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Abstract An optimal strategy based on minimum effort control and also with terminal position
constraint is developed for an exoatmospheric interceptor with a fixed- interval guidance time. It is
then integrated with sliding-mode control theory to drive an optimal sliding-mode guidance law for
fixed-interval guidance time. In addition, this guidance law is generalized for intercepting an
arbitrarily time-varying target maneuver. Robustness of the new guidance method against
disturbances and good miss distance performance are achieved by the second method of Lyapunov
and simulation results. The presented guidance law is simple to implement in practical applications.
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1. INTRODUCTION

The optimal control and estimation theory have
been used to derive modern guidance laws with
improved performance. Most optimal guidance
laws (OGL) have been derived from linear-
quadratic optimal control theory to obtain feedback
solutions. Optimal guidance law and nonlinear
estimation for interception of decelerating target
[2] and accelerating target [3] have been extended
for highly maneuvering target scenarios. Closed-
form optimal guidance law has been applied for
missile system considering time-varying velocity
[5] and internal dynamics with uncertain time lag
[6]. Optimal guidance time-to-go [7] and OGL
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subject to various constraints have been studied in
[4,8]. Optimal midcourse fixed-interval guidance
has been developed for intercepting a target with
constant acceleration vector in [9]. An extensive
literature review on guidance laws, in general, and
optimal guidance laws, in particular has been
performed in [10,16].

Although the optimal guidance is accurate and
economical in energy consumption, it is difficult to
implement due to its dependence on the information
of relative range, relative velocity, and even target
acceleration. Optimal control theory assumes that
the future maneuver strategy of the target is
completely defined, so any small change in
assumptions produces undesired results. Integrating
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optimal control with sliding-mode allows the
interceptor to correct itself for inaccurate predictions
of target maneuvers and unmodeled dynamics.

The sliding-mode control method provides a
systematic approach to the problem of consistent
performance in the face of modeling imprecision.
The main advantage of sliding-mode control is that
the system response remains insensitive to model
uncertainties and disturbances [11,12]. Although
the technique has good robustness properties, pure
sliding-mode control presents drawbacks that
include large control authority requirements. The
performance of pure sliding-mode can be improved
by making the states to reach the sliding surface in
a manner as optimal as possible. Sliding-mode
control law has been developed for a nonlinear
system  considering  air-to-air  missile-target
interception scenario [13]. It has been proved that
the performance of the feedback controller is
robust to certain parameter variations in the model
by assuming that the information for the maximum
target acceleration is available. Systematic
approach to the design of guidance law using
variable structure control has been studied in [14].
In this paper decreasing boundary-layer scheme
has been introduced for high-gain sliding mode
control. Integration of optimal control and sliding-
mode control based on guidance law has been
proposed for a homing-missile against target
maneuvers [15].

This work deals with integrating three-
dimensional optimal guidance with sliding-mode
theory to obtain a new guidance law with
robustness against disturbances, good dynamic
performance, energy saving properties, and
terminal accuracy for fixed-interval propulsive
maneuvers.

2. PROBLEM FORMULATION

2.1. Equations of Motion  The governing
equations of motion for particle P (interceptor or
target) with a given acceleration vector, ay(t), are
given by

i =Vp
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in which r, v and a denote position, velocity, and
acceleration vectors, respectively. The subscript
“p” represents particle P. Integrating the preceding
equations with respect to time, the final
displacement and velocity at final time t; are

obtained as follows:

Vo) =V, O+ f{fa (8) g (22)

rp(tf)=rp(t)+vptg+jttf(tf—a)ap(g)dg (2b)

Where t, is time-to-go until intercept (i.e. t, = t; - t).
The three-dimensional intercept geometry with
respect to an inertial reference (Oxyz) is shown in
Figure 1, in which interceptor M is moving toward
its desired final position F.
The relative displacement r and velocity v for
the intercept problem are defined as

Ir=r—1Iy (3a)
V=V(— Vm (3b)

Where subscripts “m” and “t” denote the missile
(interceptor) and target, respectively.

