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A B S T R A C T  
 

 

The aim of this research is to introduce a semi-analytical approach for the analysis of the free and forced 

nonlinear vibrations of a bending shape memory alloy (SMA) beam; while, considering the effect of its 

pseudo-elastic behavior. In order to create a primary deflection, an appropriate pre-strain is applied to 
the SMA beam using a compression spring. A new material model was utilized to simulate the nonlinear 

hysteric behavior of the SMA beam, while the differential equations of motion of the beam were derived 

based on Euler–Bernoulli beam theory and Hamilton principle. The extracted nonlinear partial 
differential equations of motion are semi-analytically solved by utilizing the Galerkin method. The 

pseudo-elastic behavior and energy dissipation of the SMA beam were studied in the free and forced 

nonlinear vibration regimes. Finally, the influences of the system parameters such as the spring constant, 
amplitude, and frequency of the excitation force on the absorber efficiency were investigated, and its 

stability was studied. The numerical results depict that the SMA beam exhibits a highly nonlinear 

dynamical behavior, and can be used as an actuator for energy dissipation. 

doi: 10.5829/ije.2023.36.07a.17 
 

 

NOMENCLATURE 

𝜺  Total strain 𝒆  Deviatoric strain 

𝜺𝒆  Thermo-elastic strain 𝜃  Volumetric strain 

𝜺𝒕𝒓  Transformation strain 𝑠  Deviatoric stress 

𝜺𝑳  Maximum hysteresis strain 𝐼𝑖  Identify tensor 

𝜎 Total stress 𝑝  Volumetric stress 

𝐾 Lame constant of the material 𝐺 Lame constant of the material 

𝝉𝑴  Proper function of temperature 𝛽 Material’s parameter 

𝑻𝟎  Initial temperature 𝐼𝜀𝐿  Indicator function of 𝜀𝑡𝑟 

𝒙𝒕𝒓  Transformation stress 𝜓  The Helmholtz free energy 

𝑅 Radius of the elastic area in the material u Displacement parallel to x direction 

v Displacement parallel to y direction w Displacement parallel to z direction 

𝝅  Strain energy 𝑇  Kinetic energy 

𝑾  The work is done by external force 𝐸  Young’s modulus 

𝑰  Mass of inertia 𝜂𝑖  The 𝑖th generalized coordinate 

𝝓𝒊  The 𝑖th shape function 𝐿  Length of the beam 

𝒓  Radius of the beam 𝜌  Density of the beam 

𝝂  Material’s parameter 𝜔  Excitation force frequency 

𝝇  Loss factor 𝐴𝑖  he 𝑖th vibration amplitude 

 
1. INTRODUCTION1 
 
Special features of the smart materials that make them an 

appropriate choice in various fields of engineering. 

Among different kinds of them, Shape Memory Alloys 
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(SMAs) have their own exclusive characteristics that 

make them proper alternatives to other smart substances 

such as piezoelectrics. Some of these features could be 

listed as follows:  
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- Very effective for low frequency vibration or shape 

control 

- Easy machinability into different shapes and sizes 

- Energy dissipation more than piezoelectric 

materials. 

These behaviors of the SMAs are related to the reversible 

thermo-elastic martensitic phase transformation between 

high symmetry, austenitic and low symmetry martensitic 

situations which are characterized by the superelasticity 

and shape memory effects. The former is the ability of a 

material to experience large recoverable strains without 

notable residual strains. The latter effect refers to the 

capability of restoring the original shape of materials that 

are plastically deformed by temperature variations. These 

unique characteristics provide new possibilities in use of 

smart materials; for example, aerospace, medical 

industry, vibration damping, robotics, and automotive [1-

12]. Particularly, the SMA actuators can make large 

displacements and have a high force/weight ratio in 

compare with the conventional actuators. The following 

superiorities were also ascribed to the SMA actuators: 

uncomplicated design, smooth motivation, bio-

adaptability, silent operation, easy actuation, and low 

power expenditure [13]. 

Extensive experimental investigations have shown 

that phase transformation of SMAs is a thermomechanical 

coupled process, with heat production due to latent heat 

and intrinsic dissipation [14, 15]. Based on these 

experimental findings, a few models that take into account 

thermomechanical coupling were proposed [16-19]. 

However, these models are either limited to small 

deformations [18, 19] or developed without thermal 

deformation gradient involved [16, 17]. 
In fact, at high temperature and large stress 

magnitude the martensite structures have a much lower 

Young’s modulus and can be readily deformed by 

application of an external force or heat, indicating that 

thermoelastic deformations cannot be neglected [20, 21].  

Due to the essential role of the beams in structural 

mechanics, many scientists have given particular 

attentions to the composition of flexible beams with 

SMA wires and strips. Among them, some researchers 

[22-31]have applied analytical solutions for studying 

pseudo-elastic beams, while others have used numerical 

approaches for them [32-34]. Razavilar et al. [35] 

presented a semi-analytical approach to analyze free and 

forced vibrations of a clamped-free SMA beam. They 

illustrated that the phase transformation has a significant 

effect on the region near the clamped end; whereas, the 

free end stays within the elastic domain. Hashemi and 

Khadem [36] analyzed dynamical behaviors of clamped-

free and simply supported SMA beams. They considered 

the superelastic property of the SMA and introduced a 

mathematical model based on the Auricchio material 

theory. Regarding this paper, it can be concluded that 

there is no residual stress at the end of loading under the 

superelastic condition, while increasing in temperature 

initiates a growth in stresses at the start and end of 

transformation. Jose et al. [37] performed an analysis on 

a vibration isolator made of a SMA bar under isothermal 

and non-isothermal conditions. Their results exhibited 

that the amplitude of the response to an external 

excitation is limited due to the hysteretic behavior of the 

SMA material, while the energy of the system is well 

dissipated. Pan and Cho [38] proposed a shape memory 

alloy micro-damper to apply the pseudo-elastic behavior 

of NiTi wires for dissipation of the system energy. They 

conducted a series of tension tests to analyze the damping 

behavior, while the NiTi wires were subjected to 

different temperatures, strain rates and strain amplitudes. 

