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ABSTRACT

The aim of this research is to introduce a semi-analytical approach for the analysis of the free and forced
nonlinear vibrations of a bending shape memory alloy (SMA) beam; while, considering the effect of its
pseudo-elastic behavior. In order to create a primary deflection, an appropriate pre-strain is applied to
the SMA beam using a compression spring. A new material model was utilized to simulate the nonlinear
hysteric behavior of the SMA beam, while the differential equations of motion of the beam were derived
based on Euler—Bernoulli beam theory and Hamilton principle. The extracted nonlinear partial
differential equations of motion are semi-analytically solved by utilizing the Galerkin method. The
pseudo-elastic behavior and energy dissipation of the SMA beam were studied in the free and forced
nonlinear vibration regimes. Finally, the influences of the system parameters such as the spring constant,
amplitude, and frequency of the excitation force on the absorber efficiency were investigated, and its
stability was studied. The numerical results depict that the SMA beam exhibits a highly nonlinear
dynamical behavior, and can be used as an actuator for energy dissipation.
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NOMENCLATURE
& Total strain e Deviatoric strain
&€ Thermo-elastic strain 0 Volumetric strain
&r Transformation strain s Deviatoric stress
gL Maximum hysteresis strain I; Identify tensor
o Total stress p Volumetric stress
K Lame constant of the material G Lame constant of the material
Tv Proper function of temperature B Material’s parameter
T, Initial temperature I, Indicator function of "
xtr Transformation stress Y The Helmholtz free energy
R Radius of the elastic area in the material u Displacement parallel to x direction
v Displacement parallel to y direction w Displacement parallel to z direction
bis Strain energy T Kinetic energy
w The work is done by external force E Young’s modulus
ni
L
p
w
A

N e Re~

Loss factor

he ith vibration amplitude

1. INTRODUCTION

Special features of the smart materials that make them an
appropriate choice in various fields of engineering.

(SMAs) have their own exclusive characteristics that
make them proper alternatives to other smart substances
such as piezoelectrics. Some of these features could be
listed as follows:

Among different kinds of them, Shape Memory Alloys
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- Very effective for low frequency vibration or shape
control

- Easy machinability into different shapes and sizes

- Energy dissipation more than piezoelectric

materials.

These behaviors of the SMAs are related to the reversible
thermo-elastic martensitic phase transformation between
high symmetry, austenitic and low symmetry martensitic
situations which are characterized by the superelasticity
and shape memory effects. The former is the ability of a
material to experience large recoverable strains without
notable residual strains. The latter effect refers to the
capability of restoring the original shape of materials that
are plastically deformed by temperature variations. These
unique characteristics provide new possibilities in use of
smart materials; for example, aerospace, medical
industry, vibration damping, robotics, and automotive [1-
12]. Particularly, the SMA actuators can make large
displacements and have a high force/weight ratio in
compare with the conventional actuators. The following
superiorities were also ascribed to the SMA actuators:
uncomplicated design, smooth motivation, bio-
adaptability, silent operation, easy actuation, and low
power expenditure [13].

Extensive experimental investigations have shown
that phase transformation of SMAs is a thermomechanical
coupled process, with heat production due to latent heat
and intrinsic dissipation [14, 15]. Based on these
experimental findings, a few models that take into account
thermomechanical coupling were proposed [16-19].
However, these models are either limited to small
deformations [18, 19] or developed without thermal
deformation gradient involved [16, 17].

