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Abstract An accurate model named as the Modified Wolff Model (MWM) is presented as an
efficient CAD tool for determination of resonant frequency of the dominant and higher order modes
under the multi-layer condition in thin and thick circular microstrip patch antennas. The effects of
dielectric cover on the resonant frequency obtained from MWM have been compared against the
result of theoretical method of Spectral Domain Analysis (SDA). The accuracy of calculated resonant
frequency by the MWM for dominant mode is about 0.5% and the average error for higher order
modes is about 0.88%. Sensitiveness of higher order modes and also uncertainty effect on the
resonant frequency are calculated by the MWM.

Key Words Modified Wolff Model, MWM, Microstrip Antenna, Microstrip Patch Antenna,
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1. INTRODUCTION

Accurate determination of the resonant frequency
is very important for the design of microstrip patch
antennas because they have narrow bandwidths
and can only operate effectively in the vicinity of
the resonant frequency. The circular patch operating
at higher order modes has been used as the
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radiating element with higher gain to control the
radiation pattern from broad side radiation to end
fire radiation and the conical beam has been
obtained with the help of the higher order
modes [1-12]. To protect a microstrip antenna from
environmental effect, a dielectric cover is usually
added at the top of patch [14].

However most of the previous theoretical and
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Figure 1. Geometry of circular microstrip patch antenna with
cover: a cross-sectional view.

experimental work has been carried out only on
electrically thin microstrip patch antennas normally
of the order of 0.02 >h1/Ag where h1 is the thickness
of dielectric substrate.

In this paper a unified model MWM is presented to
determine the resonant frequency of both thin and
thick circular microstrip patch antennas for dominant
and higher order modes. In such patches the resonant
frequency depends strongly on the effective dynamic
dielectric constant and effective radius. Therefore
models of Wolff and Knoppick [15] has been
modified by using the Transverse Transmission
Line (TTL) technique [16] to compute the effective
dynamic dielectric constant under multi-layer condition.

The resonant frequency of dominant and higher
order modes calculated by the MWM shows good
agreement with compare to experimental and
available numerical results. The importance of the
model is that none of the above-mentioned models
is applicable to determine the effect of dielectric
cover on the resonant frequency of various patches.
Experimentally it is verified that a dielectric cover
on a rectangular patch antenna decreases the
resonant frequency significantly [16]. Therefore
theoretical method for predicting the effect of
superstrate on the resonant frequency is of
considerable interest. Here we have used MWM to
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calculate the effect of cover on the resonant
frequency and compared the results obtained from
SDA [14]. The percentage error calculated by the
MWM is 0.88% whereas that of the Antoszieweiz
method is 1.3%. The error in the higher order
mode in resonating structures may arise due to
uncertainty in the fabrication process of microstrip
patch resonators and antennas. We have realized
that the uncertainty of 1% in increase in radius R
of circular patch results into uncertainty 0.9% to
1% in resonant frequency. Likewise 1% uncertainty
in & and hl results into 0.63%. Deviation in
resonant frequency of higher order modes is more
sensitive to the variation in €. For instance 2%
change in er results in 0.83% change in resonant
frequency of the higher order modes.

The resonant frequency of higher order modes in
circular microstrip patch has been calculated by J.
Q. Howell [17] and the minimum percentage error
of resonant frequency is 1.39 % and maximum is
10.6% and the average is 4.87%, whereas the
minimum percentage error of resonant frequency
for TM;; mode obtained by the MWM is zero and
for higher order maximum is 9.4%. Meanwhile the
resonant frequency of higher order modes calculated
by the MWM compared against the results obtained
from Antoszkiewiez [6].

2. FORMULATION OF THE MODEL

The MWM is basically a cavity model. The original
Wolff Model was developed for a single layer open
resonating structure [15]. To generalize the Wolff
model to multilayer resonating structure as shown
in Figure 1, we have adopted the variational
method to calculate dynamic dielectric constant
€4y Determination of €4y, takes into account the
charge distribution along both the longitudinal and
transverse directions of the patch. Thus, even
though the MWM uses static variational method, it
simulates the effect of full wave analysis [8].

For the covered circular patch shown in figure
1, the resonant frequency could be obtained from
[9] as:

o = o ()

2TC R eff den
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TABLE 1. Comparison of Measured and Calculated Resonance Frequency of

Circular Microstrip Disk Antenna.

