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ABSTRACT

This paper presents a new robust two-stage Data Envelopment Analysis (DEA) for efficiency
evaluation of the electricity power production and distribution companies. DEA has been widely used
for benchmarking the electricity companies. Traditional studies in DEA consider systems as a whole
when measuring the efficiency, ignoring the operation of individual processes within a system. To
tackle this issue, many works, aptly labeled Network DEA (NDEA), have been done to decompose the
decision making units (DMU) overall efficiency. The two-stage DEA model is a special variation
which evaluates the efficiency of the DMUs having a two-stage internal structure. In two-stage DEA
model initial inputs are used to make intermediate outputs and in the next Sub-process, intermediate
outputs are transformed to the final output. Conventional two stage data envelopment analysis (DEA)
models require the exact data of inputs or outputs. However, in many real world applications this
simple assumption does not hold. Robust optimization technique has been introduced for entering
perturbation in the mathematical programming problem such as two-stage DEA. This paper adopts this
concept with the existing two-stage DEA model. The implementation of the proposed method of this
paper is applied for ranking different electricity power production and distribution companies in Iran.

doi: 10.5829/idosi.ije.2016.29.05b.08

1. INTRODUCTION?

Data envelopment analysis (DEA), developed by
Charnes et al., is a tool for relative efficiency
assessment of decision making units (DMUSs) such as
hospitals, bank, insurance companies, firms, R&D

organizations and others [1].

To measure the efficiency of complex network system
effectively, several researchers have attempted to get
into the inside of the ‘‘black box’’ by paying attention
to the internal structure of the DMUs (see example
Lewis & Sexton [5]; Prieto & Zofio [6]; Avkiran &
McCrystal [7]; Hahn et al., [8]; Tone & Tsutsui, [9];
Cook et al., [10]; Wei & Chang [11]; etc.).

In many cases, DMUs may have internal or network
structures; see for example, Fare and Grosskopf [2],
Castelli et al., [3], and Tone et al., [4].

Traditional DEA models appraisal efficiency, just
according to inputs and outputs, regardless of internal
structure of DMUs. That's why the conventional models
are unable to identify the causes and sources of
inefficiency within the DMUs [5].

*Corresponding Author Email: Mj_ardakani@yahoo.com (M.
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Those approaches are called ‘‘Network DEA
models’” which consider the decision making unites as
composed by several stages and every stage has own
inputs and outputs, and related by intermediate
measures [12].

By far, there are a number of network DEA models that
have been proposed for efficiency measurement in
network structures systems.

Two-stage DEA model is one of specific variation of
network DEA models which measures the relative
efficiency of the DMUs with two-stage internal
structure [10]. In two-stage DEA model initial inputs
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are developed into the intermediate outputs and in the
next Sub-process, intermediate outputs are transformed
to the final output [13, 14]. Two- stage DEA models can
decompose overall efficiency of decision making units
in to the efficiency of each stage [15, 16].

Practically, there are many cases we face with
perturbation in the input, output or intermediate output
data while the original two-stage DEA assumes the
measuring of input/output or intermediate outputs with
full accuracy. In a survey study on some benchmark
problems, Ben-Tal and Nemirovski [17] showed that
with even a small noise on parameters, optimal solution
may become infeasible solutions for some optimization
programming problems.

Robust optimization has received much attention as
a new approach for modeling uncertainty in data.
Robust optimization is developed based on studies of
Ben-Tal and Nemirovski [17-19], EI-Ghaoui and Lebret
[20], Bertsimas and Sim [21-23] and Bertsimas,
Pachamanova, and Sim [24]. In robust optimization
approaches we are looking for near-optimal solutions
that with high probability are feasible in uncertainty
situations.

Soyster [25] in 1973 presented a simple robust

approach. He supposed the vectors of the constraint are
changing in an ellipsoidal uncertainty sets.
Falk conducted more researches into inexact linear
programs to follow this idea [26]. Ben-Tal and
Nemirovski [17] and EI-Ghaoui and Lebret [20]
proposed a new model for uncertain data based on
ellipsoidal uncertainty sets.

Bertsimas and Sim [22] proposed a new approach in
robust optimization which  preserve the class of
problems under analysis. Their model was based on
polyhedral uncertainty sets.

It is concluded that by applying this approach the
classification of the original problem can be preserved.
Therefore, the Bertsimas approach provides better
results when the number of constraints and variables
increase in the DEA model [27].