The experimental results displayed that the energy 

dissipation of the wires is practically independent of the 

temperature, while intensely dependent on the strain rate 

and amplitude. Damanpack et al. [39] investigated the 

vibration control ability of SMA composite beams 

subjected to impulsive loads by applying the 1-D model 

proposed by Panico and Brinson [40]. It can be seen from 

the results that the SMA layers with high pre-strain at low 

temperatures have an acceptable ability for passive 

vibration control. Brinson et al. [41] considered active 

shape control of a cantilever beam with outside-attached 

SMA wires. Brinston’s constitutive law was used for 

modeling the thermo-mechanical behavior of the SMA 

by applying linear and nonlinear beam theories as well as 

temperature variations. Moallem [42] suggested a 

nonlinear method inspired by the sliding mode control to 

reduce the deflection of a flexible beam using shape 

memory alloy wires. On the other hand, Sohn, Han, Choi, 

Lee [4]] investigated vibration control and position 

tracking of a smart flexible system by employing SMA 

wire actuators and robust sliding mode control. Sayyaadi 

and Zakerzadeh [43] carried out a nonlinear scheme for a 

flexible beam with two outside-attached active SMA 

actuators. Andrade et al. [44] developed influences of the 

strain rate on stress-induced martensite, rupture strain, 

ultimate strength and residual strain for a CuAlMnTiB 

SMA. Billah et al. [45] studied the properties of the shape 

memory alloys suitable for the civil engineering domain 

and prospects of forthcoming opportunities. An 

integrated microstructural-mechanical model is proposed 

by Bellini et al. [46] for an equiatomic NiTi shape 

memory alloy to predict its pseudoelastic cyclic 

behaviour. 

The aim of the current study is to investigate the 

dynamical behavior of a simply supported SMA beam 

with a compression spring to make a pre-strain on it. The 

three-dimensional constitutive material model presented 

by Souza et al. [47] is utilized to simulate the hysterical 

behavior of the SMA, and a semi-analytical method is 

introduced to analyze the dynamical behavior of the 

system. It should be noted that most of the previous 

researches have been focused on the composite beams 

embedded with the SMA wires, and in other few cases, 

finite element methods have been implemented for 
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analyzing. Unlike these works, the current contribution 

proposes a novel scheme to acquire the state-space 

equations of the regarded SMA structure for modeling and 

design of a control system. The advantages of this strategy 

are reducing the number of required equations and 

decreasing the computational time. 

The organization of this article is as follows. In 

section 2, the structure of the considered SMA beam as 

well as the Souza model [47] and its mathematical 

equations are reviewed. Moreover, the nonlinear 

formulation of the SMA beam under a compression force 

is derived in this section. The simulation and results are 

presented in section 3. Finally, section 4 concludes the 

paper. 

 

 

2. SMA DAMPER AND ITS STRUCTURE 
 

Most of the shape memory alloy actuators have been 

made of shape memory alloy wires or rods [47, 48]. In 

this research, an SMA actuator is proposed that works 

based on the bending of a shape memory alloy beam. The 

suggested system has a higher force/weight ratio and can 

undergo more amounts of the force in comparison with 

the wire or rod types. It contains a shape memory alloy 

beam under an excitation force (Figure 1) as well as a 

compression spring attached to it. The spring produces a 

pre-strain to create a reversible plastic deformation in the 

beam and to associate with a phase transformation 

between the twinned and detwinned martensite phases. 

By passing the electrical current through the SMA beam, 

its temperature would increase (because of the beam’s 

electrical resistance). Increasing the temperature causes 

the transformation from the detwinned martensite phase 

to the austenite phase, which returns the beam to its 

original shape. By switching off the electrical current and 

decreasing the beam temperature, the spring changes the 

beam shape back again, and its phase would change to 

twinned martensite. 

 

2. 1. Material Model            As it was mentioned before, 

the most important and complicated phenomenon of 

SMA materials is the metallurgical phase transformation 

which has a significant effect on its performance. The 

prediction of the phenomenological hysteretic behavior 

of the SMAs can be understood from their governing 

mathematical models [49-51]. Based on the experimental 

observations, there are two points of view about 

phenomenological constitutive models, i.e., microscopic 

and macroscopic [52-58]. The microscopic models are 

applied to realize fundamental principles in the molecular 

scale, but those are not good choices for the structural 

scale. On the other hand, the macroscopic models, related 

to the phenomenological features of the SMA, are able to 

represent phase transformation kinetics using simple 

mathematical functions [59-64]. To name but a few, 

Simo and Taylor [65] developed a stable algorithm based 

on a return mapping approach for plane stress 

elastoplasticity in large time steps. Bertram [66] 

suggested a three-dimensional thermomechanical model 

based on an expanded classical theory of plasticity to 

describe shape memory effects as an explanation of 

incremental iterations. Leclercq [67] extended a phase 

transition model to simulate the behavior of the SMA 

with isothermal or non-isothermal loadings. Further, 

Souza, Mamiya and Zouain [47] proposed a three-

dimensional model having superelasticity behaviors and 

shape memory effects by means of plasticity concepts.  
In this study, Souza’s material model [47] is used to 

identify the hysteric behavior of the SMA based on the 

theory of irreversible thermodynamics under small 

deformations. According to this model, a series of 

external and internal variables illustrate the thermo-

dynamical state of a homogenized volume element at 

each moment. In this way, the total strain is divided into 

elastic and inelastic parts as follows: 

𝜀 = 𝜀𝑡𝑒 + 𝜀𝑡𝑟  (1) 

where, 𝜀, 𝜀𝑡𝑒 and 𝜀𝑡𝑟 are the total, thermo-elastic and 

transformation strains, respectively. Moreover, strain ε 

and stress 𝜎 are decomposed as follows: 

ε = 𝑒 +
𝜃

3
𝐼𝑖   (2) 

𝜎 = 𝑠 + 𝑝𝐼𝑖   (3) 

where, 𝑒 is the deviatoric strain, 𝜃 = tr(ε) denotes the 

volumetric strain, 𝑠 represents the deviatoric stress, 𝑝 =
𝑡𝑟(𝜎) 3⁄  signifies the volumetric stress, and 𝐼𝑖  indicates 

the identity tensor.  

