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Abstract In this paper we propose a suitable reference wave for Pulse Width Modulation (PWM) AC
Drives. Staircase reference waves whose levels are calculated to eliminate certain harmonics are studied
and a certain staircase reference waveform with L levels 1s constructed. When L 1s made very farge 1n linut,
this staircase waveform approaches a continuous one which is called Quasine (Quasi + Sine). This
approach compared to the classical harmonic elimination method has the advantage that the magnitude
of non-triplen harmonics 1s reduced. A computer program by TURBO PASCAL 6 was developed to
enable us to have a comparison between the harmonic contents of output voltage for various reference
waveforms.
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INTRODUCTION

The objective which is followed in AC machine drives is
to make the output of drive similar to a sine wave. There
have been various presumptions about the word "similar-
ity" or "optimality”. In some papers (as in [1] and [2])
climination of lower order harmonics is believed to be an
optimality criterion. Here, switching instants are deter-
mined so that in PWM technique, for a given fundamental,
certain harmonics are eliminated. Some authors have tried
to optimize the output by minimizing the overall system
losses [3], and some others have attempted to minimize the

unwanted pulsating torque of motor or Total Harmonic
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Distortion (THD) of the stator current [4]. Unfortunately,
optimized PWM has to date no identifiable modulation
process [4,5]. This is due to the nonlinear nature of the
problem and its complexity. Hence, optimization calcula-
tions, in optimized PWM implementation, arc carried out
off line to achieve switching instants, so that a certain
criteria is met. Switching instants are saved in an EPROM
and used in digital or microprocessor implementation of
this method. The difficulty encountered in this method is
that of excessive data, especially if the inverter is to work
over a large scale of voltage and frequency [6]. Thus, we
are led to sampling strategy. Historically, natural sam-

pling strate gy has had precedence and has been used more
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than other methods. In this method, swithing instants are
determined by the analogue intersection of reference and
carrier wavetorms.

Einerging microprocessors and rapid progresses miade
in digital processing technology, has meant that considet -
ation has been given to the possibility of implementation
ot drives with higher accuracy and efficiency. Untortu-
nately. programming microprocessors for natural sam-
pling intended to real time control is rather intricate,
because finding the intersections leads to transcen-dental
cquations which consume too much time. Fortunately,
regular sampling strategy helps us in this and makes the
microprocessorized implementation of inverters more prac-
tical 6.7.8]. In this method the reference waveform is
sampled regolarly, using minimad storage 10 hehd 1is
samples, and the widths of output pulses are calculated by
asimple lincar relatonship using these samples. Since tor
applications in which we need lower frequencies, opti-
mized PWM requires a huge memory, the regular sam-
pling strategy is justified. Cases are reported in which the
output of inverter is divided into different frequency re-
gions and at lower frequency regions regular sampling
strategy is used but at higher ones optimized PWM is
realized [8]. In some papers in order to take advantage of
the optimality of optimized PWM, as well as the practica-
bility of sampling strategy, effort is made to compromise
between the two. To thisend non-sinusoidal references are
considered [ 1.4.9]. In| 1], for natural sampling, a staircase
reference is found so that for unity modulation index (M),
Sth and 7th harmonics are eliminated from output, and
various levels of voltages are generated by multiplying the
found reference by M. In{4]. forregular sampling strategy,
the spectrum of reference waveform giving minimum
THD under various Ms and Ps is analysed and approxi-
mated by a third harmonic-added sine (sine + 3rd).

In this paper, staircase references are studied the levels
of which are calculated to eliminiate certain harmonics
from them this is done according to the idea that for rather
large Ps the output of inverter follows the reference wave-

form. Then, a staircase reference wavetorm s constructed
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so that n first odd-numbered non-triplen harmonics are
eliminated trom its spectrum. It n is made very large in
limit, this staircase wavetorm approaches a continuous
one which is called Quasine [after Thorborg]. This ap-
proach in relation to the classical harmonic elimination
method has the advantage that the magnitudes of non-
triplen harmonics are reduced, because the triplen harmon-
ics here contain an amount of the energy of the wave. In
addition, the existing harmonicys are distributed broader
and resemble white noise more than the harmonics of
classical method. So, i this case it 1s expected to have
lower audible noise.

