
IJE TRANSACTIONS A: Basics  Vol. 34, No. 01, (January 2021)   253-262 

 

Please cite this article as: M. Nadjafi, P. Gholami, Reliability Analysis of Notched Plates under Anisotropic Damage Based on Uniaxial Loading 
using Continuum Damage Mechanics Approach, International Journal of Engineering, Transactions A: Basics  Vol. 34, No. 01, (2021)   253-262 

 
International Journal of Engineering 

 

J o u r n a l  H o m e p a g e :  w w w . i j e . i r  
 

 

Reliability Analysis of Notched Plates under Anisotropic Damage Based on Uniaxial 
Loading using Continuum Damage Mechanics Approach 
 

M. Nadjafi*a, P. Gholamib 
 
a Aerospace Engineering, Aerospace Research Institute (Ministry of Science, Research and Technology), Tehran, Iran 
b Aerospace Engineering, Department of Aerospace Engineering, Sharif University of Technology, Tehran, Iran 

 
 

P A P E R  I N F O   

 
 

Paper history: 
Received 08 June 2020 
Received in revised form 28 September 2020 
Accepted 30 October 2020 

 
 

Keywords:  
Anisotropic Damage 
Continuous Damage Mechanics 
Energy Density Release Rate  
First Order Reliability Method 
Second Order Reliability Method 

 
 
 
 
 

 

A B S T R A C T  
 

 

Extensive recent researches have been underway to model the fracture mechanics degradation based on 

continuum damage mechanics (CDM) technique. CDM theory is a powerful tool for solving problems 
such as large plastic deformations that the fracture mechanics is unable to solve. This model is derived 
by means of the thermodynamics internal variable theory and based on the experimental results on 
material properties. In this paper, the reliability of rectangular plates containing a central circular hole 

under static tensile load using the CDM approach for ductile fracture has been studied. To investigate 
the initiation and evolution of damages, anisotropic damage expressed by second order damage tensor is 
used to derive constitutive equations. Then, these relationships together with material constants are 
implemented with subroutine in ABAQUS software. The reliability assessment has been investigated 

using first order reliability method (FORM) and second order reliability method (SORM).  Based on the 
FORM and SORM, the limit state functions and random variables have been obtained according to the 
energy density release rate. The probability of failure of each plate with different hole sizes is estimated 
based on the anisotropic damage theory, and the results are compared with the isotropic damage model. 

Finally, the sensitivity analysis of the coefficient of variation is performed. 

doi: 10.5829/ije.2021.34.01a.28 
 

 

NOMENCLATURE   

b Isotropic hardening exponents  X Random variable 

D Scalar damage variable Y Energy density release rate 

Dc Critical damage Greek Symbols  

DH Hydrostatic damage α Damage exponent  

E Young modulus of elasticity  β Reliability index 

f Yield function of plastic criterion  Г Gibbs free energy  

F Dissipative potential function  ε Uniaxial total strains  

FD Damage potential function  εp Plastic strain 

FP Plastic potential function  εpD Damage threshold plastic strain 

g Performance function εpR Rupture plastic strain 

k Curvature of the performance function  η hydrostatic sensitivity parameter 

p Accumulated plastic strain  Φ Cumulative distribution function  

P Probability of failure  λ  Plastic multiplier 

R Isotropic hardening ν Poisson ratio  

R Reliability  ρ Mass density 

R∞ Saturated isotropic hardening parameter σ Uniaxial and tensorial stresses 

s Unified damage law exponent  σeq Von Mises equivalent stress 

S Energetic damage law parameter  σY Yield stress 
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1. INTRODUCTION 
 

Ductile failure and its criteria are very important in 

fracture mechanics due to the importance of its 

engineering, and extensive researches have been done in 

this field [1]. Low weight metals under ductile fractures 

are assumed as a criterion for an anisotropic ductile 

fracture. This criterion considers the interactions between 

surfaces with shear connections and shear stress [2]. In 

this regard, comprehensive mathematical model has been 

extracted from the point of theoretical and experimental 

views to evaluate ductile fracture of anisotropic materials  

[3]. In structural systems, there are uncertainties in the 

system parameters that must be considered to describe 

the behavior of the system. In these systems, load 

variation and distribution, boundary conditions, material 

properties, and constants, environmental conditions and 

etc. are uncertainties that cause the random behavior of 

structures. Therefore, it is very important to study the 

reliability and consider the source of the uncertainties, 

and these propagation effects on the system reliability. 