In fact, at high temperature and large stress
magnitude the martensite structures have a much lower
Young’s modulus and can be readily deformed by
application of an external force or heat, indicating that
thermoelastic deformations cannot be neglected [20, 21].
Due to the essential role of the beams in structural
mechanics, many scientists have given particular
attentions to the composition of flexible beams with
SMA wires and strips. Among them, some researchers
[22-31]have applied analytical solutions for studying
pseudo-elastic beams, while others have used numerical
approaches for them [32-34]. Razavilar et al. [35]
presented a semi-analytical approach to analyze free and
forced vibrations of a clamped-free SMA beam. They
illustrated that the phase transformation has a significant
effect on the region near the clamped end; whereas, the
free end stays within the elastic domain. Hashemi and
Khadem [36] analyzed dynamical behaviors of clamped-
free and simply supported SMA beams. They considered
the superelastic property of the SMA and introduced a
mathematical model based on the Auricchio material
theory. Regarding this paper, it can be concluded that
there is no residual stress at the end of loading under the
superelastic condition, while increasing in temperature

initiates a growth in stresses at the start and end of
transformation. Jose et al. [37] performed an analysis on
a vibration isolator made of a SMA bar under isothermal
and non-isothermal conditions. Their results exhibited
that the amplitude of the response to an external
excitation is limited due to the hysteretic behavior of the
SMA material, while the energy of the system is well
dissipated. Pan and Cho [38] proposed a shape memory
alloy micro-damper to apply the pseudo-elastic behavior
of NiTi wires for dissipation of the system energy. They
conducted a series of tension tests to analyze the damping
behavior, while the NiTi wires were subjected to
different temperatures, strain rates and strain amplitudes.
The experimental results displayed that the energy
dissipation of the wires is practically independent of the
temperature, while intensely dependent on the strain rate
and amplitude. Damanpack et al. [39] investigated the
vibration control ability of SMA composite beams
subjected to impulsive loads by applying the 1-D model
proposed by Panico and Brinson [40]. It can be seen from
the results that the SMA layers with high pre-strain at low
temperatures have an acceptable ability for passive
vibration control. Brinson et al. [41] considered active
shape control of a cantilever beam with outside-attached
SMA wires. Brinston’s constitutive law was used for
modeling the thermo-mechanical behavior of the SMA
by applying linear and nonlinear beam theories as well as
temperature variations. Moallem [42] suggested a
nonlinear method inspired by the sliding mode control to
reduce the deflection of a flexible beam using shape
memory alloy wires. On the other hand, Sohn, Han, Choi,
Lee [4]] investigated vibration control and position
tracking of a smart flexible system by employing SMA
wire actuators and robust sliding mode control. Sayyaadi
and Zakerzadeh [43] carried out a nonlinear scheme for a
flexible beam with two outside-attached active SMA
actuators. Andrade et al. [44] developed influences of the
strain rate on stress-induced martensite, rupture strain,
ultimate strength and residual strain for a CUAIMnTiB
SMA. Billah et al. [45] studied the properties of the shape
memory alloys suitable for the civil engineering domain
and prospects of forthcoming opportunities. An
integrated microstructural-mechanical model is proposed
by Bellini et al. [46] for an equiatomic NiTi shape
memory alloy to predict its pseudoelastic cyclic
behaviour.

The aim of the current study is to investigate the
dynamical behavior of a simply supported SMA beam
with a compression spring to make a pre-strain on it. The
three-dimensional constitutive material model presented
by Souza et al. [47] is utilized to simulate the hysterical
behavior of the SMA, and a semi-analytical method is
introduced to analyze the dynamical behavior of the
system. It should be noted that most of the previous
researches have been focused on the composite beams
embedded with the SMA wires, and in other few cases,
finite element methods have been implemented for
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analyzing. Unlike these works, the current contribution
proposes a novel scheme to acquire the state-space
equations of the regarded SMA structure for modeling and
design of a control system. The advantages of this strategy
are reducing the number of required equations and
decreasing the computational time.

The organization of this article is as follows. In
section 2, the structure of the considered SMA beam as
well as the Souza model [47] and its mathematical
equations are reviewed. Moreover, the nonlinear
formulation of the SMA beam under a compression force
is derived in this section. The simulation and results are
presented in section 3. Finally, section 4 concludes the

paper.

