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A B S T R A C T  
 

 

As the most important working area of gear, teeth play the role of transmitting load and power. Tooth 

line and tooth profile are the two main characteristics of the tooth surface, which affect the shape of the 
tooth surface, tooth meshing characteristics and contact characteristics. Taking the elliptical cylinder 

gear pair in the reversing device of a new type of drum pumping unit as the research object, the 

dynamic meshing process of the gear is simulated by LS-PREPOST software based on loaded tooth 
contact analysis (LTCA) technology. The distribution law of the effective plastic strain, effective stress 

and tooth surface pressure in the direction of the tooth line and tooth profile as well as the tooth 

meshing force under different speed conditions are obtained. The results show that the effective plastic 
strain, effective stress and tooth surface pressure will decrease with the transition of the center position 

of the elliptical contact area on the tooth surface to both sides. The distribution of stress and strain in 

the direction of tooth line will change with the location of the teeth, and the rotational speed has a 
certain influence on the meshing force of the teeth. The results of this  research can provide a 

theoretical basis for the subsequent analysis of the dynamic meshing characteristics and modification 

of non-circular gear. 

doi: 10.5829/ije.2020.33.04a.19 

 
1. INTRODUCTION1 
 
Generally, when the pitch curve is circular, it is called 

cylinder gear, while when itis non-circular is called non-

circular cylinder gear. Non-cylinder gear includes non-

circular cylinder gear, non-bevel gear, non-circular face 

gear and so on. As one of the simplest noncircular 

cylinder gears, elliptic cylinder gears are widely used in 

automatic machinery, printers, fans, packers, hydraulic 

pumps, hydraulic motors and flow meters because of 

their compact structure and variable-ratio transmission. 

In recent years, tooth contact analysis (TCA) 

technology for tooth contact analysis has developed 

rapidly in the field of gear, while the traditional TCA 

technology only considers the normal meshing 

condition of gear pair under theoretical contact 

condition, and does not think about the influence of load 

on gear meshing. In view of this situation, loaded tooth 
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contact analysis (LTCA) technology has been widely 

used, which is a bridge connecting geometric design and 

mechanical analysis in the field of gear research. This 

method mainly considers the change of load in the 

process of gear meshing, which is more in line with the 

actual working conditions of gears [1].  

Every tooth on the elliptic cylinder gear is different, 

but each tooth can be regarded as a tooth on the 

equivalent cylinder gear, so the contact analysis method 

of the cylinder gear can be used to analyze the elliptic 

cylinder gear. At present, a good quantity of research 

results have been accumulated in the research of tooth 

surface contact. Among them, Cao [2] took the spiral 

bevel gear as an example, and proposed a new method 

of tooth contact analysis for the problem that the 

mathematical model of tooth surface contact and edge 

contact is not uniform at present. He and Yan [3] 

obtained the tooth surface contact trajectory, the area 

and the shape of the contact area when the face gear 

meshed with the spur gear, and the results show that the 
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transmission ratio and manufacturing precision have a 

certain influence on the transmission performance of the 

face gear. Yan [4] studied the tooth surface contact 

stress and distribution of point contact surface gears, 

pointed out that surface roughness has a certain 

influence on the size and distribution of tooth surface 

contact stress. For more complex planetary gears, Mo 

[5-6] studied the dynamic load sharing characteristics 

and dynamic meshing characteristics by simulating gear 

meshing, which provided a new idea for subsequent 

planetary gear research. Sanchez [7] proposed a new 

method of tooth surface contact analysis, which 

discretizes the tooth contact surface and geometrically 

adaptive refinement to solve the contact problem and 

calculate the instantaneous contact area of the gear 

during the meshing process. Wang [8] proposed a 

calculation method of tooth profile modification based 

on tooth surface contact analysis technology, in which 

the modified parameters of the rack tool obtained by 

TCA technology can be transformed into the shape 

modification parameters of tooth profile. Chen [9] 

established a gear transmission dynamics model, 

considering the contact relationship of the tooth surface, 

to study the influence of the meshing phase and 

operating conditions of the gear on the contact 

characteristics and dynamic characteristics. Then, many 

studies focused on ANSYS LS-DYNA analysis 

software to obtain the meshing characteristics and 

contact characteristics of gears [10-11].  

Based on the above-mentioned research ， the 

contact characteristics of non-circular gears have been 

studied by many scholars. Among them, Marius [1] 

proposed the non-circular gear pitch curve and the tooth 

profile generation method, simulated the tooth meshing 

in the 2D and 3D environments, and elaborated the 

meshing path and the size of the contact area and its 

changes. Based on the predetermined kinematics, 

Cristescu [12] designed the pitch curve of multi-stage 

gears and applied finite element analysis to the gear 

solid model as a criterion for further optimization of 

multi-stage gear design. In reference [13], the dynamic 

meshing characteristics of elliptic cylinder gears under 

different load conditions are obtained through 

simulation analysis. 