It is very common to use classical fracture mechanics 

models to demonstrate material degradation, and great 

efforts have been made to develop new models of fracture 

mechanics [4-7]. Most research and studies have been 

done to demonstrate the fracture behaviors under various 

stress shearing loads. In these studies, anisotropic states 

were investigated in the various directions of the tension 

test angles, and the results are examined from different 

angles [8]. Despite some successful applications of 

fracture mechanics, the results show that it is difficult to 

apply the theory of classical fracture mechanics to 

practical applications. As a result, damage models have 

been developed as an alternative method for modeling  

material degradation based on the irreversible 

thermodynamic process. In this context, accurate and 

correct failure modeling is one of the main topics in the 

formation of the metal. For this purpose, various 

categories have been extracted for failure states and 

modes during metal formation. In this regard, ductile 

fracture was no exception to this rule and has been 

studied in numerical, experimental and analytical forms  

[9]. Mechanical behavior based on the uniaxial tensile 

tests of the anisotropic in the ductile fracture and plastic 

deformation has been investigated as well [10]. 

Kachanov [11] proposed the concept of damage 

models for the first time and expressed the isotropic 

damage model with a scalar variable, which defined the 

surface density of microvoids per unit volume [12, 13].  

In this model, it is assumed that the start of microvoids in 

the rupture process from the very beginning of loading 

consists of two stages. The first stage is the regular 

growth of microvoids and the second stage is the 

acceleration of fracture. Therefore, the probability of 

growth of microvoids is more than the surface of the body 

if there is an aggressive environment. As a result, the 

scalar damage variable was specified as the ratio of the 

surface area of the damage to the whole surface. This 

theory is determined by considering the equivalence 

between the state of a body with not damaged fancied and 

the real damaged state. Later, the effective stress concept 

was proposed by Rabotnov [14] in continuum damage 

mechanics (CDM). 

Many researchers have used continuum mechanics 

and scalar damage variables to properly solve many 

mechanical problems [15, 16]. Van Do [17] investigated 

the evolution of damage and the onset of failure in 

notched specimens using finite element model (FEM) 

analysis and CDM approach. The simulations were 

compared with the numerical and experimental results of 

earlier works and good agreements were found between 

them. Using the concepts of CDM approach, Majzoobi et 

al. [18] investigated the equivalent plastic strain to the 

failure of notched aluminum specimens and introduced a 

relation to express the effect of triaxial stress coefficient 

in the medium range of stress triaxiality. Razanika et al. 

[19] proposed an enhanced CDM formulation based on 

novel damage driving energy, which includes that 

involves both stored energy and dissipative 

contributions. The applicability of proposed model was 

validated by FEM analysis. Bonora et al. [20] have shown 

that the strain required to initiate damage in ductile 

materials decreases exponentially with increasing stress 

triaxiality. As a result, they combined this feature with 

the concepts of CDM approach, and provided a 

phenomenological relationship for the dependence of the 

damage threshold strain on stress triaxiality. Ganjian i 

[21] also proposed a generalized ductile fracture model 

for ductile materials coupling with stress triaxiality and 

Lode angle parameter using CDM approach. 