In this paper, we propose a general method for
network efficiency estimation with the case study of
Regional Electricity Company of Iran with uncertain
data. In this research, we apply Bertsimas (BR)
approaches to develop robust two-stage DEA model. In
electricity power production and distribution system, we
are faced with some cases where it is necessary to
consider perturbation. Proposed model can handle the
perturbation problems. The method is applied for
Iranian Regional Electricity Company and the results
are compared with traditional methods. This paper is
organized as follows. We first present Two-stage DEA
model based on Kao [16] survey in section 2. In section
3, robust two-stage DEA with uncertain data are
discussed. The proposed two-stage DEA are solved
using some actual data to show validity in section 4.
Finally, the conclusion remarks of the paper are given in

Section 5 to summarize the contribution of the paper in
Section 6.

2. TWO-STAGE DEA MODEL

DEA is an ideal approach to measure the performance
of various systems with multiple inputs and outputs [28,
29]. Suppose a production process is composed of a
series of two sub-processes as showed in Figure 1. The
whole process uses m inputs X, ,i=1..mto

produce s outputs Y ., r=1,...,s. As opposed to the

traditional one-stage production process, here the
production process is composed of two sub-processes
within termediate products Z,,p=1..q. Moreover;

the intermediate products z, are the outputs of stage 1

as well as the inputs of stage 2.
The way to calculate the overall efficiency E, , taking

into account the series relationship of the two sub-
processes, is as follows [16]:

s m
E, =max > uY, /> u,X,
= =

s.t. Zsju,Y,j/iuiXijsl, j=1..,n,
i=1

r=1

] m
>w,Z, /;u‘xii <1, j=1..n, (1)

p=1
s

i=1..m; p=1..,q.
Model (1) is a linear fractional program which can be
transformed into the following linear program:
E, :maxiu,Y,k

n
st. > X, =1,
i=1

i:u,Y,l —iu,xu <0, j=1..,n,

r=1 i=1

iwpszmux <0, j=1,..,n, (2)
i=1

PN =
p=1

S q

SuY,-dw,Z, <0, j=1..,n,
r=1 p=1

U, oW, =g, r=1..s;
i=1..m; p=1..q.

Multipliers u_, v and w, are virtual multipliers and ¢

is a small non-Archimedean number which is imposed
to prevent any input/output and intermediate output
factor from being ignored in calculating the efficiency.
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Figure 1. A two-stage system with inputs X , outputs Y ,
and intermediate outputs z .
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After the optimal multipliers are solved, the efficiencies
are obtained subsequently as follows:

Ek:ZmufYrk E = 211 P pk/Zm'
andEkZ:Zur e Zm o2 o

Obviously, we have E, = El *E2.

@)

3. ROBUST TWO-STAGE DEA BASED ON
BERTSIMAS (BR) APPROACH

The two-stage DEA model does not allow any
uncertainty in input/output and intermediate output
vectors. However, in several cases in the real world,
there is noise and perturbation in data and developing
two-stage DEA model is inevitable. The robust
optimization (RO) has become a popular to handle the
effects of uncertainty in the data. Although, the classical
approach to deal with uncertainty is stochastic
programming (SP), in this paper, RO based on
Bertsimas and Sim [22] approach is used as an
alternative for sensitivity analysis and stochastic
programming. For better understanding of the robust
structure developed by Bertsimas and Sim [22],
consider the following LP problem:

max cx
st
Ax<bhb,
xe X

4)

Bertsimas and sim showed that the the robust
formulation of LP problem (4) is obtained as follows,
max CX

St:
Zau (+Tp+ .0, <b Vi
jed;
pi+Qij2éijyj V]i,jEJi ®)
IR RS
I <x <y

PGy, Y; 20 Vi, je
In this approach J, represents the set of coefficient in
row i which are subjected to uncertainty and p and 0

are new robustness variables. In this model, 4 denotes

the precision of the estimate @; andr, takes value in the

interval [O,n]. This parameter is not necessarily integer
and for every constraint i is defined to adjust the
robustness of the proposed method against the level of
conservatism of the solution. If we set T, =0, it means

there is no protection against uncertainty. For T, = n, the

ith constraint of the problem is protected against all
possible uncertainty and for other vlaues interval [0,n] ,

the decision maker consider a trade-off between the
protection level of the constraint and the conservation
degree of the solution.