The above-mentioned researches have important 

significance for analyzing the meshing characteristics of 

non-circular cylinder gears. However, there are few 

researches on the tooth contact analysis of the non-

circular cylinder gears in the dynamic meshing process. 

Therefore, the article takes a pair of elliptic cylinder 

gear pairs in the reversing device of the new drum type 

pumping unit as the research object, and its precise 

finite element analysis model is established. Based on 

LS-PREPOST software and LTCA technology, the 

dynamic meshing process of elliptic cylinder gears is 

simulated, and the distribution law of stress and strain 

during the meshing process is studied. Figure 1 shows 

the elliptic cylinder gear reversing device model. 

 
 
2 ELLIPTIC CYLINDER GEAR MESHING THEORY 
AND FINITE ELEMENT MODEL 
 
2. 1. Tooth Surface Model of Elliptic Cylinder 
Gear         The curvature radius of the pitch curve 

of elliptic cylinder gear is a variable, and each tooth 

profile is different. In order to analyze tooth contact 

characteristics, tooth surface model should be 

established. The pitch curve equation of elliptical 

cylindrical gear is： 

2
(1 )
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The vector equation of the tooth profile is: 

= +
f g

r r an  (2) 

where A is the radius of the long axis of elliptic cylinder 

gear, e the eccentricity of elliptic cylinder gear, r the 

pitch curve radius of elliptic cylinder gear,   the 

rotational angle of elliptic cylinder gear, rf the radial 

path of any point n of the tooth profile, rg the diameter 

of the pitch curve at the intersection point of the normal 

and pitch curve of the n-point on the tooth profile, an  

a vector whose direction is the same as the normal 

direction of the tooth profile and whose length is equal 

to the distance between the pitch curve and the tooth 

profile. The tooth profile of elliptic cylinder gears can 

be divided into two parts: the point higher than the pitch 

curve and the point lower than the pitch curve, and there 

are different methods for solving the two-part tooth 

profile equation. 

a. For points above pitch curve profile, the angles 

between the vector an  and the polar axis are 

u
  − +  (right profile angle) and 

u
  − +  (left 

profile angle), as shown in Figure 2. 

 

 

 

 
Figure 1. Reversing device of planetary gear train with elliptic 

cylinder gears 
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Figure 2. Tooth profile above pitch curve 

 

 

The equation of the right tooth profile is： 
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The equation of the left tooth profile is: 
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(4) 

b. For points on the tooth profile below the pitch 

curve, the angles between the vector an  and the polar 

axis are 
u

  − − (right profile angle) 

and
u

  − − (left profile angle), as shown in Figure 3. 

The equation of the right tooth profile is: 
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The equation of the left tooth profile is: 
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According to formulas (3 to (6), the three-

dimensional tooth surface equation of elliptic cylinder 

gear can be obtained, in which the right tooth surface 

equation of elliptic cylinder gear is: 
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Figure 3. Tooth profile below pitch curve 

The left tooth surface equation of elliptic cylinder 

gear is: 
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where iz  refers to the direction of the tooth line, 

and is equal to the width of the tooth. 
 

2. 2. Meshing Theory of Elliptic Cylinder Gear  

Although the radius of pitch curve of the elliptic 

cylinder gear changes constantly, in the actual meshing 

process, one or two pairs of gears are mainly engaged, 

i.e. the contact between the involute profile and the 

involute profile. The calculation of the tooth contact 

stress is consistent with the contact stress of the involute 

cylinder gear. According to the formula of Hertz theory, 

the contact stress of the two contact tooth surfaces is: 

[13] 
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where cap is the calculated load per unit length, B 

representing the tooth width and Fn the tooth surface 

normal force, E1, E2 and
1
 , 

2
  the elastic modulus 

and Poisson's ratio of the two gears that are in contact 

with each other and   the combined radius of 

curvature at the two contact faces.  

A diagram of the force of a pair of inter-meshing 

elliptic cylinder gear pairs in the drive wheel is shown 

in Figure 4. The force Ft of the non-circular involute 

spur gear in the tangential direction of the pitch curve 

and the normal force Fn of the tooth surface of the gear 

tooth are: 

 

 

 
Figure 4. Force diagram of the involute tooth profile of 

elliptic cylinder gear 
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where a is center distance of elliptic cylinder gear, r1, r2 

the pitch curve radius of the driving wheel and driven 

wheel, T1(t),T2(t) input torque and output torque.  