 Nevertheless, in practical problems, it has been 

shown that the damage behavior of all materials are in 

fact anisotropic. On the other hand, by careful attention 

to isotropic damage models, it can be understood that 

these models have less ability to describe material 

damage than anisotropic damage models. In addition, in 

multiaxial loading, the results of the isotropic damage 

models in comparison to anisotropic damage models are 

very significant. Therefore, to describe the behavior of 

materials, it has been suggested that damage tensors be 

used as damage state variables, but the use of damage 

tensors is complex [22]. In this context, some recent 

studies have been done and the most practical of them is 

the hybrid numerical and experimental assessment in 

order to determine the behavioral characteristics of the 

plasticity of anisotropic and ductile fracture upon the 

high-strength materials [23]. To study the effects of 

anisotropic plasticity on ductile fracture, Keshavarz and 

Ghajar [24] proposed modified CDM approach based on 

the isotropic and anisotropic damage. Developed CDM 

formulations were implemented in Abaqus software by 

subroutine and the results  have been verified with 
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experimental results. For accurate investigation, various 

tensile tests on different loading directions have been 

performed.  In these studies, the mechanical model of the 

anisotropic damage with respect to the states of the stress 

and anisotropy are predicted and simulated the material 

fracture by some researchers.[25, 26]. Surmir et al. [27] 

coupled nonlinear kinematic hardening model with 

anisotropic damage model to predict ratcheting strain of 

different loading paths. 

This paper represents a method for reliability analysis 

of a plate containing a central circular hole using CDM‐
based anisotropic damage model coupled with the FEM 

for the first time. A performance function using the 

energy density release rate based on the anisotropic 

damage is formulated within the basic thermodynamic 

framework.  This proposed reliability relationship can be 

used to predict the fracture probability of structure 

systems.  The second law of thermodynamics has been 

used to determine the internal energy of materials with 

Gibbs free energy. Then, by using Gibbs free energy, the 

variables that can be used to show the growth of material 

damage are introduced. In the framework of irreversible 

thermodynamic processes, thermodynamically  

associated variables are obtained using the dissipation 

potential function. Therefore, the finite element  

simulation of material behavior based on the evolution of 

damage and constitutive equation by the CDM approach 

during failures is implemented by a subroutine in 

ABAQUS software. The results of the FEM are 

compared with experimental results reported by other 

researchers and the FEM models of the notched tension 

tests are validated. Finally, using the FORM and SORM, 

the limit state functions and random variables will be 

obtained according to the CDM approach. 
 
 

2. RELIABILITY ASSESSMENT 
 

Reliability is defined as the capability of an item or 

equipment to perform the required activities successfully 

within a specified and predefined time period and 

operating conditions [28]. In fact, reliability refers to the 

probability of the proper function of a system or item 

without failures in specific and predetermined conditions 

for a given length of time. There are several ways to 

analyze the structural reliability of a system, the most 

important of which are FORM and SORM methods [29]. 

In reliability assessment, the failure probability 

measurements of a system or structure have been 

evaluated based on the respective failure rate/function. In 

this study, FORM and SORM has been used to obtain the 

probability of ductile fracture of the rectangular plate 

containing various hole size which is subjected to 

uniaxial tensile loading. 

 
2. 1. First Order Reliability Method (FORM)       In 

the FORM model, the function of the limit state is based 

on the first order Taylor expansion, which is expressed 

by the following relation [30]: 

 ( ) ( ) ( )g X Z X S X   (1) 

Here, X denotes the random variables of the limit state 

function, while Z and S are resistance and load, 

respectively, which are assumed to be functions of 

random variables. 

In the FORM, at first, random variables are 

transferred using Rosenblatt’s transformation of the main  

random space (X) into the normal standard space (U) with 

zero mean and standard deviation 1. The main goal in the 

FORM is to obtain the most probable point (MPP), i.e., 

U∗ as the minimal distance of the limit state surface to the 

origin in the normal standard space. This shortest 

distance is called the index of reliability or (β). So, in this 

method, while g(X) is less than zero and failure occurs, 

then the Pf  (failure likelihood) and subsequently 
reliability R, by using the reliability index is estimated as 

follows: 

   1 1R fP         (2) 

where Φ is the cumulative distribution function of 

standard normal distribution.  

  
2. 2. Second Order Reliability Method (SORM)          
In the case of nonlinear limit state function, the 

probability of failure should be less than that of the linear 

one. In FORM approach, because of the MPP using first 

order approximation, the curvature of the nonlinear state 

function is ignored. Therefore, SORM approach was 

studied to consider curvature information. So, SORM 

uses second order Taylor expansion to calculate the 

failure probability as following [30]: 

      
1

1/2

1

0 Φ 1

n

f i

i

P P g x k 





      (3) 

In this relation, k i denotes the performance function of the 

ith main curvature at the MPP.  