Ra) [Ri@w) |zv |Wd; [fw |Fww |E_ | |E |E [E |k [k |E L |E
ratins MW 6] [ | 6] ] rl | E1 |18 | pop | (] | Q2
WH: MH: MH: WH: MH: | MH: | MH: | MH: MH: | WH: | MM:
650 0080 131 | 0003 | a4l i35 L] §d5 849 0 | 842 Bdd i3k 441 | 440 i
(L] 01500 | 23t | 000669 | $35 i ik | $d? 849 ik | £ L | i3 | 432 i
6500 031600 | 362 | 0013150 | 15 £15 15 i34 £ | ik £ i i | 818 A1
5000 01500 | 23 | 0009106 | 1131 11% 118 114 1154 1R (118 | 1% |11M e (115 | 113
Jim 0150 | 240 | 000567 | 14X 1448 143 146 14i6 4 |13 | L4 | 148 4% | 148 | 14%
4550 031800 | 251 | O0LE4% | 1104 109 1100 1115 114 0% | 1165 | 1109 | 109 1006 | 10 | 1105
3 4% Q15880 | 250 | 0013140 | 1582 15M 1541 155 158 156 | 1585 | 1580 | 154 1550 | 153 | 1555
1384 | 1XN00 | 270 | 00000 | 371 i i | mn 387 |3 i | Jib 30| 364 i
1% 0040 | 250 | 0073k | 4171 40N 4168 4103 41N 6 | 41% |48 | dH 1% (4N [ 4%
149 031050 | 250 | Q0XMEE | 158 1510 1500 155 158 158 | 158 | 150 | 1500 158 | 14% | 15¢
4950 X500 | 455 | DO13NES | 15 5] i1 i1k 833 i |8 i il6 i | i (14}
Jans X500 | 455 | 00I7R0 | L0 1030 10z 1014 19 e | 0¥ | Wy | 1003 10k | 10 | 1R
1N X500 | 455 | DORTM | 1IN 1360 135 119 13 134 | 135% | 1360 | 1340 135 | 13% | 135
1 023500 | 455 | 003468 | M1 g i3 137 1ol 190 | W | N |19 HIF | 1966 | 200
1040 X500 | 455 | 006263 | 375 i N4 3 3363 | Nd | | 36 | M | 3T
(i | X500 | 455 | D0EMX | 406 44 404 L) 515 00 | 403 | #r |48 404 | 4817 | 93
114 Q1567 | 265 | 00311E | 44M 4425 41 4461 4695 dil | 4B | 4P | 43 41 | 438 | 4l
1% 015875 | 265 | 0040684 | 4735 4 e M Sk 44 | 418 | 41d | 49 471 | 463 | 4TH
0960 Q15875 | 265 | 0048006 | 514 5rd 5tM 5 L i) SN | SMM | SMM | SMD | 511 | 5K
074 Q15875 | 266 | 00146 | 6634 fibdd bl 6T N Gof? | 66 | 66dd | 666l G650 | 649 | 66
iN 015875 | 265 | 0052300 | G068 (1l 04 (1% G585 G0e6 | 6047 | 6084 | G046 aiel | 59 | d0d?
TABLE 2. Percentage Errors.
Fopam... .52 Fs EFy F; Fs E; Fq Fy Fiw Fun
LOARL[13] [6]  [4]  [F]  [5]  [=] [®] [10] [11] [1Z]
Ifimimum
%0 Error e ] 0.1 067 002 0 ] 0.z 0 001 0
Mazimum
%0 Error 2.4 2.4 4.5 a8 2.9 2.5 2.8 =1 2.4 27 2.5

Where Xnm is the mth root of derivative of
Bessel function of nth order, the value of
which for some m’s and n’s (X,; = 3.832, X,,=
1.841, X, =3.054, X3, = 4.201) andV, is the
velocity of light in free space. Rey is the
effective radius obtained from

expression of Chew and Kong [18].
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R, =R[1+2h, /R, (In(R/2h,)+(1.41(e,, +1.77))

+h,(0.2668(¢,, +1.65))]
(2)

Where R is the radius of the patch, h, is the height
of the substrate and €, =€, is relative dielectric
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Figure 2. Sensitivity of modes on circular microstrip patch.

constant of substrate. €4y, is the dynamic dielectric
constant which takes into account the fringe field.
The dynamic dielectric constant obtained with help
of variation method in the Fourier Domain and
using the Greens function problem has determined
by the TTL method [16].