A pair of tooth profiles are meshed at the pitch curve 

of the non-circular involute spur gear, the meshing force 

is large. When the gear materials are the same, the 

nominal value of contact stress and the calculated value 

of contact stress are respectively: 
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where 0H is the nominal value of contact stress, 

H  the calculated value of contact stress, KS the 

meshing stiffness coefficient, KA the usage coefficient, 

KV dynamic load coefficient, 
HK 

 tooth load 

distribution coefficient for contact stiffness 

calculation and KHa representing the load distribution 

coefficient between teeth calculated by contact 

stiffness. 
The elliptic cylinder gear is complicated and time-

varying during the meshing process. The above 

formulas can calculate the force during the tooth 

meshing process, but some of the coefficients need to be 

selected empirically, and the error is large. While the 

software such as LS-DYNA and LS-PREPOST can 

fully simulate  the actual  meshing process of the gear 

 

 

TABLE 1. Elliptic cylinder gear design parameters 

Parameter Value 

Module m/(mm) 3 

Number of teeth Z 47 

Center distance a/(mm) 145 

Addendum coefficient ha
* 1 

Top clearance coefficient C* 0.25 

Tooth width B/(mm) 30 

Eccentricity  e 0.3287 

Pressure angle(°) 20 

Pitch curve equation r 
64.667

1 0.3287 cos
=


r

 

and implement the loaded tooth contact analysis 

(LTCA). The elliptic cylinder gear parameters studied in 

the paper are shown in Table 1. 

The mesh element size needs to be considered 

when meshing the elliptic cylinder gear model with 

Hypermesh software. Since the tooth meshing process is 

mainly analyzed, the tooth and the middle part should 

be set separately to reduce the analysis time. The finite 

element meshing model of the elliptic cylinder gear is 

shown in Figure 5. 

 
 
3. ANALYSIS OF DYNAMIC MESHING 
CHARACTERISTICS OF ELLIPTIC CYLINDER 
GEARS 
 

During the tooth meshing process, the load and power 

are transmitted in the form of tooth surface contact, and 

the tooth profile and the tooth line are two important 

features that constitute the tooth surface of the tooth, 

which is also the main factor affecting the shape of the 

tooth surface of the tooth, the meshing characteristics 

and the contact characteristics, so the article develops 

the meshing characteristics of elliptic cylinder gear from 

two aspects of tooth line and tooth profile.  

In order to simulate the actual contact situation 

during the tooth engagement process, the following 

boundary conditions should be set: the inner ring of the 

rigid body shaft hole drives the gear body to rotate. The 

gear material is Solid-164 flexible body, and the inner 

hole of the shaft hole is Shell-163 rigid body. The driver 

and driven wheels are limited to X, Y, Z three-direction 

moving degrees of freedom and X, Y rotation degrees 

of freedom. The driving speed of the driver wheel is 

600r/min. In the process of solving the tooth meshing 

model, the time step and the scale factor of the 

calculation time step are too large to interrupt the 

simulation, while the generation of negative volume is 

mostly caused by grid distortion, which is related to 

mesh quality and material and load conditions. 

Therefore, the appropriate time step should be taken to 
 

 

 
Figure 5. The meshing finite element model of elliptic 

cylinder gear 
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avoid the negative volume. The debug time step scale 

factor TSSFAC is taken the value of 0.5, the time step 

DT2MS values 
7

2 10
−

−  can complete the analog tooth 

engagement. After gear meshing, the number of driver 

wheel nodes is 205716, the number of units 210211, the 

number of driven wheel nodes 181740, and the number 

of units 186180. 

The variation of load applied to driven gear is shown 

in Figure 6. After setting the above parameters, the 

model is solved to obtain the load step, the effective 

plastic strain, the effective stress and the surface  

 

 

 
Figure 6. Change of trend of load applied by driven wheel 

 

 

 

pressure of the tooth line direction and the tooth profile 

direction respectively of the driven wheel during the 

tooth meshing process, and the meshing force of the 

teeth under different speed conditions. 

 

3. 1. Tooth Meshing Load Step        The 

meshing simulation of gear is carried out for 0.1s, and 

six time points are randomly selected to observe the 

change of stress load step of gear, as shown in Figure 5. 

During the meshing simulation, the loads on the gear 

vary with time. The maximum loads on the gear in 

Figure 7 are 1.104 MPa, 0.9724 MPa, 0.9005 MPa, 

0.7403 MPa, 0.6217 MPa and 0.6233 MPa, respectively. 

It can be concluded that the contact area of the tooth 

surface is elliptical, which has the same shape as the 

contact area of the spur gear, and the maximum load on 

the teeth occurs at the middle section of the gear. 