We developed a computer program to have a compari-
son among several waveforms as a reference, This user-
friendly program is capable of calculating and drawing
various waveforms of inverter and the spectrum of its
output. This program simulates natural sampling to tind
the switching pattern of output. For staircase references its
results are the same as regular sampling, so the achieved
results can be applied to microprocessorized implementa-

tion.

EXISTING REFERENCE WAVEFORMS
CONSIDERED

Figure 1 shows the basic structure of inverter and Figure 2
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Figure 1. Inverter structure

Journal of Engineering, Islamic Reupblic of Iran



x.“‘ M=0.800
Cfsine

1 THD =2, 4%

i
I I ,,_],“ R ,,-I,lllg,ﬂmlllll,ﬁ, TS T L O,
s o ) a3 00 .hf) e L3 N

A A ; ; \ o .
S I i i f\ i A
Iy A e N N N A A I AW A A A .
A R B R R R AT A b, 5
Y e Y e Y Yy LA Y M=1.100
i 3 [} [l " w . b i “~
P ! ’ LRSI o osine
SR T e R O O O i H K
RN : MlmH = N 1
R it A |l SIS S i it
IR "HHH::;F’ }|
o BRI LT
1 THD=ZZ .9/
El_~ - -lil. — ‘-Elli._, Y T . -l._n-.;lj_-ln
M 15 2D Y 40 0 [} L Vo L 89 _ b B

b

Figure 2. Sinusoidal PWM; (a), (b) samples of SPWM

shows the algorithm of producing output phase voltage in
Sinc PWM technique with natural sampling.

In this technique the final objective is the selection of
the best reference waveform so that the quantity of output
voltage THD becomes the best approximation to 4 Sine shape.

It is seen that if P is a rclatively large number, the
harmonic content of inverter output voltage will be nearer
to the harmonic content of reference waveform and follow
it. Inverter output voltage harmonics originate from two
sources: one, reference waveform harmonics and the other,
harmonics caused from changing pulse amplitude to pulse
duration.

Since edgesoriginate from switching, evenifreference
waveform is exactly sinusoidal, the output voltage will
contain harmonics. These harmonics contain narrow bands
around the carrier frequency and its multiples. If carrier

and reference waveforms posses odd symmetry around 0°
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phasc and even symmetry around 90° phase. the Fourier
series of output voltage will be constructed from sinusoi-
dal terms with odd harmonics. I we apply three-phase
symmetry to turn on and off the switches, triplen harmon-
ics will not be present in the phase-to-phase voltage and
will not transfer to the load. Thus it is better to choose I as
amultiple of 3 because harmonic components of it and all
its multiples eliminate from line voltage. The elimination
of triplen harmonics gives us one degree of freedom wid
this permits the reference waveform to contain these
harmonics because harmonics will notbe trapst ac drothe
load. The added harmonics can be uselul from twa aspects:
tirst, that the amplitude of harmonics around the carrier
frequency and its multiples is reduced and output voltage
frequency spectrum becemes more monotone; the other,
that if harmonics arc added logically to reference wave-
form we can have more amplitude for fundamental compo-
nent of output voltage than when we use sinusoidal refer-
ence waveform for a constant modulation index [1].

We will have maximum amplitude for the fundamental
component of output phase voltage when phasce switches
turn on and off with reference wave frequency (M>>1).

The fundamental of a square wave which is considered
here as a 1-level staircase, with amplitude 1. has the rms

value:

U(u,:?—c.;é_—:;nﬁ (hH

This is the highest obtainable value and is used as o
benchmark, for other references or output voltage all
harmonic components are expressed in per unit (pu) or %
of that value.

As referred to earlier, in this paper we use natural
sampling technique for calculating switching times in
order to have a uniform judgment among different refer-
ence waveforms. The total harmonic distortion, which is a
measure of closeness in shape between a waveform and its
fundamental component 1s defined as:

212

THD=100. L ¥ (%} % (2)
=5

Ua
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where n=6i+1 (1= 1,2....)and U, nth harmonic amplitude
of voltage in pu. If we assume that load is pure inductive
this value (THD) will be equal to rms harmonics current
that flows through it.