8dyn = Cdyn (ZRJ hl > h2 ’grl > 8r2 )/

3)
Cgpn (2R,h,,h,,e =€, =1)

Where €, , €, are the relative dielectric constant
of substrate and superstrate respectively. Cgyn
(2R,h1,h2, €1, SrZ) and Cdyn(ZR, hl, h2, €1=€n :1)
are the total dynamic capacitance of covered and
air filled patch respectively. The dynamic capacitance
of circular patch, which takes into account the
fringe field, and modal variation of the field is
obtained [16].
€4y = C

(2R5h1’8r1)/c (2R5h1’h2’£r158r2)

4)

Where C i (2R)h1,€,) is the main static capacitance
of the patch and given by:

mstatic fstatic

C — 80 8rl R2 [1 _ Jn—l (Kr)Jn+l (Kr)}

mstatic 'Yh l ] i (K ) )
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K is the wave number. The dielectric cover does
not influence the main capacitance of circular disk.
For the fundamental TM;; mode, static capacitance
can be obtained as:

®)

C, i =0.3525¢,e ,mR? /h, (6)

mstatic

Where hl is the substrate thickness of the patch.

To calculate fringe capacitance we have done a
structural transformation by replacing W=nR/2 and
L=2R which gives very accurate result of resonant
frequency. The fringe capacitance can be obtained
from the following expression.

~ 1 [ZO (W,h19h298r1 = £r2 = l)L _ 8()SrlA
fstatic 7 Vozz(w,hl,hz,erperz) h1

]
(7

Where A is the area of central patch and
Z,(2R,h;,h,.e, =€, =1), Z(W,h;,h,,€,.€,)
are the characteristic impedances of the patch of
width W=2R on the air substrate and with dielectric
respectively. The characteristic impedance can be
calculated by using variational method along with
TTL technique to obtain the Green’s function of
the structure[16]. Therefore the capacitance per
unit length of the line is obtained from expression

[19].
2]
_LlQf 1
_nso'o[ YdB ®

1
C §

Where Q is the total charge on the conducting patch
and f(B) is the Fourier transform of the charge
distribution function and Y is the admittance function
[19].

th(Bh
Y=g, coth(Bhl)’Lsﬂ[lgf; Cc(;th(gihz ))} v
r2 2
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TABLE 3. The Effect of Cover on the Resonance
Frequency.

R | &i| sp Iy hy | Fagm SDA
(em) (em) (cm) GHz [14]

GHz
25] 2.5 2.5|0.1588] 0.0635| 2.103| 2.04

25| 25(1.06| 0.1588| 0.635| 2.151( 2133
25| 98| 25| 0635 0254| 1.120 111

TABLE 4. Resonance Frequency of Higher Order Mode
for the Circular Microstrip Disk Antenna. h; = 0.318 cm,
R=4.85 cm, €, =2.52.

™ MEASURED | THEORY MWM ERROR %
MODE MHz ] Il I 1
MHz 1 MHz
01 224100 227828 226330 1.6 059
11 1099.00 1094.76 110654 039 0.68
21 1837.00 181599 184587 1.14 048
31 254000 249708 255088 1.65 042
41 322603 3161.72 324149 199 048
5l 3893.00 3814064 392540 | 201 0.83
02 414200 417139 4145.18 0.71 007
12 312000 316999 318248 140 200
22 394400 398737 4000.70 1.10 143
32 472600 4765.74 479500 084 1.46
AV=130  AV=03%
AV=Average

TABLE 5. Resonance Frequency of the Higher Order
Mode for Circular Microstrip Patch Antennas. R =
3.4925 cm, &4 = 2.5, h; =0.3175 cm.

TM | Exper. Howell MWM | Error % | Error %0
Mode [17]

1 II I I

1,1 152 159 152 4.6 00

21 1353 164 154 43 0.30

31 358 363 352 1.39 1.60

41 4.44 4.49 4.45 .47 0.40
1,2 AV=455 AV=4.46
461 4.46

51 574 5.54 538 44 1.30
22 AV=567 AV=55
5.80 5.62

6,1 .14 .48 6.23 535 1.4

32 .51 6.92 6.75 6.3 kX

13 71 733 716 4.22 1.3
7.1 AV=T 40 AV=T 23
742 7.3l

21 7.54 .34 825 106 0.4
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3. RESULTS

This paper the MWM is applied to determine the
resonant frequency of electrically thin and thick
circular microstrip patch antennas and the computed
results obtained from the MWM are compared
experimentally theoretically verified values which
are given in the literature [13] and the total values
are listed in Table 1.