In this model, volumetric 𝜃 and deviatoric 𝑒 strains, 

as well as temperature 𝑇 are determined as the control 

variables, while transformation strain 𝜀𝑡𝑟 is regarded as 

an internal variable. The transformation strain is with the 

phase transformation from the twinned martensite to the 

detwinned martensite. Due to the phase transformation, 

the norm of 𝜀𝑡𝑟 is zero when the material is without 

oriented martensite and has maximum value 𝜀𝐿 when the 

material is completely transformed into the martensite as 

follows: 

‖𝜀𝑡𝑟‖ ≤ 𝜀𝐿  (4) 

where, ‖𝜀𝑡𝑟‖ shows the Euclidean norm of the 

transformation strain. 
 

 

 
Figure 1. Schematic of the considered shape memory alloy 

beam 
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In this model, the Helmholtz free energy, suggested 

by Souza [47], could be represented as follows: 

𝜓(𝜃, 𝜀, 𝜀𝑡𝑟 , 𝑇) =
1

2
𝐾𝜃2 + 𝐺‖𝜀 − 𝜀𝑡𝑟‖2 +

𝜏𝑀(𝑇)‖𝜀
𝑡𝑟‖ +

1

2
ℎ‖𝜀𝑡𝑟‖2 + 𝐼𝜀𝐿(‖𝜀

𝑡𝑟‖)   
(5) 

In Equation (5), 𝐾 and 𝐺 signify the Lame constants of 

the material, 𝜏𝑀(𝑇) denotes a function of temperature, 

and ℎ represents a material parameter related to its 

hardening. 𝜏𝑀(𝑇) is considered as 𝜏𝑀(𝑇) = 𝛽〈𝑇 − 𝑇0〉, 
where 𝛽 is a constant parameter, 𝑇0 shows an initial 

temperature, and operator ‘〈. 〉’ illustrates the positive 

part of a function.  

In addition, function 𝐼𝜀𝐿 is defined as follows: 

𝐼𝜀𝐿(‖𝜀
𝑡𝑟‖) = {

0        𝑖𝑓  ‖𝜀𝑡𝑟‖ ≤ 𝜀𝐿  
+∞            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  (6) 

From Equation (5), the following constitutive relations 

could be written. 

𝑝 =
𝜕𝜓

𝜕𝜃
= 𝐾𝜃  (7) 

𝑠 =
𝜕𝜓

𝜕𝜀
= 2𝐺(𝜀 − 𝜀𝑡𝑟)  (8) 

 𝑥𝑡𝑟 = −
𝜕𝜓

𝜕𝜀𝑡𝑟
= 𝑠 − 𝑥  (9) 

where,  𝑥𝑡𝑟 indicates the transformation stress having the 

following relation. 

𝑥 = [𝜏𝑀(𝑇) + ℎ‖𝜀
𝑡𝑟‖ + 𝛾]

𝜀𝑡𝑟

‖𝜀𝑡𝑟‖
  (10) 

where, 

{
𝛾 = 0         𝑖𝑓 ‖𝜀𝑡𝑟‖ < 𝜀𝐿
𝛾 ≥ 0         𝑖𝑓 ‖𝜀𝑡𝑟‖ = 𝜀𝐿

  (11) 

The following equation is regarded for satisfying the 

second law of thermodynamics: 

𝜀̇𝑡𝑟 = 𝜁̇
𝜀𝑡𝑟

‖𝜀𝑡𝑟‖
  (12) 

Based on the evolution of the phase transformation, 𝑓 is 

determined as follows: 

𝑓 = ‖𝑥𝑡𝑟‖ − 𝑅  (13) 

where, 𝑅 is the radius of the elastic area in material.  

Finally, Souza’s model [47] would be accomplished if 

the stability and Kuhn-Tucker conditions are satisfied, 

therefore. 

𝜁̇ ≥ 0,     𝑓 ≤ 0,       𝜁̇𝑓 = 0  (14) 

 

2. 1. 1. Return Mapping           In this sub-section, a 

return mapping algorithm is presented to merge 

Equations (7) through (13) within the imperceptible 

plasticity situation. Generally, the solving procedure 

includes three steps as follows: 

 (i) A trial state and an elastic behavior are assumed for 

the material. 

 (ii) Comparing whether the calculated trial state is 

actually elastic. 

(iii) If the trial state does not have any elastic behavior, 

then the state variables are designed to validate all the 

constraints enforced by the problem. 

In this algorithm, prescribed strain 𝜀𝑛+1 is determined 

as a mechanical loading for the SMA material. At first, 

the algorithm calculates the trial state (𝑠𝑛+1
𝑡𝑟𝑖𝑎𝑙 , 𝑥𝑛+1

𝑡𝑟𝑖𝑎𝑙) and 

then the elastic condition is assumed by 

making 𝜀𝑛+1
𝑡𝑟𝑡𝑟𝑖𝑎𝑙 = 𝜀𝑛

𝑡𝑟. Therefore, by employing Equation 

(4), the following relations are found. 

𝑠𝑛+1
𝑡𝑟𝑖𝑎𝑙 = 2𝐺 (𝜀𝑛+1 − 𝜀𝑛+1

𝑡𝑟𝑡𝑟𝑖𝑎𝑙)  (15) 

𝑥𝑛+1
𝑡𝑟𝑖𝑎𝑙 = 𝑠𝑛+1

𝑡𝑟𝑖𝑎𝑙 − (𝜏𝑀(𝑇) +

ℎ‖𝜀𝑛+1
𝑡𝑟𝑡𝑟𝑖𝑎𝑙‖)

𝜀𝑛+1
𝑡𝑟𝑡𝑟𝑖𝑎𝑙

‖𝜀𝑛+1
𝑡𝑟𝑡𝑟𝑖𝑎𝑙‖

  
(16) 

The material has an elastic behavior if the following 

conditions are satisfied. 

