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A B S T R A C T  
 

 

 

When it comes to evaluating mining projects, uncertainty plays a significant role, particularly in the 

analysis of mining economic characteristics, which makes the assessment of a mining project erroneous 

and untrustworthy. The volatility of mineral prices is a major cause of economic ambiguity and concern. 
Economic uncertainty has extensively been examined in mining production project planning, but the 

majority of the study has focused on single-element deposits, with little emphasis devoted to the 

significance of pricing uncertainty in two-element deposits. Using a three-dimensional tree model, this 
study investigates how design could be affected by the pricing uncertainty of two different elements. In 

this model, not only annual volatility but also monthly volatility were considered due to momentary 

changes in the price of several elements. To authenticate the proposed model, a numerical example was 
resolved using discounted cash flow, binomial tree, pyramid tree, and three-dimensional modeling 

techniques. The results of each approach were compared to those of real-world data. Following the 

findings of the current investigation, it can be concluded that the values derived from the suggested 

model (a net present value of $ 324.2 thousand) are more precise than the values acquired from other 

approaches, and that they are just 8% out of step with reality. Other methods, on the other hand, come 

up with results that are at least 17% and at most 39% different from those that come from real data. 

doi: 10.5829/ije.2022.35.10a.10 
 

 
1. INTRODUCTION1 
 

Design for open pit mines is a complex and significant 

issue that has been addressed by many researchers. The 

design process usually starts with a geological block 

model consisting of a group of imaginary regular blocks 

covering the surrounding ore and host rock resources. 

Then, a set of characteristics, including the grade, 

specific weight, and coordinates, are estimated or 

attributed to each block using drilling sample data. The 

geological features are combined with technical and 

economic parameters in the next step to determine the 

economic value of each block, forming the economic 

block model, which is a necessary input for the 

production planning. 

Generally, production planning for an open-pit mine 

involves finding a sequence of blocks for optimized 

annual plans, which lead to the highest net present value 

(NPV) for the project cash flow while satisfying the 

technical limitations such as extraction capacity, 
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processing capacity, block derivation sequence, and pit 

slope [1]. 

Design in mines can be categorized into deterministic 

and stochastic-based approaches. Deterministic open-pit 

production was first addressed in 1968 [2] and developed 

in many methods, such as integer programming [3, 4], 

complex integer programming [5, 6], dynamic 

programming [7], and metaheuristic approaches (e.g., 

genetic algorithms [8], particle swarm optimization [9], 

and ants colony algorithm [10, 11]. The main issue of this 

approach is the input parameter assumptions. The 

deterministic parameter assumption might lead to 

unrealistic and incorrect production planning because 

these parameters are associated with a significant 

uncertainty [12-14]. Most studies considered single-

element deposit, and there have been few studies 

regarding the role of economic parameter uncertainty for 

two-element deposits [15-24]. To address the 

shortcomings of previous studies, the present study 
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investigates the design of two-element deposits under 

price uncertainty using the proposed 3D tree model. 

 

 

2. EXPERIMENTAL PROCEDURE 
 
Figure 1 depicts the stages that this article aims to take in 

order to accomplish the goals of this study. 

 

2. 1. The Model Proposed for Modeling Pricing 
Uncertainty                The binomial tree model is one of 

the most often used models for analyzing the 

discontinuously fluctuations of stock price. This model 

was first developed by Cox and Ross [25] to estimate the 

pricing stock uncertainty. Flexibility, accuracy, and 

speed in calculation are some of the advantages of the 

binomial tree model [26]. The structure of a binomial tree 

is formed of different branches and nodes. This model 

depicts all conceivable ways in which mineral prices 

might fluctuate throughout the project lifecycle. For each 

pricing node, it is seen how much the mineral was valued 

at that point in time. An illustration of a binomial tree is 

shown in Figure 2.  

As can be seen, the number of nodes in each layer 

corresponds to the number of layers. These branches 

indicate various routes from one node to the next one, and 

 

 

 

 

 

 
 
 
 
 
 

 

Figure 1. The process diagram 
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Figure 2. The schematic view of a binomial tree 

every single one of them has its own probability and rate 

of rise or decline of related nodes. Ascending branches 

have a probability of realization of Pr, whereas 

descending branches have a chance of realization of 1-Pr. 

If a node is linked to the ascending branch, the value of 

that node is multiplied by u to get the node's value. By 

the same token, the value of the nodes linked to 

descending branches is derived by multiplying the value 

of the preceding node by d. For the purpose of 

illustration, if the value of the node in layer No. 1 of 

Figure 2 is S0, the value of the node linked to the 

ascending branch and its probability of occurrence will 

be S0u and Pr, respectively. Moreover, the value of the 

node connected to the descending branch and its 

probability of occurrence will be S0d and 1-Pr in that 

order. The equations below show how to figure out u, d, 

and the probability of Pr [25]. 