2.2. Zero-Effort Errors The zero-effort miss
at time t, zem(t), is the distance that the interceptor
will miss its target if the interceptor makes no
corrective maneuvers after time t; therefore,

zem(t):rmf -1, (tp), u(€)=0 for t<&<ty 4

Figure 1. Interceptor geometry.
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Where r_ ~ is the desired final position of

f
interceptor and u is the acceleration command.
Assume the interceptor acceleration as a,, = c(t)
+ u in which c(t) is the acceleration exerting on the
interceptor excluding acceleration command, like
gravitational acceleration. We assume that c(t) is
given as a function of time.
Using Equations 2, the final position vector of
the interceptor, in the absence of corrective
maneuvers can be calculated as

Vo (t) =V, (O+[fc (&) de (5)
i () =1y O+ vt +[H (g —E)e (9 dE (6)
Hence,

zem(t)zrmf 0=Vt ~[1f(tp—8)e (8) de
(7)

Consider the case in which we are to intercept a
maneuvering target with a given acceleration a(t).
By using Equations 2-3, the expression for the zem
in terms of relative position and velocity can be
expressed as

zem(t) = r(0) + V(DL + [{F (1 ~&) [at(zg) —c (&) |de
(8)

3. OPTIMAL FIXED-INTERVAL
GUIDANCE LAW

Our objective is to obtain the optimal guidance law
in the time period 0 <t <t, (i.e. until burnout) and
making the interceptor to reach the final position
1rmf satisfying following state equations.

fm:Vm 9
Vo, =a, =c®+u ©)

For t > t, we have no corrective maneuvers. Thus,
u should be such that it guides the interceptor to
the final position over the whole period of motion.
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The desired performance index for guidance law in
the exoatmospheric interception is the amount of
fuel consumption required for corrective
maneuvers to have a successful intercept. The

lateral divert, AV:f(t)f|u|dt, imparted to an

interceptor during intercept, is directly related to
the amount of fuel required by the interceptor [1].
Since there is no analytical solution for this
objective function, we must minimize the
following performance index instead as follows:

PlzgmissTmiss+%j'(t)b uT(r)u(t) dr (10)
With miss=r_ — (tp) and weighting factor .

By choosing very large values for o, we can
guarantee that miss distance takes on small values
and interception takes place undoubtedly. Since,
we have no corrective maneuver for t > t,, final
position of interceptor can be written as

rm(tf)=
i, )+ Vi (1 —tb>+f§bf(tf —&) (&) d&
(11)

Substituting the preceding relation into Equation
10, the objective function can be rewritten as

PI=(P(rmb,Vmb,tb)-l-%fgbuT(r)u(r) dr (12
The optimal control can then be found as

u=At-B (13)

In which A and B are found to be

A:cz{rmb T +jtt§ (tf—é)c(é)d§}+clvmb

(14a)

B=(¢; +cztb){rmb -rmf +jtt£(tf —&)c(&)d&}
+(c3 + cltb)vmb

(14b)
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From xTr(tb)zar—‘P(tb) and kz(tb):%(tb),
m m

where A, and A, are Lagrange multipliers and
cp=o(tp—t), ¢, =0, and cy =o(ty —tb)z.

Substituting Equations 14 into Equation 13, we
obtain

u=—(c +02tbg){rmb -rmf +f,;[tf)(tf —&)c(&)d%}
—(03 +cltbg)vmb
(15)

By replacing Equation 13 into state Equation 9 and
solving it for o (ty) and Vi (ty), we will have

v ()=, +%(t% ~t2)=B(t, -0+ [be(8)de
(16)

ro () =1+ V() (6 =D = [fb (E—t)e(&)dE -
A B
g(zt% 3t td) =, _)?

(17)
Now if we replace A and B from Equations 14 in

the above equations and solve the set of equations

for I (ty) and v (ty) we can find them in terms
of . and v, By substituting the resulted

relations into Equation 15, it can be rewritten as
u=A -{rmf T Vil —J{g (t—&)e@)dg | (18)

In which

3t
A= £ (19)
)3

3 .3
—+tT —(t_ —t
o e gty

For the sake of small miss distance for
interception, the value for ® is assumed to be very
large and its effect on Equation 19 is discarded. If
we were to intercept a maneuvering target with a
given a¢(t), we should use Equation 2b for the

target. Hence, the optimal command in terms of
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relative position and velocity are obtained as
u=Adfrivt, +Hi -0k @-c@ Jg) @)

If the only acceleration acting on interceptor,
excluding acceleration command considered
gravitational acceleration, i.e. c(t)=gy, and target

moves under gravitational acceleration (at(t) =g¢),
then Equation 20 will be conducted as

u=Afrevig e -8) [e (@) 0)]ag)
1)

If we assume that the difference between target and
interceptor positions is small enough so that the
gravitational acceleration can be taken approximately
equal for the interceptor and target, then the
resulted expression for u will be reduced to [9]

u=A-(r+vtg) (22)

For the case in which the positional difference is
considerable, the integrand of Equation 21 must be
estimated.