Sinusoidal PWM

This waveform is the most elementary wavetorm used as
a reference wave. For M<1 we are in linear region and
output voltage U, 1s proportional to M. Maximum value
of U inlincar region (M=1) is equal 10 0.785 p.u. for M>1
lincar proportionality decays and notches gradually disap-
pear. Figures 2(a) and 2(b) show samples of SPWM,

Third Harmonic-Added Sine

In [4] it has been shown that if we choose waveform:
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W \1 ﬂ f:Sin+3rd
L

il N THOZZ O I

ll‘&,,.f ,ll‘é‘ll.,g, ‘ll_ll-ll._‘-,l‘.l!lLl‘._)-A_-. | | T

T8 T T 23 05 an 55 [ 5 63 95
i o - 7“'{’ B el ) 77".\ f oo [
O L O O O
I S I N AR AN A I AR R N AR A Il”h"\"l"\f‘»‘l
f ] i i ( 5 I_[ ! i i RN AN AN
| {‘;_"7‘)&1‘>|777T~f‘4_}‘ frf;‘i;“ﬁ?ﬁ‘&in H >+';] " [N 'IT‘{?‘A
RTINS RIHI ‘f { Wl o \f i ‘, Y |}' s|" ” ‘H e i
| U A S T N | o ]I‘J N p} P ‘Sr (I I
| L g\.‘l¥ L el 4
I
‘ P21
Dy ey e ~
Pl l | M=L.100

l :

L NN — i; H , JI-‘ f:Sin+3rd
L t HIH_ l L
} ;

tly" THD= L. 97, I

|

i Z., - -n,l]‘zlln_A-t REBvanaDOrmmr  mauol EmRma.

o 1 i h R s o5

b

Figure 3. Sie + 3rd PWM; (a), (b). Wavetorms
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R@)=M [sin (wt)+i-sin (3wt (3)

as a reference wave for regular sanpling strategy we will
have a state near the optimum one. Since in this paper we
assume linear region for output voltage in interval <M<,
we multiply a coetficient to this function so that when M=1
the maximum of function equals one, for comparison

between ditferent waveforms.
R(ml):M.qui.(sm((m)+1/4m1(3 W) (4)
7 7

Figures 3(a) and 3(b) show a combination of carrier,
reterence and output voltage wave shapes and the spec-
trum of output for M=0.8 and M=1.1.

In Figures 3(c) and 3(d) the variation of ouput voltage
fundamental component and THD versus M as shown. Itis
seen thatU | ismore than SPWMand THD especially near
M=1.
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Figure 4. Staircase PWM

(a) Three-level staircase voltage and triangular waveform
(b) Phase potential waveform

(¢) Rectified carmer wavetorm and levels

Optimized PWM = 2/nlcos Ny - €os Noty + cos nes - ... - 0.5
= 4/nfsin (ny) sin (nxp) + sin (ny2) sin ( nx2) + .. - 0).25

Here. the object of optimization is harmonic elimination, (5)

Fora given P we calculate a staircase reference waveform where x,, x,. ... are half widths of notches and y . v,. ... arc

with L levels such that when M=1, firstto (£.-1) th harmon- central angles of notches. Figure 3 shows these vartables,

ics eliminate from line voltage.

For 0<M<1 it can be predicted (conclusions also con- Y=l @i-1); i=12, .., 1L (6)
firm) that the amplitude of unwanted harmonics is low. We 2P 4
assume that each stair of reference waveform from the first If we let relation (5) equal zero, the nth harmonic will
to the (L-1) th stair intersects Q (is an integer) tooth of be eliminated. If we name the harmonics that must be
triangular waveform teeth (Figure 4). eliminated by b, b,, ... . b, eventually, system equations
If we assume that o, o, o, ... arc edges of output phase
voltage waveform, the nth harmonic will be calculated in . 2Xi N
the follwing manner. /\j
A
I ! 1
@ ez 2 _._7/ & ! o( . ™~
U°”(p‘“}:% { sin ("“)d”(x'{ sin (nen dnoe + .. +) sin (noy dner, 2iey x 2
0 oy Cend ¢

Figure 5. Definition ol y and x
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for Q pulses in each step become as the following simple
form:
Q