(1) u = exp⁡(σ√δt)  

 (2) d =
1

u
= exp⁡(−σ√δt)  

(3) Pr ⁡⁡=
(1+𝑟𝑓)−d

u−d
  

where 𝜎 is the Instability (unpredictability), u is the 

increasing rate of each node’s value, r is the risk-free 

discount rate, d is the decreasing rate of each node’s 

value, T is the life expectancy of a project in terms of 

time periods, and N is the number of time periods of a 

tree. 

The binomial tree approach has a major limitation 

when it comes to analyzing the impact of many 

uncertainties simultaneously [27]. Using a pyramid tree 

model, Dehghani et al. [28] were able to remove this 

problem in the binomial tree technique. In their 

investigation, they looked at the impact of price and cost 

uncertainty on the evaluation of mining ventures. In the 

pyramid model, all possible prices and operating costs for 

minerals are taken into account (see Figure 3). 

The pyramid tree model is capable of modeling and 

estimating both uncertainties simultaneously. Figure 4 

illustrates a view of the pyramid tree.  

It is made by multiplying the nodes of the economic 

value tree and the tree of probabilities, and then  
 

 

 
Figure 3. The pricing and operational cost variations (U: 

increasing and D: decreasing) [28] 

1. The presentation of the proposed model for 

modeling pricing uncertainty 

2. The solution of the numerical problem 

3. The validation and the comparison with the results 

obtained from real data 

The binomial tree method 

 
The proposed method 

 

The pyramid method 

 

The discounted cash flow 
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Figure 4. pyramid tree model (U: increasing and D: 

decreasing) [28] 
 

 

discounting them using Equation (11). The net present 

value (NPV) will then be found by subtracting this tree 

from the other two trees and multiplying them. 

(4) 𝑃𝑟𝑢𝑢 =
1

4

(∆𝑥𝑝∆𝑥𝑐+∆𝑥𝑐𝜗𝑝∆𝑡+∆𝑥𝑝𝜗𝑐∆𝑡+𝜌𝜎𝑝𝜎𝑐∆𝑡)

∆𝑥𝑝∆𝑥𝑐
  

(5) 𝑃𝑟𝑢𝑢 =
1

4

(∆𝑥𝑝∆𝑥𝑐+∆𝑥𝑐𝜗𝑝∆𝑡−∆𝑥𝑝𝜗𝑐∆𝑡−𝜌𝜎𝑝𝜎𝑐∆𝑡)

∆𝑥𝑝∆𝑥𝑐
  

(6) 𝑃𝑟𝑢𝑢 =
1

4

(∆𝑥𝑝∆𝑥𝑐−∆𝑥𝑐𝜗𝑝∆𝑡+∆𝑥𝑝𝜗𝑐∆𝑡−𝜌𝜎𝑝𝜎𝑐∆𝑡)

∆𝑥𝑝∆𝑥𝑐
  

(7) 𝑃𝑟𝑢𝑢 =
1

4

(∆𝑥𝑝∆𝑥𝑐−∆𝑥𝑐𝜗𝑝∆𝑡−∆𝑥𝑝𝜗𝑐∆𝑡+𝜌𝜎𝑝𝜎𝑐∆𝑡)

∆𝑥𝑝∆𝑥𝑐
  

(8) 𝑃𝑟𝑢𝑢 + 𝑃𝑟𝑢𝑑 + 𝑃𝑟𝑑𝑢 + 𝑃𝑟𝑑𝑑 = 1  
 

In the abovementioned relations, 𝜎𝑃 and 𝜎𝐶 denote the 

price and cost unpredictability, respectively. Moreover, 

∆𝑡 is the ratio of the life expectancy of a project to the 

number of time periods, ρ is the correlation between the 

price and cost data. It is worthy to note that ∆𝑋𝑝 and ∆𝑋𝑐 

are calculated through the multiplication of volatilityin 

∆𝑡 [28]. 

(9) ϑ𝑝 = r −
1

2
𝜎𝑝
2 

(10) ϑ𝑐 = r −
1

2
𝜎𝑐
2 

(11) DCFn,k=BEVn,k+(V/(1+i)) 

(12) 
V=Pruu.DCFn+1,uu+Prud.DCFn+1,ud+ 

Prdu.DCFn+1,du+Prdd.DCFn+1,dd 

As previously stated, the binomial tree model was 

only capable of investigating one parameter under 

uncertainty and made the assumption that all other 

essential values remained constant. Dehghani et al. [28] 

employ just unpredictability, the yearly increasing and 

decreasing coefficients for prices in their pyramid tree, 

but the changes in mineral prices are on the spot and 

should be established upon the quantity of the blocks 

extracted in a year, unpredictability, and monthly 

increasing and decreasing coefficients to solve the model. 