4. OPTIMAL SLIDING-MODE GUIDANCE
FOR FIXED-INTERVAL PROPULSIVE
MANEUVERS

Optimal guidance law by itself can not be robust
against disturbance and modeling inaccuracies and
they can have strong adverse effects on the
performance of the guidance law. To overcome
this drawback, it is proposed that the optimal
guidance integrated with the sliding-mode control
theory to produce a new guidance method.

The optimal guidance law for fixed-interval
propulsive maneuvers can be expressed in the
following form:

u=A-zem (23)
Where zem is calculated using Equation 8. Now

we define a new state zem. To zero out the zero
effort miss, the switching surface is chosen as
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s=zem=0 24)

To ensure that the new state zem approaches the
sliding-mode s = 0, the result in section three is
used to constitute an optimal reaching law of
sliding-mode. Differentiating zem with respect to
time produces

zem = —fm —\'lm.tg +Vo +c(t).tg
=—1_ —[u+c(t)].t_ +v__+c(t).t
m g ‘m (25)
=-u.t
g

=—A-t_-zem
g

Due to Equation 25, the optimal reaching law is
constructed as

§ =—K(t)s — E(t)sign(s) (26)

Where K(t) = A.tg, E() =¢-tg, and € =const.>0.

Substituting Equation 23 into Equation 25 and
Equation 24 into Equation 26 yields the optimal
sliding-mode guidance law as

u = A -zem+ gsign(zem) 27

During the motion outside the sliding-mode, the
switching term in the guidance law is liable to
cancel the influence of disturbance, and try to
make the motion as optimal as possible.

Now, robustness of this guidance law against
disturbance should be verified to ensure zem — 0.
We consider a bounded disturbance d(t)is exerted

on the system as follows

I =v
{ \'Im = amm: C (tr)n+ u+d(t) (28)

Where we assume that its upper limit is known as
dmax - By using the second method of Lyapunov,

let the Lyapunov function be V= %zem2 .
Substituting Equation 23 into Equation 25 gives

zém = —tg -u+D(t) 29)

Where D(t) = to.d(t) and defined as disturbance in
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the zem coordinates. Differentiating V with respect
to time and considering Equation 29 results in

V= tg -zem|[—u +d(t)] (30)
Substituting Equation 27 into Equation 30 gives

V=-A-t ~zem2 —t_.zem [ssign(zem)— d(t) ]S

2 .
-A- tg -zem” — tg.zem [s. sign(zem)— dmax ]

Substituting Equation 19 into Equation 31 and
noting that tg >0 and té - (tg —tbg)3 >0, it is

apparent that the first term in Equation 31 is
negative. Obviously, if ¢ > |dmax| is satisfied, then

the second term in Equation 31 is also negative.

Thus V <0 is sufficiently ensured.

In practical guidance, the sign function sign
(zem) in Equation 27 can be replaced by a
continuous function zem/(|zem|+y) to alleviate
chattering, where y is a vector with positive real
components. The guidance law then becomes

u=A-zem+e ot (32)
|zem|+y

5. SIMULATION STUDY

Suppose an interceptor at the origin with initial
velocity of 1000 m/s in the vertical direction. The
desired final position is (35, 35, 30 km). The
interceptor must reach the final position at ty = 30s,
while its guidance period is t, = 30s. We consider a
disturbance exerted on the system as D(t) = D
sin(Qt) where D; = 10,1 =1,2,3 and Q = @/5. It is
noted that for moving and maneuvering target with
estimated acceleration a(t), zem must be calculated
by Equation 8.

We use Equation 32 to implement the optimal
sliding-mode guidance law for fixed-interval
propulsive maneuvers, where € = 10, y; = 10 and
i =1, 2, 3. The fourth-order Rung-Kutta algorithm
is used to obtain the numerical solution of the
target and missile motion equation. The guidance
command is given out by a microcomputer
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onboard the interceptor and the sampling period as
assumed to be 10 ms.

Simulation results show that the final miss
distance is less than 0.17 m. For comparison
purpose, applying pure optimal guidance law for
fixed-interval propulsive maneuvers will induce
miss distance of 4.93 m. This indicates that the
switching term in the proposed guidance law is
able to cancel out the influence of disturbances
such that the motion outside of the sliding mode
approaches the optimal motion. Figure 2 shows
interceptor trajectory. Commanded accelerations of
optimal sliding-mode guidance and pure optimal
guidance for fixed-interval propulsive maneuvers
are shown in Figure 3. Magnitude of zem for both
guidance laws is demonstrated in Figure 4.