For linear limit state functions, FORM solution is 

exact. For non-linear failure functions, the exact  

calculation of the failure probability or the reliability  

generally involves mathematical and computational 

difficulties. Based on the number of random variables 

and the linearity (or not) of the failure function, FORM 

can be seen to have limitations for non-linear failure 

functions having a large number of random variables. 

Nevertheless, accuracy of SORM due to its 

approximation of the performance function is generally 

more than that of FORM. However, since SORM 

requires the second order derivative, it is not as efficient  

as FORM when the derivatives are evaluated numerically  

and its use is complex and expensive. On the other hand, 

several algorithms have been proposed for approximation  

of the most probable failure point and the β index, 
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therefore the decision as to which is the most effective 

algorithm depends on the limit state function of interest. 
 
 

3. MECHANICS OF THE CONTINUUM DAMAGE 
 

Classical fracture mechanics models that were originally  

developed for demonstrating material degradations  

required prior knowledge of location and geometry of the 

microcracks, which is difficult to assess   before they are 

formed. The CDM approaches were proposed to create 

an alternative towards modeling material degradation 

based on the thermodynamics framework. The procedure 

of the CDM approach is to illustrate first the damage state 

of a material in terms of properly specified damage 

variables (D) and then to explain mechanical behavior of 

the damaged material and further development of the 

damage by the use of these damage variables. Therefore, 

CDM approach provides a tool that can simulate damage 

from the beginning of loading to final fracture. 

State of damage is one of the main factors that effects 

on mechanical properties of materials, which is 

determined by the density, distribution, type and 

direction of microvoids. According to the size and 

orientation of microvoids, some of them will start to 

develop under specified loading and environmental 

conditions. The CDM approach provides a new glance 

for the initiation and evaluation of damage. The CDM 

approach uses the concepts of continuum physics by 

defining internal field or damage variables to describe the 

process of material defeat and fracture.  

The change of internal field of material generally 

depends on the direction of stress and/or strain, and 

therefore it can be said that the internal field is an 

anisotropic phenomenon. Therefore, a proper description 

of material behavior necessitates vectorial or tensorial 

damage variables. In the CDM approach, using the strain 

equivalence hypothesis and equivalence between the 

fictitious undamaged state of a body and the real damaged 

state, the 2nd order damage variable D by means of the 

effective area reduction is defined as  

( )ij ij j iD n S n S    , where δS  is total surface area 

with normal n, and S is surface of effective area with 

normal n , while  δij represent the Kronecker delta [31]. 

It is worth mentioning that, effective area is an area where 

internal force is applied. So, based on the stress  σ  applied 

to the total surface area, the effective stress  n  on this 

effective area according to the tensor of the 2nd order 

damage is expressed as 
1(1 D)ij ik kj    . 

The CDM approach is related to thermodynamics, 

and the irreversible thermodynamic theory is used as a 

logical framework for explaining the damaged elastic-

plastic material behavior. As a result, Gibbs free energy 

must first be defined for anisotropic damage. Then, the 

dissipation function is expressed to characterize the 

estimation of state variables and determine the load level 

that denotes the elastic region. 

 

3. 1. Gibbs Free Energy       The free energy stored in 

the damaged material is determined by various factors 

such as strain, damage and dislocation structure state,  

etc. Therefore, the Gibbs free energy function according 

to the principle of strain equivalence between the 

undamaged and damaged configuration, with the 

definition of the anisotropic damage, may be considered 

as follow [32]: 

  23 1 21

2 2 1

D D H
ij jk kl li

H

H H
E E D

 
  




  


 (4) 

In the above equation, ν, E, and η represent Poisson ratio, 

Young’s modulus, and hydrostatic sensitivity parameter, 

respectively, while 3H kkD D  is hydrostatic damage, 

3H kk  hydrostatic stress, 
D
ij  deviatoric stress, and 

1 2
(1 D)ij ijH


  effective damage tensor. 