Figure 5 shows an overview of the three-dimensional tree 

model. 

The priority of the proposed model over the other two 

models is to simultaneously consider the monthly and 

annual unpredictability. In the proposed model, the price 

3D trees are first created for two elements, as shown in 

Figure 5. A three-dimensional economic value tree is 

then generated for all price change situations utilizing 

pricing trees. Beginning in the second year, for example, 

there are two prices for every single element. As a result, 

four value possibilities may be found in the economic 

value tree. They include: 1) an increase in both elements' 

prices, 2) an increase in the price of the first element and 

a decrease in the price of the second element, 3) a 

decrease in the price of the first element and an increase 

in the price of the second element; and 4) a decrease in 

both elements' prices. 

Following the construction of a three-dimensional 

economic value tree using Equations (4) to (10), a three-

dimensional tree of probabilities is constructed, and in 

the following step, the corresponding multiplication tree 

is constructed by correspondingly multiplying the nodes 

of the two trees of economic value and probabilities. In 

the next phase, you can use Equation (11) to figure out 

how much the project will be value in the future by not 

taking into account the tree that you bought in the first 

phase. 

 
2. 2. Numerical Example             The blocks of a lead 

and zinc mine are shown in the following hypothetical 

cross-section where the lead and zinc cutoff grades are 

indicated by a number on the left and right side, 

respectively. Furthermore, the supplementary data is 

given in Table 1, in order to calculate the economic value 

of every single block.  
The hypothetical grades model of a lead and zinc 

mine is shown in Figure 6.  

 

 

 
Figure 5. The 3D tree model for the price of zinc (ZN: The 

base price of zinc, U: The annual increasing coefficient, D: 

The annual decreasing coefficient, u: The monthly 

increasing coefficient, d: The monthly decreasing 

coefficient) 



G. H. Kakha / IJE TRANSACTIONS A: Basics  Vol. 35 No. 10, (October 2022)    1906-1917                                          1909 

 

 

 
Figure 6. The Hypothetical Grades Model of a Lead and 

Zinc Mine 

 
 

Osanloo and Ataei [29] examined the equivalent 

cutoff grade in multi-element deposits. The equations 

initiated from this research for two-element deposits are 

as follows: 

𝐵𝐸𝑉 = 𝑇𝑂 ∗ [𝐺̅1𝑅1(𝑃1 − 𝑟1) + 𝐺̅2𝑅2(𝑃2 − 𝑟2) −
𝐶𝑟] − (𝑇𝑅 ∗ 𝐶𝑚)  

(13) 

where Cr is the cost of condensing and processing, Cm is 

the cost of the extraction of each ton ore, TOi is the 

mineral tonnage in blocks, TRi is the block tonnage, 

including tailings and minerals, P2 is the price of the 

second element, r2 is the cost of purifying and selling the 

second metal, R2 is the total retrieval of the second metal, 

P1 is the price of leading metal, r1 is the cost of purifying 

and selling the leading metal, R1 is the total retrieval of 

the leading metal, g1 is the mean cutoff grade concerning 

the leading metal, and g2 is mean cutoff grade concerning 

the second metal [30]. 

Equation (4) is initiated by factoring R1(P1-r1) in 

Equation (3). 

𝐵𝐸𝑉 = 𝑇𝑂 ∗ [𝑅1(𝑃1 − 𝑟1) (𝐺̅1 + 𝐺̅2
𝑅2(𝑃2−𝑟2)

𝑅1(𝑃1−𝑟1)
) −

𝐶𝑟] − (𝑇𝑅 ∗ 𝐶𝑚)  
(14) 

𝑓𝑒𝑞 =
𝑅2(𝑃2 − 𝑟2)

𝑅1(𝑃1 − 𝑟1)
 (15) 

Equivalent factor feq is used to show the economic 

valueof the blocks for the two-element deposits as 

Equation (6). 

𝐵𝐸𝑉 = 𝑇𝑂 ∗ [𝑅1(𝑃1 − 𝑟1)(𝐺̅1 + 𝑓𝑒𝑞𝐺̅2) − 𝐶𝑟] −

(𝑇𝑅 ∗ 𝐶𝑚)  
(16) 

On the basis of relations (13) and (17), Table 1 and 

considering zinc as the leading metal and lead as the 

second metal, one can turn the supposable cutoff grade 

model into the cutoff grade model equivalent to Figure 7. 

Based on the data available in Table 1, the materials’ 

mean density (3 ton/m3), and the equivalent grade model, 

the block  economic value model is in the form of Figure 

8. 