{
0 < ‖𝜀𝑛

𝑡𝑟‖ < 𝜀𝐿
‖𝑥𝑛+1

𝑡𝑟𝑖𝑎𝑙‖ ≤ 𝑅
  (17) 

If 𝜀𝑛
𝑡𝑟 = 0, trial force 𝑥𝑛+1

𝑡𝑟𝑖𝑎𝑙 cannot be calculated by 

Equation (16), whereas 𝑠𝑛+1
𝑡𝑟𝑖𝑎𝑙  could be computed by 

Equation (15). The elastic behavior would occur in the 

parent phase, if: 

{
𝜀𝑛
𝑡𝑟 = 0               

𝑠𝑛+1
𝑡𝑟𝑖𝑎𝑙 ≤ 𝜏𝑀(𝑇) + 𝑅

  (18) 

Finally, the case for which ‖𝜀𝑛
𝑡𝑟‖ = 𝜀𝐿 has to be 

considered. Here, the step is elastic whenever there exists 

𝛾 ≥ 0 such that: 

{
 
 

 
 

‖𝜀𝑛
𝑡𝑟‖ = 𝜀𝐿    

‖𝑠̂ + 𝛾𝑛‖ ≤ 𝑅     𝑛 = −
𝜀𝑛+1
𝑡𝑟𝑡𝑟𝑖𝑎𝑙

‖𝜀𝑛+1
𝑡𝑟𝑡𝑟𝑖𝑎𝑙‖

,

𝑠̂ = ‖𝑠𝑛+1
𝑡𝑟𝑖𝑎𝑙 + (𝜏𝑀(𝑇) + ℎ𝜀𝐿)𝑛‖,   𝛾 = < −𝑠̂. 𝑛 > 

  (19) 

The step would be elastic, if one of the three conditions 

mentioned in Equations (17), (18) or (19) holds. At time 

𝑛 + 1, the actual state is a trial state; therefore, the 

following relations could be mentioned. 

𝜀𝑛+1
𝑡𝑟 = 𝜀𝑛+1

𝑡𝑟𝑡𝑟𝑖𝑎𝑙  

𝑠𝑛+1 = 𝑠𝑛+1
𝑡𝑟𝑖𝑎𝑙                

(20) 

Finally, if none of conditions stated in Equations (17), 

(18) or (19) are approved, a phase transformation would 

occur, and 𝜀𝑛+1
𝑡𝑟  could be calculated by the following 

equation. 

𝑅
𝜀𝑛+1
𝑡𝑟 −𝜀𝑛

𝑡𝑟

‖𝜀𝑛+1
𝑡𝑟 −𝜀𝑛

𝑡𝑟‖
− 2𝐺(𝜀𝑛+1 − 𝜀𝑛+1

𝑡𝑟 ) + (𝜏𝑀(𝑇) +

ℎ‖𝜀𝑛+1
𝑡𝑟 ‖)

𝜀𝑛+1
𝑡𝑟

‖𝜀𝑛+1
𝑡𝑟 ‖

= 0  
(21) 
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If ‖𝜀𝑛+1
𝑡𝑟 ‖ > 𝜀𝐿, then the solution for 𝜀𝑛+1

𝑡𝑟  and 𝛾𝑛+1 can 

be achieved via the following set of nonlinear equations: 

{
 
 

 
 𝑅

𝜀𝑛+1
𝑡𝑟 −𝜀𝑛

𝑡𝑟

‖𝜀𝑛+1
𝑡𝑟 −𝜀𝑛

𝑡𝑟‖
− 2𝐺(𝜀𝑛+1 − 𝜀𝑛+1

𝑡𝑟 ) +

(𝜏𝑀(𝑇) + ℎ𝜀𝐿 + 𝛾𝑛+1)
𝜀𝑛+1
𝑡𝑟

‖𝜀𝑛+1
𝑡𝑟 ‖

 

‖𝜀𝑛+1
𝑡𝑟 ‖ − 𝜀𝐿 }

 
 

 
 

= 0  (22) 

𝑠𝑛+1 = 2𝐺(𝜀𝑛+1 − 𝜀𝑛+1
𝑡𝑟 ) (23) 

 
2. 2. Constitutive Equation of the Shape Memory 
Alloy Beam          In this study, the Euler-Bernoulli beam 

with the circular cross-section is considered to derive the 

set of the governing equations for simulation of the SMA 

system behavior using a semi-analytical solution method. 

While the transverse displacement of the centerline of the 

beam is w, the displacement of any points in the cross-

section is w too. As shown in Figure 2, the plane sections 

stay normal to the centerline. 

𝑢 = −𝑧
𝜕𝑤(𝑥,𝑡)

𝜕𝑥
     𝑣 = 0       𝑤 = 𝑤(𝑥, 𝑡) (24) 

where, u, v and w designate the components of 

displacement in x, y and z directions, respectively. The 

components of the strain and stress corresponding to this 

displacement field are given by the following equations: 

𝜀𝑥𝑥 =
𝜕𝑢

𝜕𝑥
= −𝑧

𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2
, 𝜀𝑦𝑦 = 0  , 𝜀𝑧𝑧 = 0  , 𝜀𝑥𝑦 =

0  , 𝜀𝑥𝑧 = 0  , 𝜀𝑦𝑧 = 0   

𝜎𝑥𝑥 = −𝐸𝑧
𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2
, 𝜎𝑦𝑦 = 0  , 𝜎𝑧𝑧 = 0  , 𝜎𝑥𝑦 =

0  , 𝜎𝑥𝑧 = 0  , 𝜎𝑦𝑧 = 0 

(25) 

The strain energy of the system (𝜋) as well as its kinetic 

energy (𝑇) can be expressed as: 

𝜋 =
1

2
∭𝜎𝑥𝑥𝜀𝑥𝑥𝑑𝑉 = 

1

2
∭𝐸(𝜀 − 𝜀𝑡𝑟)2𝑑𝑉  (26) 

𝑇 =
1

2
∫ 𝜌𝐴 (

𝜕𝑤(𝑥,𝑡)