L-1
£ (X1 X2y oa e )= 3 S0 (Bix ). D sin by Vi 10)- 025=0

=1 k=l

(7)

Values of x (half widths of notches) are calculated by
solving these nonlinear equations with the Newton-Raphson
method. Values of N can be casily calculated using the

equation

N =1-

1

X (8)

1

;‘l:

In general form o can be calculated using

oL =1 /2P |20 - (-1)' MN ] 9)

j=1+0G-1)div (20) (div means integer division)
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Figure 6. Optimised PWM; (a), (b). Waveforms
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AllU  can be calculated using all ¢ in relation (5).
THD can be calculated by Equation 2. Figures 6(a) and
6(b) show two kinds of optimized waveforms. Variation of
U,,, and THD versus M have been drawn in Figures 6(¢)
and 6(d). Itis seen that fundamental component of output
is very high(in M=1.U = 0.9225 against U | = (L8RO6 for
sine + 3rd) but THD is lower than SPWM_ and a httle
amount more than PWM with Sine + 3rd reference wave.

The major difficulty inoptimized PWMisthe dependece
of reference wave upon £ and if we want 1o vary [’
amplitude of levels will change. Also nonlinear system (7)
does not have a solution in all states and tor some combi-

nations of P, Q. L nonlincar cquations diverge.
DERIVATION OF THE NEW WAVEFORMS
Sine-Stair PWM

In thissection we choose astaircase waveform asreference
and try to calculate angles of edges and step levels in such

a way that some of low order odd harmonics arc climi-

;,,,,U1 {pUJ T
ny

o Optimized Keference
Ce.1 {// , :1): 21 71:7—”1}77({: 1
{ 0.3 1,0 M

o

Figure 6(¢), Fundamental component versus M
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Figure 6(d). THD versus M
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nated. As before it is assumed that an unknown staircase
waveform has odd symmetry around 0° phase and even
symmetry around 90° phase.

We show step levels in interval 0° to 90° with N, N,
..N, andanglesof stepedges witha, 0, ..., o, .Lnumber
of steps and N,= 1. The nth harmonic coefficient of
reference voltage Fourier series in p.u. is equal to:

2

Usinnodo

o

o]
:]ﬁ f Nj sin nadnouf Nz sin nodna + ...
{

o

N sin natd nix

f )

:%IN] + (N2 -Ni) cos nog + (N3 -Na) cos nttz + ...
+(1-Nq.1cosna - (10)

IR, 1s cquated to zero, the nth harmonic of stair
reference voltage will be eliminated. Fora given L wehave
2(L-1) free parameters: N, N, .. N, and 0, 0, oo, O

In this section we will try to calculate these parameters
in such a way that the number of 2 (L-1) low-order odd
harmonics arc eliminated from the reference wave. In this
manner using (10) the following system equations are

achieved:

N, + (N, -N))cos 30, + (N, -N)) cos 3o, + ..
+ (1-N, )cos 3a, =0
N, + (N, - N)cos S50+ (N, - N ) cos S0, + ...
+(1-N__)cos 5a,_ =0

N, +(N,-N)cos ((4L-3) o) + ...
+(1-N_ )cos ((4L-3) o ) =0 (1D)

(2L - 2 equations)
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Calculation of o, . ... .o, from (1) canbe simplific:d
by equating the relation of nth harmonic chmimation with
the relation of (4L-n) th harmonic elinithation temi by
term.

With this assumption the volume ol system equaiion
will be haif and nth harmonic climinanon will be cipizat e
(4 L-n) th harmonic elimination.

For example, if L =4 the 3rd - 13th, 5th-T1th, 7th-Yth

harmonics will be eliminated together.

cos (4L -nyor =cosnoy; =12, . L]

(4L -n) o =2kmt no; k=0+1.42. .. (17

By selecting k=i, o is calculated to be:

(I‘:]_Tc_.
2L

This result is interesting since wave o Iy construchd
from equal width steps. The width of cach step s avam o
7/2L.