In this case, it is anticipated that it will take one year 

to extract each of the three blocks. As a result, the 

duration of this project will be three years. In Figure 9, 

Roman shows how to use his "dynamic planning" method 

to plan mining in this part. 

Based on Figures 8 and 9 and Equation (17), a net 

present value of $291.53 thousand was derived using the 

TABLE 1. The information required for the problem. 

Description 
Amount 

for lead 

Amount for 

zinc 
unit 

Total retrieval  80 85 % 

Block dimension 10*10*5 10*10*5 Meter 

Cut off limit 1.4 1.48 % 

Density 10 7 Ton/m3 

Price in the beginning 

of 2013  
2224.5 1986.21 Dollar/ton 

The cost of extraction 1 1 Dollar/ton  

Processing cost 63 63 Dollar/ton  

Risk-free rate 7 7 % 

Feq 1.05 
Equivalent 

cutoff grade 
2.9 

 

 

 

 
Figure 7. The equivalent grade model 

 

 

 
Figure 8. The block economic value model(1000 dollars) 

 

 

 
Figure 9. The order of mining 

 

 

discounted cash flow approach from the extraction of this 

cross-section. 

𝑁𝑃𝑉 = ∑
𝐵𝐸𝑉𝑛

(1+𝑖)𝑛
𝑁
𝑛=1   (17) 

where BEVn is the sum of economic value of the blocks 

in year n, i is the discount rate, and N is the project life. 

• The binomial tree model 

Utilizing price data from 1990 to 2013, the binomial tree 

approach affecting by pricing uncertainty will be used to 

obtain the parameters needed to solve the numerical 

example (Tables 2 and 3). 

The zinc and lead pricing trees are generated for 

2013-2015 after calculating the binomial tree's necessary 

parameters and the base year price (Tables 4 and 5). 
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TABLE 2. The historical price data on zinc and lead between 

1990 and the beginning of 2013 and the calculation of volatility1 

LN (Pn+1-

pn) 

The price 

of zinc 

LN (Pn+1-

pn) 

The price 

of lead 
Year 

-0.0872 1517.92 0.185207 809.5 1990 

-0.3028 1121.36 -0.37242 557.8 1991 

0.102052 1241.84 -0.02595 543.51 1992 

-0.2533 963.96 -0.2884 407.34 1993 

0.034924 998.22 0.29794 548.72 1994 

0.032398 1031.09 0.13702 629.3 1995 

-0.00595 1024.97 0.207132 774.13 1996 

0.249097 1314.9 -0.2171 623.06 1997 

-0.24976 1024.29 -0.16759 526.92 1998 

0.049065 1075.8 -0.04891 501.77 1999 

0.047116 1127.7 -0.09967 454.17 2000 

-0.24029 886.82 0.047702 476.36 2001 

-0.12976 778.9 -0.05194 452.25 2002 

0.061094 827.97 0.128397 514.21 2003 

0.2357 1048.04 0.539504 881.95 2004 

0.27556 1380.55 0.099656 974.37 2005 

0.861139 3266.18 0.279381 1288.42 2006 

-0.00505 3249.73 0.694032 2579.12 2007 

-0.54473 1884.83 0.005491 2593.32 2008 

-0.12799 1658.39 -0.41094 1719.44 2009 

0.264428 2160.36 0.222627 2148.19 2010 

0.016149 2195.53 0.111139 2400.71 2011 

-0.11858 1950.02 -0.15133 2063.56 2012 

1986.21 0.018389 2224.50 0.0751 2013 

 
 

TABLE 3. The information required to create binomial tree 

The parameters of binomial 

tree 

The price of 

zinc 

The price of 

lead 

Volatility 27.2% 26.1% 

Increasing coefficient 1.60% 1.58 

Decreasing coefficient 0.62% 0.63% 

The probability of increase 45% 46% 

 

 

TABLE 4. The tree of changes of zinc price 
2015 2014 2013 

5098.989 

1986.21 

3182.399 

1239.64 
1986.21 

773.686  

 
1 https://www.ilzsg.org/static/statistics.aspx 

TABLE 5. The tree of changes of lead price 

2015 2014 2013 

5574.327 3521.376 2224.5 

2224.50 1405.246  

887.7127  

 

 

According to Equation (13) about the economic value 

of the block and the trees concerning the price of the two 

elements, the economic value tree has the following 

form, as shown in Tables 6 and 7. 

Eventually, after discounting the economic value tree 

using Equation (18), the amount of net present value is 

determined. 

𝐷𝐶𝐹𝑛,𝑘 = 𝐵𝐸𝑉𝑛,𝑘 +
𝑃𝑟×𝐷𝐶𝐹𝑛+1,𝑘+(1−𝑃𝑟)×𝐷𝐶𝐹𝑛+1,𝑘+1

(1+𝑟)
  (18) 

This section's net present value will be $419.80 thousand 

dollars if it is extracted using the binomial tree approach 

to account for zinc and lead pricing uncertainty. 