𝜕𝑡
)
2

𝑑𝑥
𝐿

0
  (27) 

The work done by the mechanical load (𝐹0), excitation 

force (𝐹𝑠𝑖𝑛(𝜔𝑡)) and simple spring (𝐹𝑘) is given by: 

𝑊 = ∫ (𝐹0 (
𝐿

2
, 𝑡) + 𝐹 (

𝐿

2
, 𝑡) 𝑠𝑖𝑛(𝜔𝑡) −

𝐿

0

𝐹𝑘 (
𝐿

2
, 𝑡))  𝑤(𝑥, 𝑡)𝑑𝑥  

(28) 

 
 

 
Figure 2. Bending of an Euler–Bernoulli beam 

 

where, 𝜔 is the frequency of the excitation force. The 

dirac delta function could be employed to enter these 

forces into the equation as follows: 

𝐹0 (
𝐿

2
, 𝑡) = 𝑓0 𝛿 (𝑥 −

𝐿

2
),  

𝐹 (
𝐿

2
, 𝑡) 𝑠𝑖𝑛(𝜔𝑡) = 𝑓𝑠𝑖𝑛(𝜔𝑡) 𝛿(𝑥 −

𝐿

2
), 

𝐹𝑘 (
𝐿

2
, 𝑡) = 𝑓𝑘 (

𝐿

2
, 𝑡) 𝛿 (𝑥 −

𝐿

2
)  

(29) 

In order to extract the governing equations of the motion 

and boundary conditions for the SMA beam, the 

Hamilton’s principle is utilized as follows: 

𝛿 ∫ (𝜋 − 𝑇 −𝑊)
𝑡2
𝑡1

𝑑𝑡 = 0  (30) 

where, 𝛿 denotes the variation operator, and [𝑡1, 𝑡2] 

describes an arbitrary time interval. By substituting 

Equations (26), (27), (28) and (29) into Equation (30), the 

following equation is obtained. 

∫ ∫ 𝐸𝐼
𝜕4𝑤(𝑥,𝑡)

𝜕𝑥4
𝛿𝑤(𝑥, 𝑡)𝑑𝑥 𝑑𝑡 +

𝐿

0

𝑡2
𝑡1

 ∫ [𝐸𝐼
𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2
𝛿 (

𝜕𝑤(𝑥,𝑡)

𝜕𝑥
) |
𝐿
0
] 𝑑𝑡

𝑡2
𝑡1

+

∫ ∫
𝜕2𝑄

𝜕𝑥2
𝑑𝑥 𝑑𝑡 + ∫ 𝐸𝑄 𝛿 (

𝜕𝑤(𝑥,𝑡)

𝜕𝑥
) |
𝐿
0
 𝑑𝑡 +

𝑡2
𝑡1

𝐿

0

𝑡2
𝑡1

 ∫ ∫ 𝜌𝐴
𝜕2𝑤(𝑥,𝑡)

𝜕𝑡2
𝛿𝑤(𝑥, 𝑡) 𝑑𝑥 𝑑𝑡

𝐿

0

𝑡2
𝑡1

−

∫ ∫ (𝐹𝑘 (
𝐿

2
, 𝑡) − 𝐹0 (

𝐿

2
, 𝑡) −

𝐿

0

𝑡2
𝑡1

𝐹 (
𝐿

2
, 𝑡) 𝑠𝑖𝑛(𝜔𝑡)) 𝛿𝑤(𝑥, 𝑡) 𝑑𝑥 𝑑𝑡 = 0  

(31) 

where, 𝑄 =∫ 𝜀𝑡𝑟𝑧 𝑑𝐴. Therefore, the differential equation 

of motion for the SMA beam would be presented as 

follows: 

𝐸𝐼
𝜕4𝑤(𝑥,𝑡)

𝜕𝑥4
+ 𝐸

𝜕2𝑄

𝜕𝑥2
+ 𝜌𝐴

𝜕2𝑤(𝑥,𝑡)

𝜕𝑡2
− 𝐹0 (

𝐿

2
, 𝑡) −

𝐹 (
𝐿

2
, 𝑡) 𝑠𝑖𝑛(𝜔𝑡) + 𝐹𝑘 (

𝐿

2
, 𝑡) = 0  

(32) 

While the boundary conditions are: 

𝑤(𝑥, 𝑡)𝑥=0 = 0  

𝑤(𝑥, 𝑡)𝑥=𝐿 = 0  

[𝐸𝐼
𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2
+ 𝐸𝑄]

𝑥=0
= 0  

[𝐸𝐼
𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2
+ 𝐸𝑄]

𝑥=𝐿
= 0  

(33) 

The solution for Equation (32) can be regarded as: 

𝑤(𝑥, 𝑡) =  ∑ 𝜂𝑖(𝑡) 𝜙𝑖(𝑥) 
𝑛
𝑖=1   (34) 

where, 𝜂𝑖(𝑡) and 𝜙𝑖(𝑥) denote the 𝑖th generalized 

coordinate and shape function, respectively. For this 

problem, the following form for the shape function is 

introduced that satisfies the boundary conditions.  

𝜙𝑖(𝑥) = sin (
𝑖𝜋𝑥

𝐿
)  (35) 

Therefore, the following equation would be achieved. 
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𝑊(𝑋, 𝜏) =  ∑ 𝜂𝑖(𝜏)  𝑠𝑖𝑛(𝑖𝜋𝑋) 
𝑛
𝑖=1   (36) 

Besides, the following non-dimensional parameters are 

selected. 

𝑋 =
𝑥

𝐿
, 𝑊(𝑋, 𝜏) =

𝑤(𝑥,𝑡)

𝐿
, 𝑍 =

𝑧

𝑟
, 𝜏 = 𝜔0𝑡, 𝜔 =

(
𝜋

𝐿
)
2

√
𝐸𝐼

𝜌𝐴
   

(37) 

In this study, the Galerkin method is used to change 

the partial differential equation to an ordinary differential 

equation [60]. In this way, if Equation (36) is substituted 

into Equation (32), and by applying Equation (37), the 

following nonlinear differential equation is achieved.  