Based on the thermodynamic formulation, the 

equation of constitutive elasticity and effective stress of 

the material under damage has the following form: 

1e e
ij ij kk ij

ij E E

 
    



 
  


 (5) 

 
1

D
D H

ij ik kl lj ij
H

H H
D


  


 


 (6 

The rate of released density energy (Y) is depended 

with the damage variable D, that can be extracted from 

the function of Gibbs free energy as follows: 

 

 

1 2 2

2

2

1

1 2
                     

2 1

D D
ij kp pq ql klmn mi jn

ij

H
ij

H

Y H A H H
D E

E D


  

  




 
 








 (7) 

 

with ln ln(1 2)( )klmn km km kn lm lm knA H H H H       . 

It is worth noting that the role of the rate of released 

density energy in the CDM approach that is a similar role 

as the rate of released strain energy G in the mechanics 

of the fracture. 

 

3. 2. Dissipative Potential Function       Based on the 

standard thermodynamics principles, the total dissipation 

potential function F may be presented by the plastic 

deformation function FP in sum with damage function 

FD. By taking account of isotropic hardening R and yield 

stress σY, the plastic dissipation potential function based 

on the von Mises criterion is determined by [32]: 

p
eq YF R     (8) 
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where ( )D
eq eqH H   shows the effective von Mises 

equivalent stress. Isotropic Hardening indicates the 

density of the dislocations , and exponential isotropic 

hardening is written as   ( ) [1 exp( )]R R r R br    , 

where r is isotropic hardening state variable, while R∞ 

and b represent saturated isotropic hardening parameters 

and isotropic hardening exponents , respectively. Based 

on the thermodynamic rules, the evolution equation of 

the isotropic hardening variable is obtained in the form: 

 
pF F

r
R R

  
 

    
 

 (9) 

where   is plastic multiplier. So, by using Equation (9), 

the constitutive equation of the strain rate of the plastic 

that is stated as: 

 
p D

p p
ik ljij kl

ij ij

F F
H e H  

 

     
  

 (10) 

with (3 2 )( )
p D

ij eqkle r  . 

 

 

4. DAMAGE MECHNISM 
 
4. 1. Damage Threshold              Experimental results 

from measuring damage in plastic region show that 

mechanical damage occurs when the plastic strain in the 

material reaches the irreversible or accumulated plastic 

strain pD  [33]. It can be said that this damage threshold 

accumulated plastic strain is almost the properties of 

materials. On the other hand, the strain rate of 

accumulated plastic p  is defined according to the yield 

criterion. So, exposed on the anisotropic damage and 

based on the von Mises criterion with Equation (10), it 

can be expressed as follows [32]: 

H H
 

eq

eq

p r




  
  (11) 

 

4. 2. Damage Evolution       According to 

thermodynamic relations in the framework of CDM 

approach, the evolution equations of the damage variable 

are governed by damage dissipation function. As result, 

it may be written as follows [32]: 

;      D
ij pD

ij

F
D r

Y
 


 


 (12) 

Based on the experimental results damage dissipation 

function can be postulated as follows  [34]: 

 
s

e
p

D ij

ij

Y d
F Y

S dr

 
 
 


 
 
   

(13) 

In above,   represents the principal components  in 

absolute form, s denotes the law unified damage, and S is 

defined as the parameter of the law of energy damage. On 

the other hand, Y  is the elastic density of the effective 

energy that can be expressed as follows: 

2
1

2 2

eq ve e e
ij ij ijkl ij kl

R
Y d E

E


       (14) 

where vR  is known as the eff ective stress triaxiality  

function and can be written as 𝑅̃𝑣 =
2

3
(1 + 𝑣) + 3(1 −

2𝑣)(
𝜎𝐻

𝜎𝑒𝑞
)2 with (1 )H H HD    . Then, by using 

Equations (9), (11) and (12), the damage evolution law is 

given by:  

( ) ;      s p
ij p pD

ij

Y
D

S
     (15) 

If damage occurred in one of the plane and causes critical 

conditions, it is defined as the condition of fracture in 

material. As a result, the onset of the fracture occurs 

while the damage vector in norm state ( ij jD n ) or the 

damage biggest principal value ( ID ) reaches cD  (i.e. 

