Cy0 — 3Cyp) + 540 Cyol g(7,7) =

2L(M M ,)Ln(1+C )

(Cyol_2Cy02)+9C y02] -

[CaécyOO—i_C aS(6Cy00_Cyol)+C a4(12Cy00_6Cy01+C y02) +2C aB(SCy00_6Cy01+3C y02)

C 8
€ (3Cyu=10Cy, +12C 1) = €, (3Cy0=10C,)143C b+ MM 1o Sa10 - + 7€,
210C,

(155C 10 — 6Cy01) +7C , (480C 4= 155C 11 +6C 4)+35C ,*(102C ,09—96C,0; +31C yop) + 210C,” (6C 0 —
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1
17C o1 + 16C ) = 210C,(6C 4= 17C,0)+ 1260C, 0]+ B [M(1-X)-M ;X]bgL [(3X*—4x+ 1)°]dX,
(Mzi+M Zi)Ln(1+C a)

2.(7.11) : [9C,’Cyog+C " (32C,09=9C,o)+C , (35C,9=32Cy +9C ) + C.’
(12C00 — 35Cy0; + 32Cy) + Cy(35C, 00— 12Cy)+12C o]+ %Q [C,°(77C 0—13Cyy) — 7C,°

(100C 0+ 11C0) = 7C, (1110C 0= 100C,0 = 11C,05) = 70C, (174C 0~ 1 11C 1+ 10C,5) —210C,% (24
1
Cyop = 58Cy#37C ) + 420C,(12C,=29C,) = 5040C,55] + B [M,i(1-X)-M,;X]bg [6X (X=1) (3%°

—4x + 1) ] an gm(7714) =

3L(M +M ,)Ln(1+C ,
B ( ]33 ( ) [CaSCy00+C a4(4cy00_cy01)+c aB(SCy00 _4Cy01 +C y02)

C
a LM +M
+ C,2 (2C,00 = 5Cy0+4C o) +C (5C,p—2C,)+2C yozl‘(#f)
140C,

Cyo1) = 7C,H(130C 109—10C 1 = Cy2) = 70C,*(24C 10— 13 C o+ Cyp) ~70C,2(12C 09— 24C 1 + 13C,) +

[C,°(7C yo0=Cyo2) —7C,°(10C 0 +

1
840C, (Cyo = 2Cyp0) = 840 Cynl + B [M;(1-X)=M,X] by [X(2X=2)(3X—4x+ 1)] dX, g, (11,11) =

12(M ,;+M ,)Ln(1+C )
C,'L
(Mzi+M Z') 6 5 4
Cyoal + — A28 [C (63C 10 #35C 1 #22C 103)=TC, (20C, 1 +9C 11 +5C 12)+7C [ (T0C 00 +20C 11 + 9
35C,/L

[3C, Cyo0tC 2 (5C 1op—3C,01)+C 4 (2C 4op=5C,01+3C yor)+C o(5Cy —2Cyop) + 2

1
Cyn) + 70Ca3(24Cy00—7Cy01—2Cy02)+ 70C,%( 12C50—=24C 1+ 7Cy5) —=840C,(Cy, —2Cyp) + 840C ] + BO

M, (1-x) _szx]% BEC(x-11dX , gy(1114)= ~MaMIWC D) 1poc e ve ese,, -
M,;+M )
420C,’
7€, (A0C 4 +9C Lo HTC H(210C 00 H40C 10 +9C ) +70C (114C,00-21C,; — 4C, ) + 210 C,7 (24C, o —

12C,) + Caz(12Cy00—25Cy01+12C yo2)TC 2(25C ,—12C)+12C 0 ]- [C,° (63Cyq0 —22Cy,,) —

1
38 Cyo1 + 7C0)—420C,(12C,,—19C ) + 5040Cy02]—f30 [M,i(1-X)-M;X]bg [6X2(X—1)(3X—2)]dx,

gm(12714) = &il‘n(i;ca) [4C35Cy00+4C :13(3Cy00_cy01)+C az(9cy00_12Cy01+4C y02) _3Ca(3cyol - 4Cy02)

a

+ 9Cy02] + %g [Cas(lscy00+8C yol+6C on)_Ca4(60Cy00+15C y01+8C y02) _15Ca3(3ocy00 _4Cyol_cy02)_