2. SMA DAMPER AND ITS STRUCTURE

Most of the shape memory alloy actuators have been
made of shape memory alloy wires or rods [47, 48]. In
this research, an SMA actuator is proposed that works
based on the bending of a shape memory alloy beam. The
suggested system has a higher force/weight ratio and can
undergo more amounts of the force in comparison with
the wire or rod types. It contains a shape memory alloy
beam under an excitation force (Figure 1) as well as a
compression spring attached to it. The spring produces a
pre-strain to create a reversible plastic deformation in the
beam and to associate with a phase transformation
between the twinned and detwinned martensite phases.
By passing the electrical current through the SMA beam,
its temperature would increase (because of the beam’s
electrical resistance). Increasing the temperature causes
the transformation from the detwinned martensite phase
to the austenite phase, which returns the beam to its
original shape. By switching off the electrical current and
decreasing the beam temperature, the spring changes the
beam shape back again, and its phase would change to
twinned martensite.

2. 1. Material Model As it was mentioned before,
the most important and complicated phenomenon of
SMA materials is the metallurgical phase transformation
which has a significant effect on its performance. The
prediction of the phenomenological hysteretic behavior
of the SMAs can be understood from their governing
mathematical models [49-51]. Based on the experimental
observations, there are two points of view about
phenomenological constitutive models, i.e., microscopic
and macroscopic [52-58]. The microscopic models are
applied to realize fundamental principles in the molecular
scale, but those are not good choices for the structural
scale. On the other hand, the macroscopic models, related
to the phenomenological features of the SMA, are able to
represent phase transformation kinetics using simple
mathematical functions [59-64]. To name but a few,
Simo and Taylor [65] developed a stable algorithm based

on a return mapping approach for plane stress
elastoplasticity in large time steps. Bertram [66]
suggested a three-dimensional thermomechanical model
based on an expanded classical theory of plasticity to
describe shape memory effects as an explanation of
incremental iterations. Leclercq [67] extended a phase
transition model to simulate the behavior of the SMA
with isothermal or non-isothermal loadings. Further,
Souza, Mamiya and Zouain [47] proposed a three-
dimensional model having superelasticity behaviors and
shape memory effects by means of plasticity concepts.

In this study, Souza’s material model [47] is used to
identify the hysteric behavior of the SMA based on the
theory of irreversible thermodynamics under small
deformations. According to this model, a series of
external and internal variables illustrate the thermo-
dynamical state of a homogenized volume element at
each moment. In this way, the total strain is divided into
elastic and inelastic parts as follows:

e=c¢gt 4 gl @

where, &, £ and &' are the total, thermo-elastic and
transformation strains, respectively. Moreover, strain g
and stress ¢ are decomposed as follows:

s=e+§1,- 2

o=s+pl; 3)

where, e is the deviatoric strain, 8 = tr(¢) denotes the
volumetric strain, s represents the deviatoric stress, p =
tr(o)/3 signifies the volumetric stress, and I; indicates
the identity tensor.

In this model, volumetric 8 and deviatoric e strains,
as well as temperature T are determined as the control
variables, while transformation strain £ is regarded as
an internal variable. The transformation strain is with the
phase transformation from the twinned martensite to the
detwinned martensite. Due to the phase transformation,
the norm of £ is zero when the material is without
oriented martensite and has maximum value &, when the
material is completely transformed into the martensite as
follows:

le ]l < &, 4)
where, [|et"|| shows the Euclidean norm of the
transformation strain.