max ; 1,2,3I cD D I  ).  In other words, from the point 

view of the rate of released density energy, the main 

criterion of fracture in a material with damage can also 

be defined as follows: 

;  1,2,3I IcY Y I   (16) 

 

 

5. PROPOSED METHODOLOGY 
 

The finite element simulation of material behavior based 

on the evolution of damage and constitutive equation by 

CDM approach during failures  is carried out by 

subroutine in ABAQUS software. In the proposed 

subroutine, the rate of released density energy is 

calculated, and the amount of damage growth in each of 

the principal directions is obtained and checks if damage 

has reached the specified critical damage or not. In the 

event of damage in the principal direction, the equations  

and behavior of the material are affected based on the 

updated damage mode. 

A rectangular plate containing a circular hole located 

in the center of the plate with the principal coordinate is 

shown in Figure 1. If the damage is anisotropic for the 

uniaxial tension at direction-1, then  2 3 1 2D D D   and 

12 3HD D . Therefore, eff ective equivalent stress, 

eff ective stress triaxiality function, and evolution law 

lead to: 

1 1

1 2

2 1

3 1 3 1
eq

D D

 
  

 
 (17) 
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Figure 1. Geometry of the plate containing a central circular 

hole 

 

 

   

2

1
1 2

2
1 3 1 2

3

2 2 1
      1

3 1 1

vR

D
D D

 




   

   
           

 (18) 

1 ( )s pY
D

S
  (19) 

Using initial condition pD  , 0D D  and fracture 

condition pR  , cD D , the integration of the 

damage evolution equation in direction-1 gives: 

( ) ( ) s
C pR pD

Y
D

S
    (20) 

Due to the symmetric conditions of the model, a quarter 

of the specimen was modelled in the FEM, to save 

computing resources. Consequently, symmetric 

boundary conditions are applied to the model and a unit 

displacement is applied to tits free edge. The specimens 

have been meshed with four-node S4R elements, and the 

meshes near the notches were refined, as shown in Figure 

2. The meshes were refined until the maximu m 

equivalent stress converged. In order to analyze the 

reliability, a proper function for the limit state is required 

in accordance with the system structure. For this purpose, 

the fracture criterion introduced in the previous section is 

used to forecast damage in ductile materials based on the 

CDM approach. Therefore, when the rate of released 

density energy exceeds its threshold in each principal 

direction, the fracture will occur. So, the function for the 

limit state of this condition can be expressed as : 

  ;    1,2,3Icg X Y Y I    (21) 

 

 

  
(a) (b) 

Figure 2. Mesh design of notched specimens (a) 5 mm, (b) 

10 mm 

TABLE 1. Statistical properties and material characteristics of 

aluminum alloy 2024-T3 [32, 35] 

Random variables 
Mean 
value  

Coefficient 
of Variation 

Distribution 
type 

Critical damage, Dc 0.209 8×10
-2

 Normal 

Young’s modulus, E 
(GPa)  

75 5×10
-2

 ʺ 

Energetic damage law 
parameter, S  

1.7 10
-2

 ʺ 

hydrostatic sensitivity 

parameter, η  

3 10
-2

 ʺ 

Poisson’s ratio, ν  0.3 5×10
-2

 ʺ 

Rupture plastic strain, 
εpR  

0.33 5×10
-2

 ʺ 

Damage threshold 
plastic strain εpD 

0.031 5×10
-2

 ʺ 

 

 

According to Equations (7) and (20), in the function 

of the limit state, the uncertainty sources and the random 

variables vector is equal to: 

( , , , , , )c pD pRX E D    .  

For the aluminum 2024 plate under tensile loading, 

mechanical properties and their statistics data (i.e. the 

mean value and coefficient of variation), are presented in 

Table 1. Sensitivity index is another parameter that is 

used to evaluate the failure probability of the random 

variables, which is obtained using Equation (22), in 

which   SIX is the sensitivity index of random variable Xi  

[36, 37]. 