• The pyramid tree model 

In light of what has been mentioned so far, a numerical 

example will be solved using the pyramid tree model in 

this part. Similar to the parameters of a two-dimensional 

binomial tree, these parameters already listed in Table 1 

are needed to create trees. Afterwards, using price 

binomial trees for the two elements of lead and zinc 

(Tables 4 and 5), the economic value tree is created 

(Table 8). 

In the next step, given the price historical data of lead 

and zinc in addition to Equations (4) to (10), the 

multivariable tree of probabilities is created (see Tables 

9 and 10). 

In the end, the discounted binomial tree for the model 

presented by Dehghani et al. will be shown in Table 11. 

As can be seen, using the pyramid tree developed by 

Dehghani et al., the net present value resulted from the 

extraction of the desired cross-section is equal to 215.23 
 

 

TABLE 6. The economic value tree for each year ($1000) 

2015 2014 2013 

335.0613 240.4564 128.2807 

128.2807 90.8831  

46.65893  

 

 

TABLE 7. The economic value discount tree ($1000) 

2015 2014 2013 

335.0613 468.5665 419.8029 

128.2807 110.0699  

46.65893  
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TABLE 8. The 3D economic value tree for each year 

2015 2014 2013 

335.0613 240.4564 128.2807 

241.0051 174.9909  

204.3673 156.3486  

222.337 90.8831 

128.2807  

91.6496  

177.3531  

83.29677  

46.65901  

 

 

TABLE 9. The 3D tree of probabilities for each year 
2015 2014 2013 

0.237791 0.472517 1 

0.068924 0.092562  

0.042277 0.087438  

0.16664 0.347483 

0.182204  

0.013352  

0.051086  

0.111076  

0.12665  

 

 

TABLE 10. A intermediate binomial tree obtained by 

multiplying the corresponding nodes of economic value and 

probabilities 

2015 2014 2013 

79.67441 113.6197 128.2807 

16.61101 16.19749  

8.640079 13.67082  

37.05025 31.58033 

23.37326  

1.223611  

9.060326  

9.252265  

5.909376  

 

 

TABLE 11. The discounted binomial tree for pyramid model 

2015 2014 2013 

104.9255 184.9074 215.2318 

61.64712 72.65671  

24.22197  

thousand dollars when considering the pricing 

uncertainty of zinc and lead. 

• The three-dimensional recommended model 

This study's model incorporates not just yearly volatility 

but also monthly volatility owing to the rapid shifts in the 

price of several elements in recent years, as previously 

mentioned. The suggested model is used to solve a 

numerical problem in this section. On average, one block 

is extracted every four months because the yearly 

extraction capacity in the given example is equal to three 

blocks. In order to make the suggested model trees, four-

month data as well as yearly data must be used. 

It is important to develop a pricing tree for the 

proposed model after computing the parameters 

associated with the model. For the suggested model in 

Tables 13 and 14, the lifetime of lead and zinc pricing 

trees and the mining capacity are assumed to be three 

years and three blocks each year. 

In light of what has been discussed regarding the 

suggested model, the hypothetical scenario using the 

described model will now be resolved. The pricing tree 

for zinc and lead has been built for the proposed model, 

as shown in in Tables 15 and 16 (By using Table 12). 

After establishing pricing trees for lead and zinc, it is 

time to develop a value tree. In this regard, for each price 

determined for a block associated with the first element, 

all prices associated with that block for the second 

element are included in the computation of the block's 

economic value, and the overall structure of the block's 

economic value tree is produced (see Table 17). 

Following the computation of the economic value tree for 

the desired example using the given model, a probability 

tree for this model should be generated. This is 

accomplished by the usage of Equations (4) to (10). Table 

18 depicts the probability tree for each block, which 

corresponds to the economic value tree. Then, the 

intermediate binomial tree is made by multiplying the 

relevant nodes from the two trees of economic value and 

probability. 
 