30Ca2(18Cy00_15Cy01+2C y02) + 90Ca(6cy01_5Cy02)_54ocy02]7 gm(14714): - 2L(M Zi+M Z%Ln(l—i_c a)
C,

[2Ca4cy00+c aB(SCy00_2Cy01)+C az(3cy00_5Cyol+2C y02)_Ca(3Cyol _SCYOZ)—"_?’C y02]+ Lﬁl\/gzl_ [C36 (7
210C,

Cyo0 = 2C02) = 7C, (5C o0+ Cyo1)+ 7C, (30C o0+ 5Cyo1t Cyop) + 35C, (42C 00 —6C 01 —Cyep) + 210C,° (6

1
Cyo0 = 7Cy01 + Cyan)=210C,(6C 10 —7C,0)+1260C 5] + r&o [M,; (1 - X) — M;X] by L [ X* (3%x-2)" ]dX
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If C,=0, then the presented elements are replaced with:

3F,
gm(3=4) = _gm(3511) = - gm(4=10) = gm(loall) = - ! |:14Cy00+’7C yol—i_4C on)a gm(3=7) = -8 m(4=5):

35L
F..
gm(sall) = _gm(7510) = - 76] (7Cy00+7C yol—i_5C on)a gm(3=14) = _gm(4=12) = gm(loal4): _gm(llalz):
Fx' _ (Mzi+M Z') ! b 2
_%L (7Cy00_2cy01)a gm(4=4) - _Tj (35Cy00+13C yol—i_6C y02) + BO [Mzi(l_x)_szX] fE [36X
M,+M !
(1 6 g, (47) = PR (11C,,47C )+ B M0 -M,X] by [X(- DX 4x+1)] X,
9M +M ) ! b > > M,tM )
@1 = - A A e Y+ R [M(1=X)—M,X] 2E [36X3(X=1)*] dX, g, (4,14) = ——A 4
g1 = A (€ 1C )+ B ML X~ MX] 22 [36C (-1 dX, g 14) = 22
! LF,
(13Cy + 12C,y) + BO [M_i(1-X)-MX] by [6X°(X—1)(3X-2)]dX , £.(5,7) = 21(; (28Cyp0 T 7Cyo1 +
LF,. LM, + M, :
4Cy02)a gm(5=14) = - ! (14Cy00 + 7Cy01 + 6Cy02)a gm(7a7) = - (—J) (4Cy01 + 3Con) + BO

M, + M, !
M1 -X) = MX]1 by LIGX~4x1) 2T dX . go(T.11) = — i M) (130, + 140, - B M,(1-X) -

420
LM, +M . !
M0 b [6X(X- DX -4 DI X, g(7.14) = S8 (€0 o) + B [ML(1-X)-Mx] bl [X
140
2 — ( Zi+M Z') ! bE
(3X=2) BX =4x+1)] dX, g,(11,11) = ~—2—22(35C o+ 22C,,; + 15C,,) + 80 [ M(1-X) _szx]f[
35L
M, + M, !
36XC(X-1)" 1 dX, g, (11,14) = (Toj) (11Cyoi+15C y0) = B [Mu(1-X)-Mx] bg
LF, LM, + M,
(OO DEX-DIX £,(1214) = ~2H(28C, 10+ 21C,+ 18C,0) 2,(1414)- —(#@)MCW +

1
5Cy2) + B My (1-X) = M ] beL [ X* (3X-2)" ] dx

NOTATION X Nondimensional coordinate
M,, Bimoment ; Efrigﬁhslteress
[N] Shape function t Shear stress
0 Web midheight q Rotation
I, Polar radius of gyration A Area
S Shear center , b Flange width
[s] Element §t1ffness rna.trlx B Bottom flange
[S] Global stiffness matrix Centroid
t Thickness © enrol
T Top flange C Taper cgnstant
u Displacement {D} NF)dal displacements
W Web e Linear strain
W, Internal work E Elasticity modulus
W, External work f Flange
be Monosymmetry parameter Fy Axial force
h Nonlinear strain F.F, Shear force
g Taper coefficient G Shear modulus
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[g] Element stability matrix

[G] Global stability matrix

h Flange centroids distance

L., Moment of inertia

I Polar moment of inertia

I, Warping constant

Ly, Ly Ly, Ly, Section constants

J Torsion constant

L Element length

M,.M, Flexural moment
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