1

2
𝜂𝑖(𝜏)(𝑖𝜋)

4 −
4𝐿𝜋𝑖2

𝑅
∫ sin(𝑖𝜋𝑋) (∫ 𝜀𝑡𝑟𝑍𝑑𝐴)𝑑𝑋 +
1

0
1

2
𝜂̈𝑖(𝜏)(𝜋)

4 −
𝑓0𝐿

3

𝐸𝐼
𝑠𝑖𝑛 (

𝑖𝜋

2
) −

𝑓𝐿3

𝐸𝐼
𝑠𝑖𝑛(𝜏) sin (

𝑖𝜋

2
) +

 
𝐾𝐿3

𝐸𝐼
∑ 𝜂𝑗(𝜏) 𝑠𝑖𝑛 (

𝑗𝜋

2
) 𝑠𝑖𝑛 (

𝑖𝜋

2
) = 0𝑛

𝑗=1   

(38) 

where, 𝜀𝑡𝑟 could be computed by using Equation (22). 

Therefore, 

𝜂̈𝑖(𝜏) = −𝜂𝑖(𝜏)𝑖
4 +

8𝐿𝑖2

𝑅𝜋3
∫ 𝑠𝑖𝑛(𝑖𝜋𝑋)(∫ 𝜀𝑡𝑟𝑍𝑑𝐴)𝑑𝑋 +

2𝑓0𝐿
3

𝐸𝐼𝜋4
𝑠𝑖𝑛 (

𝑖𝜋

2
)    +

1

0
2𝑓𝐿3

𝐸𝐼𝜋4
𝑠𝑖𝑛(𝜏) 𝑠𝑖𝑛 (

𝑖𝜋

2
) −

2𝐾𝐿3

𝐸𝐼𝜋4
∑ 𝜂𝑗(𝜏) 𝑠𝑖𝑛 (

𝑗𝜋

2
) 𝑠𝑖𝑛 (

𝑖𝜋

2
)𝑛

𝑗=1   

(39) 

 
 

3. SIMULATION RESULTS AND DISCUSSIONS  
 
In this section, the fourth-order Runge–Kutta method is 

implemented to solve the semi-analytical equation found 

by the Galerkin approach in section 2 for computing the 

strain, transformation strain, and stress quantities. 

Furthermore, the considered SMA beam has length  

 

TABLE 1. Mechanical properties of Nitinol alloy implemented 

for simulations [44] 

Value Parameter 

6450 𝜌 (
𝐾𝑔

𝑚3⁄ )  

0.33 𝜈 

70000  𝐸 (𝑀𝑃𝑎) 

0.03 𝜀𝐿 

253.15 𝑇0 (°𝐾) 

323.15 𝑇 (°𝐾) 

45 𝑅 (𝑀𝑃𝑎) 

7.5 𝛽 (𝑀𝑃𝑎 °𝐾⁄ ) 

500 ℎ (𝑀𝑃𝑎) 

 

 

15 𝑚𝑚 and diameter 1.5 𝑚𝑚. The spring constant is 

100 [𝑁 𝑚𝑚⁄ ], and results are presented for Nitinol alloy 

having the mechanical properties mentioned in Table 1 

[47]. 

In the following, at first, the static behavior of the 

SMA beam is studied. Then, the dynamical behaviors of 

both ordinary and SMA beams are presented to 

investigate the effects of the SMA on the beam 

performance. 

 
3. 1. Analysis of the Static Behavior             In order 

to analyze the static behavior of the beam, it is meshed in 

two dimensionless directions X and Z (51 × 15). 
According to the mesh convergence study performed by 

the authors, the appropriate meshing steps in both 

directions were obtained as ∆𝑋 = 0.02 𝑎𝑛𝑑 ∆𝑍 = 0.07. 

Figure 3 shows the static behavior of the SMA beam with 

distribution load  𝑓0 = −35 [𝑁] and spring constant  𝐾 = 

 

 
Figure 3. Static behavior of the introduced SMA beam with distribution load  𝑓0 = −35 [𝑁] and spring constant 𝐾 = 0. 
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0. In this figure, contour map of strain, stress, and 

transformation strain which show all aspects of the beam 

behavior are being taken into consideration. As it is 

demonstrated, the stress distribution along direction X is 

symmetric. Furthermore, in order to valid the found 

results, Figure 4 illustrates a hysteresis loop appeared in 

the SMA stress-strain static response by applying 

variable distribution load 𝑓0 = −35 sin(𝑖𝜋) [𝑁], 𝑖 ∈
[0,2] and spring constant 𝐾 = 0. As it is represented in 

this figure, the hysteresis loop has the same behavior as 

Souza’s model [47]. 
 
3. 2. Analysis of the Dynamic Behavior 
3. 2. 1. Free Vibration           The damping property of 

the regarded structure is analyzed by comparing the 

vibration response of the SMA beam with an elastic one. 

Furthermore, this comparison helps to illustrate the effect 

of energy dissipation mechanism of SMA materials due 

to their hysteresis property. To this end, the SMA beam 

is subjected to an initial deflection which undergoes 

phase transformation within the SMA beam. The amount 

of this initial deflection is set so that the beam deflection 

remains on the validity domain of the Euler–Bernoulli 

beam theory. Figure 5 depicts the free vibration response 

of an elastic (non-SMA) beam for 𝑓0 = −15[𝑁] and 𝐾 =
0. It can be seen from this figure that there is no 

decreasing in the vibration amplitude (undamped 

harmonic response). The steady state response of the 

results illustrates that the SMA beam vibrates as an 

elastic member and its frequency is the same as its 

equivalent elastic beam. This behavior can be explained 

by the stress/strain variations as shown in Figure 6. 