During the gradual transition from the middle section to 

the ends of teeth, the load is continuously reduced, and 

the elliptical contact area changes during the tooth 

meshing process, which is generally symmetrically 

distributed at the middle section of the gear. When the 

thickness of the two teeth of the intermeshing is the 

same, the distance between the elliptical contact area 

and the end surface of the gear is about 5%~10% of the 

thickness of the tooth. If the tooth widths of the two 

meshing teeth are inconsistent, the gear with a smaller 

tooth width has a larger elliptical contact area. 

 
0.0079s 

 
0.029s 

 
0.038s 

 
0.049s 

 
0.078s 

 
0.083s 

Figure 7. Loading steps of tooth 
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3. 2. Stress and Strain Analysis of Tooth Line 
Direction        Tooth profile is generally composed 

of the top part, the root part and the working area [14]. 

The elliptic cylinder gear generally has a working area 

near the pitch curve. In order to study the stress and 

strain distribution law of the tooth line direction, it is 

necessary to perform equidistant data acquisition on the 

working area near the tooth line direction curve. The 

position of the data collection point and the number of 

the gear are shown in Figure 8. By collecting the data of 

the tooth surface, the effective plastic strain, effective 

stress and surface pressure of the working area of No. 1 

tooth and No. 24 tooth are obtained. The specific change 

trend is shown in Figure 9. Because there is a certain 

collision between the teeth during the meshing, there are 

shocks on the effective stress and surface pressure curves 

in the figure. Among them, the effective plastic strain of 

the point C on the No. 1 tooth and the No. 24 tooth are 

the largest, followed by points B and D, and the smallest 

are A and E. The effective stress and the surface pressure 

of the teeth also exhibit the same distribution law, which 

means that the effective plastic strain, effective stress and 

surface pressure of the center position of the elliptical 

contact area of the tooth surface are the largest. When 

transitioning from the center position to the two sides, 

the above three are reduced to varying degrees. The 

reason is that the power is transmitted through the 

working area of the surface of the driving and driven 

wheel teeth  during the tooth meshing  process. In the  

 

process of gear meshing, besides the sliding gear, the 

part of the middle section and the pitch surface in the 

elliptical contact area (point C) will mesh at any time, 

which will wear more than other parts. 

 

3. 3. Stress and Strain Analysis of Tooth Profile 
Direction      Due to the constant change of the 

radius of the elliptic cylinder gear, the tooth profiles are 

different. In order to study the variation of the effective 

plastic strain, effective stress and tooth surface pressure 

in the tooth root to the tooth tip range, the meshing data 

of the No. 1 tooth, No. 12 tooth and No. 24 tooth were 

collected separately, as shown in Figure 10. The root of 

the No. 1 tooth has the largest effective plastic strain, 

followed by the pitch curve, and the deformation of the 

tooth tip position is the smallest. The distribution law of  
 

 

 
Figure 8. Tooth surface data collection point and tooth 

number 
 

 

 

 
 

 
(a) No. 1 tooth 

 
 

 
 

 
(b) No. 24 tooth 

 
 

Figure 9. Distribution of stress and strain along tooth line 
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effective stress is that the root position is the largest, then 

the tooth tip, and the pitch curve is the smallest. The 
surface pressure distribution is the largest near root and 

the pressure near the tooth tip and the pitch curve are 

basically the same. The effective plastic strain near the 

root of the 12th tooth is the largest, followed by the top 

of the tooth, and the root is the smallest. The effective 

stress gradually decreases from the top to the root, while 

the pressure distribution on the surface of the tooth is the 

largest near the pitch curve, followed by the top of the 

tooth and the smallest near the root. The effective plastic 

strain of the root of the No. 24 tooth is the smallest, and 

the position of the tooth tip is the largest. The effective 

stress decreases gradually from top to root, and the 

pressure of tooth surface is the largest near the pitch 

curve, and then followed by the top and the root is the 

smallest. From the above analysis, it is known that 

during the tooth meshing process, the effective plastic 

strain, effective stress and surface pressure between 

different teeth are alternately changed.  