The multipliers in the objective function of two-
stage DEA (model 2) are output variables. So, the
objective function is also subject to uncertainty. To
consider this jssue in robust model, we added new
constraintz - > u,Y, <0, to the two-stage DEA and

r=1
rewrite the model (2) as follows:
E,=max z

stz —i:u,Yrk <0

m

Zuixik:]"

=

S Y, 3 j=1..n,

;ur I'J gul (6)
9 m

Sns-Somso 1

P =

s q

,Z:;‘u'Y” pZWp 4 <0, j=1..n,

u,o,w,>¢g, r=1..s; i=1.m; p=1..,q

i p=

where, Z is the efficiency of DMU under
consideration. Now we could consider the robust two-
stage DEA approach based on Bertsimas and Sim as

follows,
max z

st. Zle,k_l
z —Zu,Y,k AT, p, + ; 0, <0,
YuY,- 20X TP+ 20, 50 j=Len
ZWpZm Zv. TP+ 20 <0, j=L..n

Zur i ZWP pJ+FTp;"+;qu+zJ:quSO, j=L..n,
= =

p| +dy 2eY,Jyr vr, jel;

U]

pi+a, =eZ,y, vp,jel

pi+dy, >eZ,y, Vp jel;

p}”+q,j2eY,jyr vr,jed;

-y, <u <y, vr

~-y,Sw, <y, Vp

Pjs P> P72 Gy Y Ype Gy 20 VI, P, j €,

U, oW, 2¢, r=1..,s i=1..m; p=1..q

Due to the existence iuixfl, in model 2, we just
i=1

considered outputs and intermediate outputs as
uncertain parameters and perturbation in input data
cause the robust model to become infeasible. The
proposed robust model is based on input oriented two-
stage DEA model. If the perturbation and noise were in
input data, decision maker should use output orientated
two-stage DEA model.



649 M. Alimohammadi Ardekani et al. / [JE TRANSACTIONS B: Applications Vol. 29, No. 5, (May 2016) 646-653

In Problem (7), it is sufficient to choose T, at least
equal to:

T, =1+®"(1-¢)\n, ®)

where, € is the most probability of the constrainti

violation and n is the sources of uncertainty for each
constraintand @ is the cumulative distribution of the
standard Gaussian variable [24].

Problem (7) can be solved using any ordinary linear
programming packages, e.g. Lindo, Gams, etc.

The robust counterpart proposed by Bertsimas et al.
[22] is linear optimization problems. In other word, the
Bertsimas approach preserves the classification of the
original problem, e.g., the robust counterpart of a linear
programming problem such as two-stage DEA remains
a linear programming problem.

4. CASE STUDY: EVALUATION OF ELECTRICITY
POWER PRODUCTION AND DISTRIBUTION
NETWORKS

Electrical power is an initial infra structure of most
industries, services, and productions. The electrical
power has an important role in economic development
and improvement of people’s lives. In this section, the
proposed approach is used in order to evaluate the
performance of electricity power production and
distribution networks in Iran. The case study consists of
14 production and distribution networks. The evaluation
is accomplished based on data in 2014.

Electrical networks consist a production stage (i.e.,
power plants) and a distribution stage (i.e., regional
electricity companies). In the production stage, power
plants usually consume fuels such as fuel oil, gas oil and
natural gas and produce electricity. In the distribution
stage, the output of production stage (i.e., the electricity
power) is assumed as an input for regional electricity
companies. In distribution stage, some companies may
act as transfer or and just distribute the electricity power
to other neighboring companies, distributing companies,
and other consumer sections (i.e., agriculture, housing,
industries and etc.).

On the other hand, there are several regional
electricity companies in our study. Some of them have
both stages (i.e., electricity generation and electricity
distribution). Some other just has electricity
distribution. The first companies use the parts of
electricity generated in their region and the redundant
part of electricity power are transmitting to adjacent
states which have no generation stage. This process
yields a complicated network structure as depicted in
Figure 2.

In this research, we have focused on 14 homogenous
production and distribution networks. Values of the
input and output are collected from detailed reports of

Iran’s electricity power generation and energy balances
in 2014. The inputs and outputs of case study and their
unit presented in Table 1.

5.RESULTS

In order to demonstrate the performance of the proposed
robust two- stage DEA model of this paper, the
information of 14 companies for Iranian regional
electric companies are used and an efficiency measure
and rank are calculated for each company in 2014.