 

TABLE 12. The information required to create the proposed 

model 

The parameters of annual 

binomial tree 

The price 

of zinc 

The price of 

lead 

Volatility 27.2% 26.1% 

Increasing coefficient 1.60% 1.58 

Decreasing coefficient 0.62% 0.63% 

The probability of increase 45% 46% 

The parameters of four-

month binomial tree 

The price 

of zinc 

The price of 

lead 

Volatility 14.2% 14.8%` 

Increasing coefficient 1.152% 1.158 

Decreasing coefficient 0.86% 0.86% 

The probability of increase 0.71% 0.7% 
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TABLE 13. The zinc pricing tree for the proposed model (ZN: The base price of zinc, U: The annual increasing coefficient, D: The 

annual decreasing coefficient, u: The 4-month increasing coefficient, d: The 4-month decreasing coefficient) 

Zinc pricing tree for the third year 

BLOCK3 BLOCK2 BLOCK1 

ZnUUuu ZnUUu ZnUU 

ZnUUud ZnUUd ZnUD 

ZnUUdd ZnUDd ZnDD 

ZnUDdd ZnDDd  

ZnDDdd  
 

Zinc pricing tree for the second year 

BLOCK3 BLOCK2 BLOCK1 

ZnUdd ZnUu ZnU 

ZnUud ZnUd ZnD 

ZnUdd ZnDd  

ZnDdd  
 

Zinc pricing tree for the first year 

BLOCK3 BLOCK2 BLOCK1 

Znuu Znu Zn 

Znud Znd  

Zndd  
 

 

 

TABLE 14. The Lead pricing tree for the proposed model (Pb: The base price of Lead, U: The annual increasing coefficient, D: The 

annual decreasing coefficient, u: The 4-month increasing coefficient, d: The 4-month decreasing coefficient) 

Lead pricing tree for the third year 

BLOCK3 BLOCK3 BLOCK3 

PbUUuu PbUUuu PbUUuu 

PbUUud PbUUud PbUUud 

PbUUdd PbUUdd PbUUdd 

PbUDdd PbUDdd PbUDdd 

PbDDdd PbDDdd 
 

Lead pricing tree for the second year 

BLOCK3 BLOCK3 BLOCK3 

PbUdd PbUdd PbUdd 

PbUud PbUud PbUud 

PbUdd PbUdd PbUdd 

PbDdd PbDdd 
 

Lead pricing tree for the first year 

BLOCK3 BLOCK2 BLOCK1 

Pbuu Znu Zn 

Pbud Znd  

Pbdd  
 

 

 

TABLE 15. The zinc pricing tree for the proposed model 

Zinc pricing tree for the third year 

BLOCK3 BLOCK2 BLOCK1 

6767.798 5874.43 5098.989 

5098.989 4425.909 1986.21 

3841.677 1724.025 773.6886 

1496.449 671.5596  

582.9119  
 

Zinc pricing tree for the second year 

BLOCK3 BLOCK2 BLOCK1 

4223.942 3666.37 3182.39 

3182.399 2762.31 1239.64 

2397.681 1076.00  

933.9689  
 

Zinc pricing tree for the first year 

BLOCK3 BLOCK2 BLOCK1 

2636.261 2288.268 1,986.21 

1986.21 1724.025  

1496.449  
 

 

 

TABLE 16. The lead pricing tree for the proposed model 

Lead pricing tree for the third year 

BLOCK3 BLOCK2 BLOCK1 

7487.75 6460.585 5574.327 

5574.327 4809.644 2224.5 

4149.861 1919.345 887.7127 

1656.05 765.9368  

660.8661  
 

Lead pricing tree for the second year 

BLOCK3 BLOCK2 BLOCK1 

4730.111 4081.237 3521.376 

3521.376 3038.316 1405.246 

2621.522 1212.475  

1046.149  
 

Lead pricing tree for the first year 

BLOCK3 BLOCK2 BLOCK1 

2988.074 2578.172 2,224.5 

2224.5 1919.345  

1656.05  
 

 

 

TABLE 17. The economic value tree for the proposed model ($1000) 

Third year 

BLOCK3 BLOCK2 BLOCK1 

243.3131 181.538 -1.5 

216.6879 160.88 -1.5 

196.628 122.347 -1.5 

159.2108 107.337 -1.5 

144.6356 156.171 -1.5 

208.3248 135.513 -1.5 

Second year 

BLOCK3 BLOCK2 BLOCK1 

152.301 -1.5 130.375 

135.684 -1.5 95.905 

123.164 -1.5 84.962 

99.811 -1.5 50.493 

130.199 -1.5  

113.581 -1.5  

First year 

BLOCK3 BLOCK2 BLOCK1 

82.001 -1.5 69.78 

72.731 -1.5  

65.746 -1.5  

70.269 -1.5  

60.998  

54.014  
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181.6996 96.98 -1.5 

161.6396 81.97 -1.5 

124.2225 111.762 -1.5 

109.6473 91.104  

182.2774 96.98  

155.6522 37.561  

135.5923 94.039  

98.17508 73.381  

83.59995 34.848  

136.6763 19.838  

110.0511  

89.99116  

52.57397  

37.99885  

118.4786  

91.85344  

71.79351  

34.37632  

19.8012  
 

101.062 -1.5  

77.709 -1.5  

113.744 -1.5  

97.127 

84.607  

61.254  

84.938  

68.32  

55.8  

32.447  
 

61.535  

52.264  

45.279  
 

 