Whereas Figure 6 exhibits the free vibration [67, 68] of 

the SMA beam when the temperature of the beam is 

323.15°𝐾 and the spring has an initial compression force 

𝑓0 = −15[𝑁]. At this temperature, the austenite phase is 

active, and the initial compression is so high. Therefore, 

the phase transformation from austenite to martensite 

would be initially induced within the beam. Hence, the 
hysteresis loop, depicted in Figure 6(a), makes an intense 

decreasing for the vibration amplitude. This process 

continues until the vibration amplitude cannot make any 

other phase transformation; therefore, the elastic 

response is activated only for the SMA beam. In this way, 

the whole beam vibrates elastically with a constant 

amplitude around steady state deflection 𝑍 = −0.045. 

As it is illustrated in Figure 6, the nonlinear behavior of 

the SMA does not affect the natural frequency of the 

system, and it remains constant. Indeed, there is only one 

damping term which is effective and practical for 

vibration control. In this study, contour map of strain, 

stress, and transformation strain which show all aspects 

of the beam behavior are being taken into consideration. 

In the free vibration study, as shown in Figure 6, an 

adequate initial condition was imposed onto the system 

to make it undergo phase transformation over the beam. 

The strain contour map and longitudinal distribution of 

strain in each layer of the cross section are depicted in 

Figure 6 for early oscillations when SMA beam is fully 

deflected. 
The corresponding loss factor could be calculated by 

employing the following logarithmic relation. 

𝜍 =
1

2𝜋𝑟
ln (

𝐴𝑖

𝐴𝑖+𝑟
)  (40) 

where, 𝐴𝑖 and 𝐴𝑖+𝑟 are vibration amplitudes 𝑖th and 

(𝑖 + 𝑟)th, respectively. In order to investigate the effect 

of the shape memory alloy on the vibrating behavior of 

the beam, the time responses of the dissipated energy for 

the SMA beam are generated in Figure 7. It can be seen 

from this figure that the total dissipated energy reduces 

over time until the zero value is attained. 

These observations could be verified through the 

results presented in Figure 6. Indeed, the diagrams in 

Figure 6 clearly depict that the oscillation amplitude and 

the total energy of the system decrease via the generated 

hysteresis loops. The vibration amplitude of the beam 

becomes constant in the steady state condition, as shown 

in Figure 6. Figure 7 depicts the dissipated energy of the 

SMA beam with respect to time for the free vibrations.  
 

 

 
Figure 4. Stress-strain diagram to study the static behavior 

of the SMA beam with variable distribution load 𝑓0 =
−35 sin(𝑖𝜋) [𝑁], 𝑖 ∈ [0,2] and spring constant 𝐾 = 0 

 

 

 
Figure 5. Free vibration of the midpoint of an ordinary beam 

with initial compression force  𝑓0 = −15[𝑁] and spring 

constant 𝐾 = 0 
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Figure 6. Dynamical behavior of the proposed SMA beam for free vibration with compression force  𝑓0 = −15 [𝑁] spring constant 

and 𝐾 = [100𝑁 𝑚𝑚⁄ ] 
 
 

 
Figure 7. Dissipated energy related to the SMA beam versus 

time for free vibration. 

Moreover, the phase plane diagram for the free vibration 

of the midpoint is plotted in Figure 8. This figure displays 

the pseudo elastic behavior of the SMA beam at the 

beginning of the vibration, whereas the elastic behavior 

can be seen at the end of the vibration. 

 
3. 2. 2. Forced Vibration            In this sub-section, the 

forced vibration behavior of the proposed SMA beam 

with excitation force 𝐹 = −15 sin (
3𝜔0

4
𝑡) [𝑁] and spring 

constant 𝐾 = 100[𝑁 𝑚𝑚⁄ ] is investigated. The stress-

strain diagram demonstrated in Figure 9(a) indicates the 

hysteretic behavior of the SMA with inner loops. The 

time history of the displacement and stress of the 

midpoint are illustrated in Figures 9(b) and 9(c), 
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respectively. Finally, Figure 9(d) shows the amount of 

the dissipated energy in the SMA beam versus time for 

the forced vibration. From Figures 9(b) and (d), it could 

be realized that the area of the dissipated energy reduces 

and consequently, the reduction rate of the vibration 

amplitude decreases too. With continuing vibration, the 

beam will oscillate with a constant amplitude. In other 

words, according to the hysteresis phenomenon of the 

SMA, the amplitude initially tends to decrease as well as 

approach to the elastic situations and after that, indicate 

a constant response.   

 

3. 3. Parametric Analysis          Here, the vibrational 

behavior of the SMA beam is analyzed to evaluate the 

influence of system parameters such as the spring 

constant, excitation force magnitude and excitation force 

frequency on the displacement and stress of the midpoint. 

 

 

 
Figure 8. Phase plane diagrams corresponding to free vibration of the midpoint of the beam for 𝑓0 = −15(𝑁): (a)  𝜏 = 1: 400, (b) 

𝜏 = 380: 400 
 

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 9. Dynamical behavior of the regarded SMA beam 

for forced vibration with excitation force 𝐹 =

−15 sin (
3𝜔0

4
𝑡) [𝑁] and spring constant 𝐾 = 100[𝑁 𝑚𝑚⁄ ] 
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In this way, the results in Figure 11 show that by 

increasing the value of spring constant 𝐾, the vibration 

amplitude and the stress at the midpoint are reduced, 

while the frequency of the vibration is increased. 

Therefore, it can be realized that the spring constant has 

a great effect on the vibration response of the beam. 

Moreover, Figure 12 exhibits the results of the forced 

vibration at the midpoint of the SMA beam with different 

values of the excitation force frequency. Figures 13 and 

14 depict the variations of the oscillation amplitude when 

the excitation force has different values of magnitude and 

frequency, respectively. As it is understood from Figure 

13, by increasing the magnitude of the excitation force, 

the oscillation amplitude would be increased, too. 

Besides, it can be observed from Figure 14 when the 

frequency of the excitation force coincides with the 

natural frequency (𝜔 = 𝜔0 = 0.1587), the oscillation 

amplitude reaches its maximum value. 
Figure 15 presents the energy dissipation rate of the 

SMA beam for frequency range [0-0.5]. As it is seen from 

this figure, although the energy dissipation is effective at 

all frequencies, it is more significant at low frequencies. 