The model is solved without considering any
uncertainty in inputs and outputs. The results of two-
stage DEA model for 2014 are shown in Table 2. As
observed, in terms of technical efficiency for two- stage
DEA in 2014, DMU2, DMU11and DMU3 with overall
efficiency ratings equal to 1, 0.945 and 0.848 show the
efficient frontier. Other companies obtained efficiency
ratings below one, ranging from a minimum of 0.208
(DMU 1) to 0.840 (DMU 14), making them technically
inefficient. The mean overall technical efficiency score
is 0.643.

A \ 1. Energy
delivered to the
distribution
companies

1. The cost of 1 Net
Consumption I electricity

nnnnnnnnnn

fuel oil oo J

2. The cost of
Consumption Power Regional 2. The sale of
fuel il plants electricit _energy_to
SUETEas Olt f v industries

. The cost o

Consumption 3. Energy sent to
fuel natural tha noarhv

Figure 2. Conceptual model of Electrical production and
distribution stages

TABLE 1. Inputs and outputs used in the case study

Parameters Description Title Unit of measure

consumption Thousandcubic
offuel oil meter

The input of
ij sub-processl

consumption

. Thousandliter
offuel gas oil

consumption of

Thousandliter
fuel natural gas

The output of

7 sub-processl/  Net electricity Million KiloWatt
Pl the input of generation Hour(KWH)
sub-process 2
Energy
delivered to the Million KiloWatt
distribution Hour(KWH)
companies
The output of
yi,- subprocess2 'el':: r;?/I?OOf Million Kilo Watt
DMUj industries Hour(KWH)
pnergy SetIO willion Kilowatt
by Hour (KWH)
companies
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According to the Table 2, DMU2; DMU4; DMUY7; TABLE 2. The results of two-stage DEA models in 2014
DMU9; DMUL11; DMU12, have achieved the highest P. Rank D. o.
: : : DMU Rank Rank
rank in the production stage and DMU1 has achieved process process process

the worst rank.In distribution stage, DMU2; DMU3 and

DMUSG have achieved the highest rank and DMU8 has DMUL 0455 ’ 0456 1 0208 1
achieved the worst rank.Despite DMU4 and DMU7 DMuU2  1.000 1 1.000 1 1.000 1
have achieved the highest rank in the production stage, DMU3  0.848 5 1.000 1 0.848 3
these units were not in efflc.lent frontler.ln d_lstrlputlon DMUZ  1.000 1 0,506 9 0,506 1
stage, so, they are placed in a poor situation in the
DMUS5 and DMUG have achieved a good rank in the DMU6  0.774 7 1.000 1 0.774 5
dls_trl_buthn stage, put because of this unit were not DMU7  1.000 1 0,569 8 0,569 9
efficient in production stage; so, these units are not
efficient in the overall process as well. DMU2 has DMU8  0.955 3 0392 12 0.374 12
achieved the highest rank in the production stage, DMU9  1.000 1 0.693 6 0.693 7
distribution stage and overall process stag_e. o DMUIO  0.889 4 0.637 7 0.567 10
DMU1; DMU3; DMU6 and DMU13 in distribution
stage act better than production stage. DMUL1 1000 1 095 2 0.945 2
Next, we use the robust two-stage DEA model to DMU12  1.000 1 0.759 5 0.759 6
st_udy the effects of the uncertainty on ranking of DMUI3 0775 6 0.838 4 0.649 8
different DMUs. For applying the robust two-stage
DMU14  0.973 2 0.863 3 0.840 4

DEA models, since in this case number of outputs and
intermediate measure is equal to 4, then I is set equal to Mean  0.872 - 0.726 - 0.643

4 for all constraints.
Also, the perturbations e, are set to 0.05 and 0.10,

respectively. The value of T'=4 implies that the Table 3 summarizes the results of the implementation of
parameters taking their worst-case value. different scenarios of e=0.05 and e=0.1.