Fsin(wt)

Electrical current

Spring

Figure 1. Schematic of the considered shape memory alloy
beam
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In this model, the Helmholtz free energy, suggested
by Souza [47], could be represented as follows:

$(0,6,6",T) = 2K0% + Glle — || +

(5)
T (DIl + S hlle 112 + I, (et 1)

In Equation (5), K and G signify the Lame constants of
the material, 7,,(T) denotes a function of temperature,
and h represents a material parameter related to its
hardening. t,,(T) is considered as 7, (T) = B(T — T,),
where B is a constant parameter, T, shows an initial
temperature, and operator ‘(. )’ illustrates the positive
part of a function.
In addition, function I, is defined as follows:

0 if lel<e
I gtr — { L
e (e 1D +o0 otherwise

(6)

From Equation (5), the following constitutive relations
could be written.

o _
p=-,=K6 U]
_ oY _ .t
s= ag—ZG(s &) (8)
tr _ _ 9 _

XM =——r=s—x 9)

where, xt" indicates the transformation stress having the
following relation.

x = [ty (T) + hllet || + y] S e (10)
where,
y=0 if eIl < g
11
{y >0 if et = ¢ (11)

The following equation is regarded for satisfying the
second law of thermodynamics:

=g (12)
]

Based on the evolution of the phase transformation, f is
determined as follows:

f=IxTII-R (13)

where, R is the radius of the elastic area in material.
Finally, Souza’s model [47] would be accomplished if
the stability and Kuhn-Tucker conditions are satisfied,
therefore.

¢20, f<0, {f=0 (14)

2. 1. 1. Return Mapping In this sub-section, a
return mapping algorithm is presented to merge
Equations (7) through (13) within the imperceptible
plasticity situation. Generally, the solving procedure
includes three steps as follows:

(i) A trial state and an elastic behavior are assumed for
the material.

(i) Comparing whether the calculated trial state is
actually elastic.

(iii) If the trial state does not have any elastic behavior,
then the state variables are designed to validate all the
constraints enforced by the problem.

In this algorithm, prescribed strain ¢, ; is determined
as a mechanical loading for the SMA material. At first,
the algorithm calculates the trial state (s£7%¢!, x£714!) and
then the elastic condition is assumed by

rtrial

making €7, = &L". Therefore, by employing Equation
(4), the following relations are found.
St = 26 (enss — ef7") (1)

xig! = striat — (v (1) +
) i (16

h trtrial
En+1 [Ttrml
En+1

The material has an elastic behavior if the following
conditions are satisfied.

{0< lerll < e,

”xtnal” <R (17)

If ef" =0, trial force x{7% cannot be calculated by
Equation (16), whereas s&5%% could be computed by
Equation (15). The elastic behavior would occur in the
parent phase, if:

=0
18
{ el <1y (T) + R (18)

Finally, the case for which ||&f|| =¢, has to be
considered. Here, the step is elastic whenever there exists
y > 0 such that:

lei" |l = e,

I$+7nll <R n=-" (19)

| En+1 "

3§ = ||siist + (e (T) + hedn||, 7=<-8.n>

The step would be elastic, if one of the three conditions
mentioned in Equations (17), (18) or (19) holds. At time
n + 1, the actual state is a trial state; therefore, the
following relations could be mentioned.

trtrial

E1 = Ena
(20)
trial
Sn+1 = Sn+1

Finally, if none of conditions stated in Equations (17),
(18) or (19) are approved, a phase transformation would
occur, and &£, could be calculated by the following
equation.

el ety
RHST:—SWH 2G(en41 — €551) + (tu(T) +

(21)
el
h”gn+1”) . =
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If ||ef 4|l > &, then the solution for €57, and y,,4, can
be achieved via the following set of nonlinear equations:

tr
!( ”5n+1 o ” 2G(“—“rl+1 - g‘rtlr-'l-l) +1
(™) +hey+ o) oy (=0 @2
L ||5n+1|| — €L J
Sn+1 = 2G (En41 — €541) (23)

2. 2. Constitutive Equation of the Shape Memory
Alloy Beam In this study, the Euler-Bernoulli beam
with the circular cross-section is considered to derive the
set of the governing equations for simulation of the SMA
system behavior using a semi-analytical solution method.
While the transverse displacement of the centerline of the
beam is w, the displacement of any points in the cross-
section is w too. As shown in Figure 2, the plane sections
stay normal to the centerline.