( )

( )
i

i
X

i

g X

X
SI

g X

X

 
 

 
    
   


 
(22) 

 

 

6. STATISTICAL STUDY OF RESULTS 
 

This paper studies the fracture probability and reliability  

evaluation of a plate containing a central circular hole 

with various sizes of diameters under uniaxial tens ile 

loading. To  calibrate  the  FEM,  the simulation results  

are compared with the experimental data in [38] and [39]. 

Figure 3 demonstrates this comparison for force-

displacement responses between experiment and 

simulation at direction-1 for the notched specimen with a 

diameter of 10 mm which shows good agreement. 

Therefore, the FEM models of the notched tension tests 

are validated. The evolution of the damage variable 

obtained in the simulation for the specimens containing 

holes with diameters of 5 and 10 mm in direction-1 is 

shown in the contour plots in Figure 2. It can be seen that 

the maximum damage is detected near the edge of the 
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notch. As the specimen is gradually pulled, the maximu m 

damage zone moves slowly towards the free edge of the 

specimen and localizes there. 

Table 2 shows comparisons of the probability of 

failure between the isotropic and anisotropic damage 

model based on the FORM and SORM for various sizes 

of diameters.  Under the same conditions and the same 

critical ratio (D/DC) for both cases of damage models, the 

failure probability in the damage model of anisotropic is 

higher than that in isotropic one. In addition, as can be 

seen, the SORM indicates a higher probability of failure 

than FORM, and by increasing diameter size, the 

probability of failure for both methods increases. 

The effect of change in the critical ratio (D/DC) on the 

failure probability of a plate under uniaxial loading for 

various sizes of diameter in the principal directions -1 and 

-2 are depicted in Figures 5 and 6, respectively. The 

results show that the probability of failure in direction-1 

 

 

 

Figure 3. Comparison of force–displacement responses 

between experiment and simulation 
 

 

 

 

(a) 

 

 

(b) 

Figure 4. Damage contour plots, (a) 5 mm, (b) 10 mm 

TABLE 2. Comparison of probability of failure between 

isotropic damage model and anisotropic damage model using 

FORM/SORM (x10-2) 

d (mm) 
Isotropic damage  Anisotropic damage  

FO RM SO RM FO RM SO RM 

2 4.8951 5.1994 5.5837 5.8025 

3 5.7938 6.1994 6.3987 6.6496 

5 7.9279 8.3672 8.9951 9.3477 

8 8.3898 8.7268 9.4816 9.8533 

10 8.6908 9.0315 9.7182 10.0992 

 
 

is greater than direction-2, and as the diameter increases, 

the probability of failure increases. Figure 7 shows the 

relationship between the probability of failure and the 

variation coefficient for a plate under uniaxial loading. It 

is obvious that the critical damage Dc, rupture the strain 

of plastic εpR and the damage threshold plastic strain εpD 

have the lowest sensitivity; however, by increasing the 

coefficient of variation, other variables become more 

sensitive to the dispersion of the data. 

Sensitivity analysis was performed according to 

Equation (22) and the sensitivity index for each random 

variable was obtained. As it is obvious in Figure 8, 

among the random variables determined in the problem, 

the critical damage Dc, rupture plastic strain εpR have the 

highest sensitivity index and it can be said that these two 

variables have the most effect on the reliability of 

rectangular plates under uniaxial tensile loading. Other 

available variables have lower sensitivity index, and, in 

other words, the least effect on the reliability of the 

problem. 

At the end, it should be noted that these results are 

obtained for a plate containing a central hole made of 

aluminum under specific uniaxial loading based on 

anisotropic damage and it may be different for other of 

conditions.  Therefore,  the proposed  method provides a 

 
 

 
Figure 5. The effects of the changes in the critical ratio 

(D/DC) on Probability of failure in direction-1 



260                                 M. Nadjafi and P. Gholami / IJE TRANSACTIONS A: Basics  Vol. 34, No. 01, (January 2021)   253-262 

 

 
Figure 1. The effects of the changes in the critical ratio 
(D/DC) on Probability of failure in direction-2 

 

 

 
Figure 2. Relationship between the probability of failure and 

coefficient of variation for random variables of uniaxial  
loading 

 

 

tool that can provide probability of damage from the 

beginning of the loading to final fracture. On the other 

hand, in this study, anisotropic damage is used which can 

simulate  mechanical  behavior  in  practical  applications 

because of multiaxial loading. Therefore, use of 

 

 

 
Figure 8. Sensitivity index of random variables by 

increasing critical damage for uniaxial loading 

multiaxial loads and various material types are  suggested 

to  analyze  the reliability of structural systems based on 

the CDM approach. 