TABLE 3. The results of robust two-stage DEA models

Robust Two-Stage DEA Model(e=0.05) Robust Two-Stage DEA Model (e=0.1)
DMU  production Rank Distribution Overall Production Rank Distribution Overall
process process ank process Rank process process Rank process Rank
DMU1 0.433 8 0.434 11 0.188 14 0.414 9 0.415 11 0.171 14
DMU2 0.952 1 0.952 1 0.907 1 0.909 1 0.909 1 0.826 1
DMU3 0.803 4 0.952 1 0.764 3 0.763 5 0.909 1 0.693 3
DMU4 0.952 1 0.482 9 0.459 11 0.909 1 0.460 9 0.418 11
DMU5 0.508 7 0.480 10 0.244 13 0.485 8 0.459 10 0.223 13
DMUG6 0.735 5 0.952 1 0.700 5 0.700 6 0.909 1 0.636 5
DMU7 0.952 1 0.542 8 0.516 9 0.909 1 0.517 8 0.470 9
DMU8 0.908 2 0.373 12 0.339 12 0.867 3 0.302 12 0.262 12
DMU9 0.952 1 0.660 6 0.629 7 0.909 1 0.630 6 0.573 7
DMU10 0.843 3 0.607 7 0.512 10 0.805 4 0.580 7 0.467 10
DMU11 0.952 1 0.900 2 0.857 2 0.909 1 0.859 2 0.781 2
DMU12 0.952 1 0.723 5 0.689 6 0.909 1 0.690 5 0.627 6
DMU13 0.734 6 0.798 4 0.586 8 0.698 7 0.762 4 0.531 8
DMU14 0.926 1 0.822 3 0.762 4 0.884 2 0.780 3 0.690 4

Mean 0.829 - 0.691 - 0.582 - 0.791 - 0.656 - 0.526 -
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As we observe, the result of model (7) in Table 3
demonstrate that, for example, when the perturbation is
considered to be 0.05, the efficiency of production
process ranges from a minimum of 0.433 to 0.952.

Also the result illustrate that the efficiency of
distribution process and overall process ranges from
0.373t0 0.952 and 0.188 to 0.907, respectively.

Figures 3, 4 and 5 show a Comparison of efficiency
results by traditional Two-stage DEA model and Robust
Two-stage DEA model for production, distribution and
overall process, respectively.

Traditional Two- stage

/200
o/i0g = =  Robust Two- stage {e=.05)

ofost
Robust Two- stage {e=.1)

DMUS

Figure 3. Comparison of production process efficiency by
traditional Two-stage DEA model and Robust Two-stage
DEA model.

omu12 Traditional Two- stage

- - Robust Two- stage {e=.05)

Robust Two- stage (e=.1)

DMU10

DMuUg DMU7

Figure 4. Comparison of distribution process efficiency by
traditional Two-stage DEA model and Robust Two-stage
DEA model

DMu3

Traditional Two- stage
- - Robust Two- stage {e=.05)

Robust Two- stage (e=.1]

DMUS

DMUg DMU7

DMus

Figure 5. Comparison of Overall process efficiency by
traditional Two-stage DEA model and Robust Two-stage
DEA model.

By applying different perturbations, the results indicate
that, as the perturbation increases from 0.05 to 0.1, the
mean of efficiency of production process decreases
from 0.829 to 0.791. We can see the same results for
distribution process and overall process for different
perturbation in robust models. Also, the result
demonstrates that when we considered perturbation and
as we increased the perturbation in data, the efficiency
rankings of decision-making units also have changed.
For example in traditional Two-stage DEA model, the
ranking of DMU6 and DMU13 in production process
are 7 and 6, respectively, while for e=0.05, the ranking
of DMU6 and DMU13 in production process changed
to 5 and 6 and for e=0.1 changed to 6 and 7,
respectively. Similar changes can be observed in
distribution process and overall process.

6. CONCLUSION

Performance evaluation of DMUs with network
structure is a complex and challenging issue and during
recent years, the attention of many researchers has been
attracted to this problem. A network consists of multiple
processes which are linked together, and efficiency and
inefficiency in a stage affect the efficiency and
inefficiency in entire network. Also, evaluating the
efficiency with uncertain data will lead to a more
complex problem. In this paper, we proposed a robust
two-stage DEA model in order to evaluate the
efficiency of the electrical networks in Iran. The
proposed model can handle the uncertainty in outputs
and intermediate outputs data without the need to
identify the data distribution function. The performance
of the proposed method is shown using the data from 14
electric companies in lIran. The results indicate that
when the uncertainty level is more, the efficiency scores
are smaller. Consideration of perturbation in data and
applying robust two stage data envelopment analysis
model can be more reliable for efficiency estimating
and ranking strategies.
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