u= —g 2D v=20

= w=w(x,t) (24)

where, u, v and w designate the components of
displacement in x, y and z directions, respectively. The
components of the strain and stress corresponding to this
displacement field are given by the following equations:

u w(x,t)
Ex =5 = T2 &y =0, 8,=0, &y =
0,&;,=0,¢&,=0
2%w(x,t) (25)
Oyx = —Ez axz' , Oyy =0, 0,,=0, 0y, =

0,0,=0,0,=0

The strain energy of the system () as well as its kinetic
energy (T) can be expressed as:

= 2 [l GxxxdV = 5 [I[ E(z = e7)2dV (26)

T =10 pa (2 t)) dx 27)

The work done by the mechanical load (F,), excitation
force (Fsin(wt)) and simple spring (F;) is given by:
w= [ (FO (Et)+F (5¢) sin(wt) -

Fy (g, t)) w(x, t)dx (28)

Original Bean

Figure 2. Bending of an Euler—Bernoulli beam

where, w is the frequency of the excitation force. The
dirac delta function could be employed to enter these
forces into the equation as follows:

FolGt)=foo(x=3)

F (g, t) sin(wt) = fsin(wt) §(x — %), (29)

L L L
Fe(5t) = (5 0) 0 (x—3)
In order to extract the governing equations of the motion

and boundary conditions for the SMA beam, the
Hamilton’s principle is utilized as follows:

8 fff(n —T—W)dt=0 (30)

where, § denotes the variation operator, and [t;, t;]
describes an arbitrary time interval. By substituting
Equations (26), (27), (28) and (29) into Equation (30), the
following equation is obtained.

ftzf EIa W(M) Sw(x, t)dx dt +

02w(x t) ow (x,t)
o [E1 528 (252) [ ae +
fthL" Qd de+ [ EQ 5 (2420) |L dt +
[ fy AT sy, ) dx die -

NN (Fk (ar )—Fo (31)-

F (g, t) sin(wt)) ow(x,t)dxdt =0

(31)

where, Q =[ "z dA. Therefore, the differential equation
of motion for the SMA beam would be presented as
follows:
*w(x,t) 9?w(x,t) L
E1ZYED 4 pOey pa 2t g (L) -

F(E' )sm(wt) + F (E’t) =0

While the boundary conditions are:

(32)

W(x, t)X=0 =0
W(x t)sz =0

92 W(x t) (33)

[EI + EQ]

02 w(x t)

[EI + EQ]

The solution for Equation (32) can be regarded as:

w(x, ) = Xity 1:(6) ¢i(x) (34)

where, n;(t) and ¢;(x) denote the ith generalized
coordinate and shape function, respectively. For this
problem, the following form for the shape function is
introduced that satisfies the boundary conditions.

$:(x) = sin () (35)

Therefore, the following equation would be achieved.
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WX, 1) = Sy (@) sin(inX) (36)

Besides, the following non-dimensional parameters are
selected.

w(x t)

X== WX =
T 2" El
(z) o
In this study, the Galerkin method is used to change
the partial differential equation to an ordinary differential
equation [60]. In this way, if Equation (36) is substituted

into Equation (32), and by applying Equation (37), the

following nonlinear differential equation is achieved.
l171-(‘L')(L'7'L')4 f sin(inX) ([ " ZdA)dX +
—Ul(T)(ﬂ)4 f°L sin (%) - f—sm(r) sin (7) +
KL = 1n1(r)sm(1 )sm( ) =0

where, &' could be computed by using Equation (22).
Therefore,

T’L(T) —Th(T)l +
sLi” f sin(inX) ([ s"ZdA)dX+2f°

Zn4 sin(1) sin ( ) -
} 11;(T) sin (1 ) sin (m)

z
,Z—;, Tzwot, w =

@37)

4Lmi?