 

TABLE 18. The tree of probabilities for the proposed model 

Third year 

BLOCK3 BLOCK3 BLOCK3 

0.194949 0.2533 0.237791 

0.113992 0.014405 0.068924 

0.080236 0.07406 0.184499 

0.046479 0.095065 0.06664 

0.059922 0.129678 0.111124 

0.064091 0.150683 0.013352 

0.042274 0.024188 0.179943 

0.048318 0 0.011076 

0.014561 0.079806 0.126652 

0 0.027062  

0.083913 0.048067  

0.050157 0  

0.0636 0.103685  

0 0  

0 0  

0.051995 0  

0.018239  

0  

0  

0  

0.067278  

0  

0  

0  

0  
 

Second year 

BLOCK3 BLOCK3 BLOCK3 

0.2533 0.359092 0.472517 

0.014405 0.134216 0.092562 

0.07406 0.040448 0.087438 

0.095065 0.13931 0.347483 

0.129678 0.176649  

0.150683 0  

0.024188 0.050663  

0 0.09962  

0.079806 0  

0.027062 

0.048067  

0  

0.103685  

0  

0  

0  
 

First year 

BLOCK3 BLOCK3 BLOCK3 

0.359092 0.602733 1 

0.134216 0.096754  

0.040448 0.108246  

0.13931 0.192267  

0.176649  

0  

0.050663  

0.09962  

0  
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The intermediate binomial tree will be discounted in the 

following phase. This is done by converting the tree to a 

standard binomial tree, as shown in Tables 19 and 20. 

The probability value of the major element (zinc element) 

as well as the 4-month rate (2 percent) for 4-month 

periods will then be utilized to discount the standard 

binomial tree based on the main element (zinc element) 

and 4-month extraction periods for each block. They 

show the trees that were discounted each year and how 

much they were discounted at the end of each year, in 

Tables 21 and 22. 

 

 

TABLE 19. The intermediate binomial tree obtained through multiplying the corresponding nodes of economic value and probabilities 

Third year 

BLOCK3 BLOCK3 BLOCK3 

47.43364 45.98363 -0.35669 

24.70068 2.317477 -0.10339 

15.77664 9.061012 -0.27675 

7.399957 10.204 -0.09996 

8.666857 20.25199 -0.16669 

13.35174 20.41953 -0.02003 

7.681168 2.345754 -0.26991 

7.810104 0 -0.01661 

1.808803 8.919254 -0.18998 

0 2.465443  

15.29544 4.661541  

7.807047 0  

8.623668 9.750485  

0 0  

0 0  

7.106483 0  

2.007222  

0  

0  

0  

7.971005  

0  

0  

0  

0  
 

Second year 

BLOCK3 BLOCK3 BLOCK3 

45.98363 -0.53864 61.60437 

2.317477 -0.20132 8.877194 

9.061012 -0.06067 7.428917 

10.204 -0.20897 17.54531 

20.25199 -0.26497  

20.41953 0  

2.345754 -0.07599  

0 -0.14943  

8.919254 0  

2.465443 

4.661541  

0  

9.750485  

0  

0  

0  
 

First year 

BLOCK3 BLOCK3 BLOCK3 

29.44605 -0.9041 69.78 

9.761619 -0.14513  

2.65929 -0.16237  

9.789181 -0.2884  

10.77529  

0  

3.117536  

5.206542  

0  
 

 

 

TABLE 20. The intermediate standard binomial tree obtained through multiplying the corresponding nodes of economic value and 

probabilities 

Third year 

BLOCK3 BLOCK3 BLOCK3 

191.8403 147.9918 -0.73682 

103.0542 70.69794 -0.39329 

51.88862 16.51065 -0.47651 

13.95744 9.345174  

7.53524  
 

Second year 

BLOCK3 BLOCK3 BLOCK3 

128.1587 -1.3081 70.48156 

59.58691 -0.63542 24.97423 

17.11281 -0.06833  

8.440671  
 

First year 

BLOCK3 BLOCK3 BLOCK3 

68.48029 -1.42983 69.78 

28.12907 -0.07017  

2.803223  
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TABLE 21. The discounted binomial tree (4-month) for every single year 

Third year 

BLOCK3 BLOCK3 BLOCK3 

191.8403 310.9210 260.5559 

103.0542 157.2383 125.266 

51.88862 56.63752 45.01529 

13.95744 21.20979  

7.53524  
 

Second year 

BLOCK3 BLOCK3 BLOCK3 

128.1587 104.914 156.5804 

59.58691 45.7519 60.90663 

17.11281 14.2524  

8.440671  
 

First year 

BLOCK3 BLOCK3 BLOCK3 

68.4802 54.2778 113.38 

28.12907 20.3335  

2.803223  
 

 

 

As can be seen, the net present value resulted from the 

extraction of the desired cross-section to consider the 

pricing uncertainty of zinc and lead will be equal to 

324.27 thousand dollars using the proposed model. 