Indeed, the SMA is potentially a sluggish element and 

very effective at low frequencies, therefore, it would 

display a great impact on the energy dissipation at these 

circumstances. However, it is ideal to have such 

dominant frequencies, as it can be easily tuned for any 

system. This frequency could coincide with the natural 

frequency of the system and prevent from the resonance 

phenomenon. 

 
 

 
Figure 12. Time responses of the midpoint for different 

values of the excitation force frequency 

 
Figure 13. Variations of the oscillation amplitude versus 

different values of the excitation force magnitude 

 
 

 
Figure 14. Variations of the oscillation amplitude versus 

different values of the excitation force frequency 

 
 

 
Figure 15. Broad band damping of the SMA beam with the 

loading condition 

 
 

In the following, the Discrete Fourier Transformation 

(DFT) is applied to transform the time domain signal to 

its representation in the frequency domain. To determine 

the vibration frequency through the simulation results, 

the Fast Fourier Transformation (FFT) is implemented to 

provide the fast computation of the DFT [69]. In this 

regard, Figure 16 shows the last fourth of the period, 

regarding the DFT versus the frequency, for the forced 

vibration in 𝜔 =
3𝜔0

4
Hz. As it can be observed from this 

diagram, only one frequency component could be 
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identified, which is about 𝜔 =  0.119 Hz. Since this is 

the oscillation frequency of the SMA beam under the 

forced vibration, the shape memory alloy has no effect on 

the frequency of the system. 

In Table 2, a comparison is made between the 

frequencies produced by the FFT and those of the 

excitation force. As it is observed from these results, the 

two types of frequencies match well, and the shape 

memory alloy of the beam has no effect on the frequency 

of the system. 
 
 

 
(a) 

 
(b) 

Figure 16. Simulation results of the SMA beam for forced 

vibration with 𝜔 =
3𝜔0

4
: (a) time history of the midpoint 

displacement. (b) Last fourth of the period for the discrete 

Fourier transformation versus frequency 

 

 

TABLE 2. Comparisons of the frequencies produced by the 

FFT and those of the excitation force. 

Excitation force 

frequency 

Frequency from 

FFT 

Oscillation 

amplitude 

𝜔 =
𝜔0

4⁄   0.039 0.046 

𝜔 =
𝜔0

2⁄   0.079 0.053 

𝜔 =
3𝜔0

4⁄   0.119 0.084 

𝜔 = 𝜔0  0.158 0.399 

𝜔 =
5𝜔0

4⁄   0.198 0.164 

𝜔 =
3𝜔0

2⁄   0.238 0.065 

𝜔 =
7𝜔0

4⁄   0.277 0.047 

4. CONCLUSIONS 
 
In this article, the free and forced vibrations of a bending 

shape memory alloy beam having nonlinear hysteresis, 

were analyzed regarding the effect of the pseudo-elastic 

behavior. The three-dimensional constitutive equation of 

Souza’s model was used to simulate the hysteric behavior 

of the SMA beam.  

The time responses and states of strain, 

transformation strain and stress-strain for the SMA beam 

were investigated. To shed light on the influences of the 

SMA on the vibrations, the time histories of the 

displacement and the stress at midpoint of the beam as 

well as velocity-displacement and stress- strain diagrams 

were studied. Moreover, the average of the total 

dissipated energy was studied for the FFT frequency 

during the time. The effects of parameters such as the 

spring constant, excitation force magnitude and 

excitation force frequency on the displacement and stress 

of the midpoint were discussed in details. Pursuant to the 

numerical results, some conclusions could be mentioned 

as follows. 

- The SMA beam exhibits highly nonlinear dynamical 

behavior. 

- The pseudo-elastic behavior of the SMA is a 

hysteretic energy-dissipation behavior, which 

causes drastic decreasing in the vibration amplitude 

of the beam. 

- The FFT and excitation force frequencies reveal that 

the pseudo-elastic behavior of the SMA does not 

have any effect on the frequency of the system. 

- The broad response of the SMA beam due to varying 

the hysteretic damping with the loading condition 

displays that it has a great effect on the energy 

dissipation at low frequencies and could be 

employed as an effective absorber for slow motion 

applications. 

- The energy absorbing behavior of the SMA beam 

makes it suitable for suspension systems, or 

vibrating structures. 
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Persian Abstract 

 چکیده 
رفتار شبه    یربا در نظر گرفتن تأث(  SMA)   یحافظه دار خمش  یاژآل  یرت  یآزاد و اجبار  یرخطیارتعاشات غ  یلتحل  یبرا  یلیتحل  یمهن  یکردرو  یک  یمعرف  یقتحق  ینهدف از ا

رفتار   سازییهشب یبرا یدمدل ماده جد یکشود.  میاعمال  SMA  یربه ت  یکرنش مناسب با استفاده از فنر فشار یشپ یک یه،انحراف اول یک یجادآن است. به منظور ا یکالاست

  یفرانسیل اند. معادلات دشده  نوشته  یلتونو اصل هم  یبرنول-یلراو  یرت  یهبر اساس نظر  یر حرکت ت  یفرانسیلکه معادلات د  یدر حال  شود،یاستفاده م  SMA  یرت  یرخطیغ  یستریکه

ارتعاش    هایوضعیتدر    SMA  یرت  یو اتلاف انرژ  یکشوند. رفتار شبه الاستیحل م  یلیتحل  یمهبه صورت نو    یناستخراج شده با استفاده از روش گالرک  یخطیرغ  یجزئ

 یداریشده و پا یبر راندمان جاذب بررس یکتحر یرویمانند ثابت فنر، دامنه و فرکانس ن یستمس یپارامترها یرتأث یت،. در نهاگیردی قرار ممورد مطالعه  یآزاد و اجبار یرخطیغ

  ی انرژ  میرایی یمحرک برا یکبه عنوان  تواندیو م دهدی از خود نشان م یرخطیغ یاربس ینامیکی رفتار د  SMA یرکه ت دهدی نشان م یعدد یج. نتاگیردی قرار م  یآن مورد بررس

 استفاده شود.
 