(38)

st (? + )

2K L3
Elm*

3. SIMULATION RESULTS AND DISCUSSIONS

In this section, the fourth-order Runge—Kutta method is
implemented to solve the semi-analytical equation found
by the Galerkin approach in section 2 for computing the
strain, transformation strain, and stress quantities.
Furthermore, the considered SMA beam has length
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TABLE 1. Mechanical properties of Nitinol alloy implemented
for simulations [44]

Value Parameter
6450 o (%97 )
0.33 v
70000 E (MPa)
0.03 g
253.15 To (°K)
323.15 T (°K)
45 R (MPa)
75 B (MPaj,.)
500 h (MPa)

15 mm and diameter 1.5 mm. The spring constant is
100 [N/mm], and results are presented for Nitinol alloy
having the mechanical properties mentioned in Table 1
[47].

In the following, at first, the static behavior of the
SMA beam is studied. Then, the dynamical behaviors of
both ordinary and SMA beams are presented to
investigate the effects of the SMA on the beam
performance.

3. 1. Analysis of the Static Behavior In order
to analyze the static behavior of the beam, it is meshed in
two dimensionless directions X and Z (51 x 15).
According to the mesh convergence study performed by
the authors, the appropriate meshing steps in both
directions were obtained as AX = 0.02 and AZ = 0.07.
Figure 3 shows the static behavior of the SMA beam with
distribution load f; = —35 [N] and spring constant K =

0
-0.005
-0.01
-0.015

-0.02

Transformation strain

-0.025
-0.03

1
04 0.2 0 — .05 o 0.5 .
Z (Dimensionless) X (Dimensionless)

<700
£0.05 0.04 0.03 -0.02 0.01 0

04 0.2 0 Strain

Figure 3. Static behavior of the introduced SMA beam with distribution load f;, = —35 [N] and spring constant K = 0.
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0. In this figure, contour map of strain, stress, and
transformation strain which show all aspects of the beam
behavior are being taken into consideration. As it is
demonstrated, the stress distribution along direction X is
symmetric. Furthermore, in order to valid the found
results, Figure 4 illustrates a hysteresis loop appeared in
the SMA stress-strain static response by applying
variable distribution load f; = —35sin(ir) [N], i€
[0,2] and spring constant K = 0. As it is represented in
this figure, the hysteresis loop has the same behavior as
Souza’s model [47].

3. 2. Analysis of the Dynamic Behavior
3. 2. 1. Free Vibration The damping property of
the regarded structure is analyzed by comparing the
vibration response of the SMA beam with an elastic one.
Furthermore, this comparison helps to illustrate the effect
of energy dissipation mechanism of SMA materials due
to their hysteresis property. To this end, the SMA beam
is subjected to an initial deflection which undergoes
phase transformation within the SMA beam. The amount
of this initial deflection is set so that the beam deflection
remains on the validity domain of the Euler-Bernoulli
beam theory. Figure 5 depicts the free vibration response
of an elastic (non-SMA) beam for f, = —15[N]and K =
0. It can be seen from this figure that there is no
decreasing in the vibration amplitude (undamped
harmonic response). The steady state response of the
results illustrates that the SMA beam vibrates as an
elastic member and its frequency is the same as its
equivalent elastic beam. This behavior can be explained
by the stress/strain variations as shown in Figure 6.
Whereas Figure 6 exhibits the free vibration [67, 68] of
the SMA beam when the temperature of the beam is
323.15°K and the spring has an initial compression force
o = —15[N]. At this temperature, the austenite phase is
active, and the initial compression is so high. Therefore,
the phase transformation from austenite to martensite
would be initially induced within the beam. Hence, the
hysteresis loop, depicted in Figure 6(a), makes an intense
decreasing for the vibration amplitude. This process
continues until the vibration amplitude cannot make any
other phase transformation; therefore, the elastic
response is activated only for the SMA beam. In this way,
the whole beam vibrates elastically with a constant
amplitude around steady state deflection Z = —0.045.
As it is illustrated in Figure 6, the nonlinear behavior of
the SMA does not affect the natural frequency of the
system, and it remains constant. Indeed, there is only one
damping term which is effective and practical for
vibration control. In this study, contour map of strain,
stress, and transformation strain which show all aspects
of the beam behavior are being taken into consideration.
In the free vibration study, as shown in Figure 6, an
adequate initial condition was imposed onto the system

to make it undergo phase transformation over the beam.
The strain contour map and longitudinal distribution of
strain in each layer of the cross section are depicted in
Figure 6 for early oscillations when SMA beam is fully
deflected.