The measured values [1-6] and calculated by
[1,3,4-12] and the minimum percentage error and
the maximum percentage error are listed in Table
2. It can be seen that in Tables 1 and 2 that two
models [13] and [10] and our present model MWM
have good agreement with experimental results.
But the importance of the model MWM is that
none of the above mentioned models are applicable
to calculate the cover effect on the resonant
frequency .The effect of cover on the resonant
frequency is calculated by the MWM and
compared against the result of SDA and are listed
in the Table 3. Our results are in about 1%
difference compared to the results from the SDA.

The resonant frequency calculated by the
MWM is always higher than that calculated by
using SDA. However the resonant frequency
calculated by the SDA is between 0.5% and
1% lower than that of measured value for the
uncovered patches, this is due to high value of the
calculated €. using SDA. Thus, the MWM is
expected to provide a resonant frequency about
0.5% of the experimental value for covered
circular patches. Table 4 shows the accurate
determination of resonant frequency of higher
order modes as computed by the MWM and
compared against experimental and theoretical
results of Antoszkiewicz [6]. The average error
calculated by the MWM is 0.88% where as, from
the Antoszkiewcz method is 1.3%. Table 5 shows
the resonant frequency computed by the MWM
compared results obtained from Howell [17] and
the minimum percentage error of resonant frequency
computed by the MWM is zero and maximum is
9.4%, the average error for all modes is 2.2%.
Whereas, the minimum percentage error calculated
by Howell is 1.39%, the maximum is 10.6% and
average is 4.8%. For mode (4,1.1,2), (5,1.2,2) and
(1,3.7,1), in Table 5 one resonant was observed
during the experiment. Thus, the average resonant
frequency of two modes has been taken for error
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estimation. Thus, the MWM can be used for the
accurate determination of resonant frequency of
higher modes of a circular patch. The results of
resonant frequency of higher modes of the circular
patch from Full Wave Analysis method are not
available in the literature.

4. SENSITIVITY OF THE MODES

Figure 2 shows the sensitivity of the resonant
frequency of the higher order modes with respect
to the variation in €. The resonant frequency of the
higher order modes are more sensitive to the
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variation in &, For instance 2% change in € results
into 0.5% change in the resonant frequency of
TM;; mode whereas, it results into 0.85% change
in the resonant frequency of higher modes.

5. UNCERTAINTY EFFECT

Figure 3 gives us the deviation in the calculated
resonant frequency by the MWM due to uncertainty in
the fabrication process of microstrip patch resonator
and antenna. Several resonating circular patches
operating in TM;; mode have been designed on
microstrip thickness h;=0.5875 cm dielectric constants
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g = 2.65, 6.8 and h; = 0.0635 cm, ¢ = 9.6. And
also Figure 3 shows that the uncertainty of 1% in
radius R of circular patch results into uncertainty of
0.9% tol% in the resonant frequency depending
upon the substrate. Likewise, 1% uncertainty in
er and hl results into 0.63% uncertainty in the
resonant frequency of the patch, and also it shows
departure of calculated resonant frequency by the
MWM against the measured values. It is obvious
that the MWM is highly accurate and the deviation
in f, comes within uncertainty in the fabrication
process and the data supplied by the manufacturer.

6. CONCLUSION

An accurate unified model, the Modified Wolff
Model (MWM), is presented to determine the
resonant frequency of dominant and higher order
modes under the multi-layer condition in thin and
thick circular microstrip patch antennas. The
importance of the model is that it is applicable to
all kinds of arbitrary geometry of patches. It
achieves the accuracy of full wave analysis method
without any computational difficulties. Almost in
all cases the calculated results of MWM comparing
to the results, which obtained from other numerical
methods are more closely to the experimental
values. The MWM model has also been applied
satisfactory for higher order modes and the results
compared with the experimental values are more
closely than the results obtained from numerical
models and also the MWM applied to determine
uncertainty effect on resonant frequency and
sensitivity of modes to the resonant frequency.
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