This property makes it possible to usc this wavetorm in
microprocessorized sampling strategy. Amplitudes ooy

els are calculated from the following system equations:

L-1 N VL TR v /
sinf 21+1) (24- DI N= co[@i v - hr2L]
=1 4L Ao (?l + l)Tt
e SN e —
4L
= 123, . L (14)

These cquations are lincar with respect to unknowns N,
N,,N,,...,N, andcan be solved by ordinary methods such

as Gauss elimination.
R, =N+ (N, - N)cosa+ (N, - Ny cos 2o+ ...
+(1-N, )cos (L-1Ho
(15
Using (14) and (15) it can be shown that
U, =LN {

(4] 1

Calculations can be checked by (16).
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Freure 7ta) shows asample of ths reference wave tor
=21 and L= 3 Ampluude of 2 to (L-Dith low-order udd
harmonics (3,5) are not eliminated but they have small
amplitudes such as we have predicted betore, The come-
parison between this reference wavelorm and sinusotdal
reference wavelonm due o U (flundamental component
of inverter output phase voltage) and output THD shows
that in this state U |is better but THD i1s worse than
SPWANL Forexample.atM=1,U | =0.82 (against (). 736 for
SPWM) but THD= 2.499% (against 2,31% tor SPWM).

If we are notsensitive o the small increase of THD this
wavetorm will be prior 1o sine wave becouse 1t has higher
outpui voltage.

Wi o staircase waveform that is calcolaed froan
(14y will approach a pure Sine wave with unitanpliude.

The name ol Sine-Stair is used for this reason.

Quasine Stair PWM

[t was mentioned that in athrec-phase symmetric systern,
riplen harmonics are nol present in phase-to-phase
voltages. Therefore, there 1s noneed to eliminate these
harmonics. but instcad we can eliminate more non-
tripien harmonics. Thus in system (1) triplen harmonic
cquations will not appear. Using a simifar method 1t can
be shown that for this waveform we have

o= ;"‘z (17)

Thus m this wavelonn all the steps from the tirst up to the

(L-1)th have the same width as:

=T (18)

and the last sep starts from /3. Also, in the list of harmon-
ics 1o be eliminated. both the hamionics having the same
order trom the beginning of the list and its ending will be
climinated together. Elimination of one necessitates elimi-
nation of the other. For example, tor L= 4 the following
harmonics must be elitninated; Sth, 7th, 1ith, 13th, 171h,

32 - Vol. 6, No. 1, February 1993

1uth. They are ¢lassified in this manner: Sth- 1Uth, 7th 17th,
[ th-1 3.

In Frgure 7(b) outpui voltage spectrim for L= 31
shown, Comparing this tigure with 7¢a) (Stie-Stair) we will
see that in this state fundamental component amplitude is
high and THD value hias been decreised o because there
is third harmonics in Quasine stair referenee wave

Frgures 7(¢yand 7(d) show varionof THD T versos
Mlorf=3 =21 {tisseenthatat M= 1 we have achieved
avery good voltage (U | =09 176 puyand inthis stae THD

has relatively low value (THD= 2.1%% ).
Quasine PWM

It 2. approaches infinity in Quastie staie wavefomn we wiil

have the tollowing continuous wavelornm:

2 sn (w4 /o) - Dot
3
R (wi)= | L yys 2R
3 4
2 sm (wt-rfo)=- 1 ;%lﬁ(min
and R (ot + m)= - R (wt) (193

Figures 8(a), 8(b) and 8(c) show samples of this wavelonn
used as a reference wave. As (19) shows, wavetonn has
formed from stie and line preces, hence the name "Quasine”
(Quasi + Sine). From Fourier anadysis, thie rms vadue ot the
fundamental ofQuasine is V| = Y2 /¥ 10.9= 0907 pu. and

the rins valae of the nth harmonic i pu s,

3
1-2cos ——)"“ l T
n-n
R(.;)(]).U)z——‘x-i(—}*;:

n'-n 0 clse

forn— $9.1y .