The corresponding loss factor could be calculated by
employing the following logarithmic relation.

glen(Ai ) (40)

2nr Ajyr

where, A; and A;,, are vibration amplitudes ith and
(i + r)th, respectively. In order to investigate the effect
of the shape memory alloy on the vibrating behavior of
the beam, the time responses of the dissipated energy for
the SMA beam are generated in Figure 7. It can be seen
from this figure that the total dissipated energy reduces
over time until the zero value is attained.

These observations could be verified through the
results presented in Figure 6. Indeed, the diagrams in
Figure 6 clearly depict that the oscillation amplitude and
the total energy of the system decrease via the generated
hysteresis loops. The vibration amplitude of the beam
becomes constant in the steady state condition, as shown
in Figure 6. Figure 7 depicts the dissipated energy of the
SMA beam with respect to time for the free vibrations.

800
600
400
200

0

Stress (MPa)

=200

-400

-600

-X(tl(]).ﬂS -0.04 -0.03 -0.02 -0.01 0 0.01  0.02 0.03 0.04 0.05
Strain

Figure 4. Stress-strain diagram to study the static behavior

of the SMA beam with variable distribution load f, =

—35sin(im) [N], i € [0,2] and spring constant K = 0

0
-0.02 |
-0.04
-0.06

-0.08

-0.12

Displacement (Dimensionless)

-0.14 '
0 10 20 30 40 50
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Figure 7. Dissipated energy related to the SMA beam versus
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Moreover, the phase plane diagram for the free vibration
of the midpoint is plotted in Figure 8. This figure displays
the pseudo elastic behavior of the SMA beam at the
beginning of the vibration, whereas the elastic behavior
can be seen at the end of the vibration.

3. 2. 2. Forced Vibration In this sub-section, the
forced vibration behavior of the proposed SMA beam

with excitation force F = —15 sin (34ﬂ t) [N] and spring
constant K = 100[N/;,] is investigated. The stress-
strain diagram demonstrated in Figure 9(a) indicates the
hysteretic behavior of the SMA with inner loops. The
time history of the displacement and stress of the
midpoint are illustrated in Figures 9(b) and 9(c),
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respectively. Finally, Figure 9(d) shows the amount of approach to the elastic situations and after that, indicate
the dissipated energy in the SMA beam versus time for a constant response.

the forced vibration. From Figures 9(b) and (d), it could

be realized that the area of the dissipated energy reduces 3. 3. Parametric Analysis Here, the vibrational
and consequently, the reduction rate of the vibration behavior of the SMA beam is analyzed to evaluate the
amplitude decreases too. With continuing vibration, the influence of system parameters such as the spring
beam will oscillate with a constant amplitude. In other constant, excitation force magnitude and excitation force
words, according to the hysteresis phenomenon of the frequency on the displacement and stress of the midpoint.

SMA, the amplitude initially tends to decrease as well as
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In this way, the results in Figure 11 show that by
increasing the value of spring constant K, the vibration
amplitude and the stress at the midpoint are reduced,
while the frequency of the vibration is increased.
Therefore, it can be realized that the spring constant has
a great effect on the vibration response of the beam.
Moreover, Figure 12 exhibits the results of the forced
vibration at the midpoint of the SMA beam with different
values of the excitation force frequency. Figures 13 and
14 depict the variations of the oscillation amplitude when
the excitation force has different values of magnitude and
frequency, respectively. As it is understood from Figure
13, by increasing the magnitude of the excitation force,
the oscillation amplitude would be increased, too.
Besides, it can be observed from Figure 14 when the
frequency of the excitation force coincides with the
natural frequency (w = w, = 0.1587), the oscillation
amplitude reaches its maximum value.