Taking the speed of 600r/min as an example to 

further analyze the stress and strain of the elliptic 

cylinder gear tooth surface during the meshing process, 

the effective plastic strain, effective stress and surface 

pressure of the tooth top, the pitch curve and the root of 

the No. 1 tooth, No. 12 tooth and No. 24 tooth were 

analyzed, and the specific changes are shown in Figure 

11. It can be seen from the figure that the effective 

plastic strain, effective stress and surface pressure of the 

No. 12 tooth are the largest. No. 12 tooth is located at the  

 

 

 

 
 

 
(a) No. 1 tooth 

 
 

 
 

 
(b) No. 12 tooth 

 
 

 
 

 
(c) No. 24 tooth 

 
 

Figure 10. Stress and strain distribution in the tooth profile direction 
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intersection of the circular curve and the elliptical curve, 

and it is necessary to transition from the tooth profile on 

the elliptical curve to the tooth profile on the circular 

curve during operation. The meshing between the teeth is 

not smooth as before and it will produce certain impact, 

vibration and even noise. Therefore, all the teeth stresses 

and strains on the same elliptical curve will appear to 

increase first and then decrease. The stresses and strains 

of gears at both ends of the long axis and its vicinity on 

the elliptical curve are less than the teeth at both ends of 

the short axis and its vicinity. 

 
3. 4. Variation of Tooth Resultant Force at 
Different Speeds       The variation trend of the 

tooth resultant force with the rotation speed is shown in 

Figure 12. The maximum resultant force of the gear 

under three rotation speeds is 225608N, 223515N and 

226300N, respectively, and the difference between the 

three is small. At the speed of 300r/min, the resultant 

force curve is smoother, while the speed increases to 

900r/min, the resultant force curve has a certain impact. 

When the speed is 300r/min, 600r/min and 900r/min, the 

driven wheels are rotated by 0.5r, 1r and 1.5r, 

respectively. In the meshing process of 0.1s, the meshing 

speed curve is smooth at low speed. When the meshing 

time decreases, instantaneous impact vibration increases 

at high speed, resulting in non-smooth phenomena.  

 

 

 

 
 

 
(a) Near the tooth tip 

 
 

 
 

 
(b) Near the pitch curve 

 
 

 
 

 
(c) Near the tooth root 

 
 

Figure 11. Comparison of stress and strain of different teeth 
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Figure 12. Variation of resultant force under different speeds 

 

 

 
4. CONCLUSIONS 
 

This paper presents an analysis method of the dynamic 

meshing characteristics of the elliptical cylindrical gear 

based on LTCA, and the effective plastic strain, effective 

stress, surface pressure are obtained respectively. (a) 

Along the tooth line direction of the elliptic cylinder gear, 

the effective plastic strain, effective stress and surface 

pressure of the center position of the elliptical contact 

area on the tooth surface are the largest. In the transition 

from the center to both sides, it decreases in varying 

degrees. (b) In the direction of the tooth profile, the 

effective plastic strain, effective stress and surface 

pressure between different teeth are alternately changed. 

And the stress and strain near the long axis of the elliptic 

pitch curves are smaller than those near the short axis. (c) 

The meshing force of elliptic cylinder gears will not 

change obviously with the increase of rotational speed. 
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Persian Abstract 

 چکیده 
هستند که بر شکل سطح   هسطح دندان یاصل ی ژگیدو و هو مشخصات دندان هکنند. خط دندانیم فا یها نقش انتقال بار و توان را اهها، دنداندندهچرخمحل کار  نی تربه عنوان مهم

از واحد پمپاژ   یدینوع جد شوندهمعکوس گاهدر دست یضویب یاانهاستو یگذارند. با استفاده از جفت دندهیم ر یتماس تأث ات یو خصوص ه دندان درگیری ات یدندان، خصوص

شود. قانون یم یسازهی( شبLTCA) ی زیر باردندان یبر اساس فناور LS-PREPOSTتوسط نرم افزار ها دندهچرخ ییایپودرگیری  ندی، فرآقیبه عنوان هدف تحق ایبشکه

 ج ی. نتادیآیدست مهمختلف ب هایسرعت  طیدر شرا درگیری یروین نیو همچن آنو مشخصات  هدر جهت خط دندان هانمؤثر و فشار سطح دند تنشمؤثر،  سانمومفشار  عیتوز

و   تنش عی . توزابدییکاهش م هو فشار سطح دندان تنشموثر،  سانمومبه هر دو طرف، فشار  هدر سطح دندان یضویتماس ب یهی مرکز ناح تیدهد که با انتقال موقع ینشان م

  ی نظر  یمبنا کیتواند ی م قیتحق  جیها دارد. نتاهدندان درگیری یرویدر ن  یخاص ریسرعت چرخش تأث کند ویم رییها تغ هدندان یر یمحل قرارگ  اب هدر جهت خط دندانکرنش 

 ند.کفراهم  یارهیداریغ یهاو اصلاح دنده درگیری ییایپو یهایژگیاز و یبعد لیتحل یبرا

 

 

 