(in pu with respect w (1)) {2(h

Fourier series of this waveform contans fundamental
component and triplen odd hannonies, If we write three
clements of the function (1Y) we will have: (not in p.u)

R(w1) =2 4n {wt) + Lgn Goy+ Lo W+ ...
V3 2n 60T 1)

e
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Figure 7(b). Quasine Stair PWM

Itis seen that function has some third and ninth harmonics.
[f we compare this relation with (3) atM=1 we will see that:
firstly, the Quasine fundamental component is high, and
this will cause more voltage to he obtained from inverter
inlinear zone of variation of U ; secondly. third-harmonic
amplitude of Quasine is less: thirdly, Quasine has some
ninth harmonic which (3) hasn't. Because of the ninth
harmonic. Quasine can be constant in interval [7/3, 2r/3].
Figures &(a) and &(b) show a sample of inverter output
phase voltage spectrum. Figures 8(c) and 8(d) show varia-
tion U . THD versus M.

COMPARISON

We developed:acompuier program by TURBOPASCAL 6.
Using this program we compared various reference wave-

forms: Swme, Opimized PWM 1n scnse (1], Sine + 3rd

(Suboptimal) in sense [4]. Sine-Stair, Quasine-Stair and
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Quasine.
In all the comparisons P= 21, L=3, O=1 are assumed.
The results of these comparisons show that: Sine and Sine-
Stair are not suitable because their fundamental compo-
nents are small and their THDs are high. The less amphitude
of output {ifth harmonic for M=1.2 is the only advantage
thatrcanbe mentioned for Sine waveform. From the point of
view of amplitude of U | . we see that Optimized method is
the best and gets first order. Quasine-Stair, Quasine and
Sine + 3rd get sccond, third and fourth orders repectively.
Il we compare in THD base it1s seen that in dilferent Ms we
have different states. Table 1 shows three states at three Ms.

Asis seen, for M=1, Sine + 3rd has better (less) THD.
Butfor Ms greater than | its state s degraded. This problem
can be caused by {itth harmonig thatis produced from this
waveform,

For M< (.65 Quasine's THD 1s better than Sine + 3rd's.
Taking into account that differcnce between THDs is not
very much. it can be seen that Quasine has more smooth
variation of THD !

The other disadvantage ot Optimized method is the
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dependence of waveform on P.
CONCLUSION

Derivation of several waveforms as a reference waveform

© Quasine Reference

= 2t

Figure 8(c).Fundamental component versus M

e e

|
|

|

lq p= 21

[T T T T e e e

i S SR . I

i A —

la_ ... e T ! ——
5 | !
jhm - Y
! | M|
Yo Ch. Jiv ., v ,’

Figure 8(d). THD versus M

has low fundamental component of output and high THD.
If we want P to be constant, Optimized method will give
more fundamental voltage than the other considered wave-
forms. Butits THD is more than Quasine's THD. In Ms less
than 1 and those near it, Sine + 3rd gives good THD, but its
amplitude of fundamental component is small and in
addition at M>1, its THD increases quickly (because fifth
harmonic exists in this waveform). From the point of view
of THD (to be low) and fundamental component of output

(to be high) Quasine is a compromise among all of these

were explained. Sine waveform was laid aside because it waveforms.
TABLE 1.
M=04 M=1 M=1.2
THD% THD% THD%
Quasine 2.92 Sine + 3rd 1.86 Quasine 1.91
Optimized 294 Quasin 1.98 Optimized 1.99
Sine + 3rd 295 Optimized 1.99 Quasine - Stair 2.00
Quasine - Stair ~ 3.01 Quasine - Stair 2.18 Sine + 3rd 2.16
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Quasine has no dependence on P, its fundamental
component is high and its THD is low. Variation of its
THD is less too, Since the nature of Quasine is so that its
magnitude is constant during one third of the period, if this
waveform is to be used in digital implementation, there
will be a 33% saving in memory. Therefore, considering
the above reasons, Quasine is recommended for use in

inverters,

NOMENCLATURE

M : Modulation index, ratio of reference waveform amplitude to
carrier waveform amplitude
P: Sampling rate, ratio of the frequency of carnierwaveform to
reference waveform
L:Numberoflevels peraquarter of staircase reference waveform
(: The number of pulses per level for optimise PWM.
THD: Total harmonic distortion
U,,, Fundamental component of inventer output phase voltage in
per unit.
U (1 The maximum obtainable fundamental component phase
vollage from output, the base of per umtizing of output voltage

U(“): nth harmonic of inverter output phase voltage 1n per unit.

N: The level of ith step
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