Figure 15 presents the energy dissipation rate of the
SMA beam for frequency range [0-0.5]. As itis seen from
this figure, although the energy dissipation is effective at
all frequencies, it is more significant at low frequencies.
Indeed, the SMA is potentially a sluggish element and
very effective at low frequencies, therefore, it would
display a great impact on the energy dissipation at these
circumstances. However, it is ideal to have such
dominant frequencies, as it can be easily tuned for any
system. This frequency could coincide with the natural
frequency of the system and prevent from the resonance
phenomenon.
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Figure 12. Time responses of the midpoint for different
values of the excitation force frequency
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In the following, the Discrete Fourier Transformation
(DFT) is applied to transform the time domain signal to
its representation in the frequency domain. To determine
the vibration frequency through the simulation results,
the Fast Fourier Transformation (FFT) is implemented to
provide the fast computation of the DFT [69]. In this
regard, Figure 16 shows the last fourth of the period,
regarding the DFT versus the frequency, for the forced

vibration in w = :ﬂHz. As it can be observed from this
diagram, only one frequency component could be
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identified, which is about w = 0.119 Hz. Since this is
the oscillation frequency of the SMA beam under the
forced vibration, the shape memory alloy has no effect on
the frequency of the system.

In Table 2, a comparison is made between the
frequencies produced by the FFT and those of the
excitation force. As it is observed from these results, the
two types of frequencies match well, and the shape
memory alloy of the beam has no effect on the frequency
of the system.
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Figure 16. Simulation results of the SMA beam for forced
vibration with w = %: (a) time history of the midpoint
displacement. (b) Last fourth of the period for the discrete
Fourier transformation versus frequency

TABLE 2. Comparisons of the frequencies produced by the
FFT and those of the excitation force.

Excitation force Frequency from Oscillation
frequency FFT amplitude
w=2/, 0.039 0.046
w="/, 0.079 0.053
w="3%/, 0.119 0.084
W= w, 0.158 0.399
w=">%/, 0.198 0.164
w =39/, 0.238 0.065
w="%/, 0.277 0.047

4. CONCLUSIONS

In this article, the free and forced vibrations of a bending
shape memory alloy beam having nonlinear hysteresis,
were analyzed regarding the effect of the pseudo-elastic
behavior. The three-dimensional constitutive equation of
Souza’s model was used to simulate the hysteric behavior
of the SMA beam.

The time responses and states of strain,
transformation strain and stress-strain for the SMA beam
were investigated. To shed light on the influences of the
SMA on the vibrations, the time histories of the
displacement and the stress at midpoint of the beam as
well as velocity-displacement and stress- strain diagrams
were studied. Moreover, the average of the total
dissipated energy was studied for the FFT frequency
during the time. The effects of parameters such as the
spring constant, excitation force magnitude and
excitation force frequency on the displacement and stress
of the midpoint were discussed in details. Pursuant to the
numerical results, some conclusions could be mentioned
as follows.

- The SMA beam exhibits highly nonlinear dynamical
behavior.

- The pseudo-elastic behavior of the SMA is a
hysteretic  energy-dissipation behavior, which
causes drastic decreasing in the vibration amplitude
of the beam.

- The FFT and excitation force frequencies reveal that
the pseudo-elastic behavior of the SMA does not
have any effect on the frequency of the system.

- The broad response of the SMA beam due to varying
the hysteretic damping with the loading condition
displays that it has a great effect on the energy
dissipation at low frequencies and could be
employed as an effective absorber for slow motion
applications.

- The energy absorbing behavior of the SMA beam
makes it suitable for suspension systems, or
vibrating structures.
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