 

2. 3. Validation           Using real prices from 2013 to 

2015, the numerical example in this work was solved to 

test the model (see Table 23 and Figure 10). 
Based on the real prices of zinc and lead for the years 

2013 to 2015, the net present value of the extraction of 

the indicated section is 355.14 thousand dollars. The final 

results are presented in Table 24. 

 

 
TABLE 22. The final discounted binomial tree 

260.5559 331.2886 324.275 

125.266 137.1659  

45.01529  

 

 

 

TABLE 23. The real pricing data for zinc and lead 

Real price for Lead 

($/ton) 

Real price for 

Zinc ($/ton) 
Years 

2224.50 1986.21 2013(4-month 1) 

2088.10 1851.01 2013(4-month 2) 

2106.66 1893.28 2013(4-month 3) 

2097.84 2026.64 2014(4-month 1) 

2158.59 2206.17 2014(4-month 2) 

2029.95 2250.10 2014(4-month 3) 

1859.16 2113.07 2015(4-month 1) 

1821.98 2043.05 2015(4-month 2) 

1682.32 1638.91 2015(4-month 3) 

 

 

 
Figure 10. The block economic value model based on real 

prices ($1000) 
 

TABLE 24. The comparison of the evaluation results of different models 

Column Method 
Net present value 

($1000) 

Difference from the real 

amount (Di) ($1000) 

Difference from the real amount (Pi) 

(%) 

1 Real price DCF 355.14 0 0 

2 Constant price DCF 291.53 63.61 17.9 

4 Binomial tree  419.80 64.66 18.2 

6 Pyramid tree 215.23 139.91 39.4 

7 Proposed model 324.27 30.87 8.6 

 

 

3. CONCLUSION 
 

This paper adopted discounted cash flow, binomial tree, 

Pyramid tree, and our proposed method to predict the 

price in the future years. The results are presented in 

Table 24, and the following conclusions can be drawn. 

- The proposed method is a practical and suitable 

approach to account for the price uncertainty of 

two-element deposits with the closest-to-reality 

output (8.6%). 

- The second best method is the discounted cash flow, 

with a 17.9% difference from the real data. If the 

uncertainty is accounted for, the results will 

improve. 

- The third and fourth-best methods are the binomial 

tree (18.2%) and Pyramid tree (39.4%), 

respectively. 

- The result can be improved, provided that adequate 

methods are used to include the uncertainty. 
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- It is recommended that geological and economic 

uncertainties should be considered simultaneously 

in future research. 
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Persian Abstract 

 چکیده 
ای که ارزیابی یک پروژه معدنی بدون  کنند،  به گونهمعدنی ایفا مینقش موثری در ارزیابی پروژه های معدنی بخصوص در بررسی پارامترهای اقتصادی  هاامروزه، عدم قطعیت

طعیت قیمت ماده معدنی اشاره نمود. قتوان به عدمهای اقتصادی میقطعیتهای موجود غیرقابل اعتماد و نادرست است. یکی از مهمترین منابع عدمقطعیتدر نظر گرفتن عدم

های انجام شده در ذخایر تک عنصره بوده اند اما بیشتر تحقیقریزی تولید پروژه معدنی پرداختههای اقتصادی در فرآیند برنامهقطعیتمحققین بسیاری به مطالعه بررسی نقش عدم

،  طراحی معادن قطعیت قیمت دو عنصر در  است. در این تحقیق به منظور لحاظ کردن همزمان عدمقطعیت قیمت در ذخایر دو عنصره توجه شده  و کمتر به بررسی نقش عدم

ای، درخت هرمی و مدل سه نقدی تنزیل یافته، درخت دوجملههای جریانمدل درخت سه بعدی ارائه شده است. برای اعتبارسنجی مدل پیشنهادی یک مثال عددی با روش

دهد، مقادیر حاصل از مدل پیشنهادی )ارزش خالص  های واقعی مقایسه گردید. نتایج تحقیق حاضر نشان میها با نتایج حاصل از داده ه روشعدی حل شد و نتایج حاصل از همب

های  که نتایج حاصل از روش  با واقعیت فاصله دارد. این در حالیست   %8های دیگر از دقت بیشتری برخوردار بوده و فقط  هزار دلار(، نسبت به نتایج روش  2/324فعلی برابر با  

 های واقعی اختلاف دارد. درصد با نتایج حاصل از داده 39و حداکثر  17دیگر حداقل 

 

 

 