As a general conclusion, this study proposed a 

method for calculating the reliability of the structural 

system, but the result depends on the choice of 

performance function, selection of variables, and its 

approximation algorithm to obtain reliability. 

 

 

7. CONCLUSION and FUTURE WORK 
 

This paper introduces a framework for analyzing the 

reliability of a plate containing a hole on center under 

tensile loading using the theory of damage on anisotropic 

elastic-plastic based on the FORM and SORM models. 

Reliability analysis was performed using the FORM 

and SORM. At first, based on the thermodynamic 

framework by the CDM approach, constructive 

equations, and the development of ductile elastic and 

plastic damage are obtained. It is then implemented using 

a subroutine code in the ABAQUS software to drive the 

stress-strain relationship and the onset of fracture. The 

probability of fracture of a plate containing a central 

circular hole with different diameters has been compared 

between the anisotropic and isotropic damage models. 

Results show that while the model of damage follows an 

anisotropic path, the probability of failure is higher. And, 

in different directions in the principal coordinates, this 

probability of failure is different. Next, based on the 

sensitivity analysis of variables, the critical damage and 

rupture plastic strain have the most sensitivity index. In 

the future work, we will extend the CDM approach more 

precisely over the notched composite laminates and 

isotropic damage under uniaxial loading to evaluate 

reliability analysis. 
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Persian Abstract 

 چکیده

تئوری مکانیک آسیب  شکست مورد توجه قرار گرفته است. کیمکان ینهیدر زم گرانپژوهشتوسط  وستهیپ بیآس کیمکان کردیبر اساس رو بیتخر یها، مدلریاخ یهادر دهه

 یداخل ریمتغ یمدل در چارچوب تئور نیا .ستیآن نشکست قادر به حل  کیاست که مکان یبزرگ سانموم یهاشکل رییمانند تغ یحل مسائل یقدرتمند برا یابزار پیوسته

شکل  لیمستط یهصفحیک  نانیاطم تیمقاله، قابل نای در  شود.یخواص ماده انجام شده است توسعه داده م یکه بر رو یتجرب جیشود و بر اساس نتایاستخراج م کینامیترمود

از  ،بیآس یشرویشروع و پ یبررس یبرا شده است. یشکست نرم بررس یبرا وستهیپ بیآس کیمکان ویکردربا استفاده  ،ایستا یتحت بار کشش یمرکز یارهیسوراخ دا یحاو

زیربرنامه  استفاده ازماده با  یهاروابط به همراه ثابت نیسپس، ا شود.یاستفاده م یاستخراج معادلات سازگار یدوم برا یشده توسط تانسور مرتبه انیگرد بناهمسان بیمدل آس

 انجام (SORM) دوم یمرتبه نانیاطم تیو روش قابل (FORM)اول  یمرتبه قابلیت اطمینانبا استفاده از روش  قابلیت اطمینان یابیارز شوند.یاجرا م آباکوسافزار در نرم 

صفحه  یاحتمال خراب دست آمده است.هب یانرژ یگالچ یآزادساز نرخبا توجه به  یتصادف یرهایو متغ عملکرد ابع، ت/دوماول یمرتبه قابلیت اطمینانبر اساس روش  شده است.

 بیضر یبر رو تیحساس لیسرانجام، تحل شوند.یم سهیمقا گردهمسان بیبا مدل آس جیگرد محاسبه و نتاناهمسان بیآس یمختلف بر اساس تئور یهاسوراخ یبا اندازه

 شود.یانجام م اترییتغ

 
 
 
 
 
 
 
 