6. CONCLUSION

A new guidance law is proposed for fixed-interval
propulsive maneuvers by integrating optimal and
sliding-mode theories to achieve robustness
against disturbances and terminal accuracy. The
guidance command is derived based on three-
dimensional  engagement kinematics. The
proposed guidance law requires a disturbance
limit, and therefore exact information of
disturbance is not necessary. The effectiveness of
the presented method is established by the second
method of Lyapanuv and the robustness of the
guidance law against disturbances was
demonstrated by simulation results. It was shown
that the guidance law over whole period of
guidance can be extracted from the proposed
guidance law by canceling the coasting phase.
Furthermore, the presented guidance law is
simple to implement in practical applications.

7.NOMENCLATURE

a Acceleration vector, a = |a

g Gravitational acceleration, g = |g|

PI Performance Index, ftt fu (t)Tu (t)d (1)
miss Miss distance vector, miss = |miss|

r Displacement vector, r = |1
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t Current time

ty Time-to-go until intercept (t¢-t)
tog Time-to-go until burnout (t, -t)
v Velocity vector, v = ||

zem Zero-effort miss, zem = |zem|
A Guidance gain

Subscript

0 Initial Value

f Final Value

m Interceptor

t Target
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Figure 3. Acceleration commands; OSMGL and OGL for fixed-interval propulsive maneuvers.
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Figure 2. Interceptor trajectory.
200 :
T —OSMGL
S
E ---0GL
v 150}
]
-
c
1]
£
E -
[=]
o
c
]
5
E 4
L]
@
]
<
0 5 10 15 20 25 30

Time (s)

——OsMGL
~—-0GL

0 5 10 15 20 25 320
Time(s)

Figure 4. |ZEM]| for fixed-interval propulsive maneuvers.

Vol. 21, No. 2, June 2008 - 111



11.

12.

13.

14.

15.

Slotine, E. J. and Li, W., “Applied Nonlinear Control”,
Prentice Hall, Engelwood Cliff, New Jersey, U.S.A.,
(1991).

Fernandez, R. B. and Hedrick, J. K., “Control of
Multivariable Non-Linear Systems by the Sliding Mode
Method”, International J. of Control, Vol. 46, No. 3,
(1987), 1019-1040.

Brierley, S. D. and Longchamp, R., “Application of
Sliding-Mode Control to Air-Air Interception Problem”,
IEEE Trans. Aerospace and Electronic Systems, Vol.
26, No. 2, (1990), 306-325.

Moon, J., Kim, K. and Kim, Y., “Design of Missile
Guidance Law Via Variable Structure Control”, J. of
Guidance Control and Dynamics, Vol. 24, No. 4,
(2001), 659-664.

Zhou, D., Mu, C., Ling, Q. and Xu, W., “Optimal
Sliding-Mode Guidance of Homing-Missile”, in Proc.
38" IEEE Conf. Decision and Control, Arizona,
U.S.A., (1999), 5131-5136.

112 - Vol. 21, No. 1, June 2008

16.

17.

18.

19.

20.

Pastrik, P., Seltzer, S. M. and Warren, M. E., “Guidance
Laws for Short-Range Tactical Missiles”, J. of
Guidance Control and Dynamics, Vol. 4, No. 2,
(1981), 98-108.

Babu, K. R., Sarma, I. G. and Swamy, K. N., “Switched
Bias Proportional Navigation for Homing Against
Highly Maneuvering Target”, J. of Guidance Control
and Dynamics, Vol. 17, No. 6, (1994), 1357-1363.

Utkin, V. 1, “Sliding Modes in Control and
Optimization”, Springer-Verlag, Berlin, Germany,
(1992).

Decarlo, R. A., Zak, S. H. and Matthews, G. P.,
“Variable Structure Control of Nonlinear Multivariable
Systems: a Tutorial”, IEEE Proc., Vol. 76, No. 3,
(1988), 212-232.

Zhou, D., Mu, C. and Xu, W., “Adaptive Sliding-Mode
Guidance of a Homing Missile”, J. of Guidance
Control and Dynamics, Vol. 22, No. 4, (1999), 589-
594.

1JE Transactions A: Basics



