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Abstract  In recent years, there has been considerable interest in the use of CDMA in mobile
communications. Bit error rate is one of the most important parameters in the evaluation of CDMA
systems. In this paper, we develop a technique to find an accurate approximation to the probability of
bit error for asynchronous direct—sequence code division multiple—access (DS/CDMA) systems by
modeling the multiple access interference (MAI) as an improved Gaussian process. The channel is
modeled as a multipath flat Rayleigh fading channel. Numerical results are obtained by using the
improved Gaussian approximation (IGA) and compared to the standard Gaussian approximation
(SGA).
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1. INTRODUCTION

In recent years, there has been considerable interest
in the use of CDMA as an alternative to traditional
frequency—division multiple—access (FDMA) and
time—division multiple—access (TDMA) techniques
in mobile communications [1]. In CDMA, multiple
users transmit, often asynchronously, over a
common communication channel, typically using
the direct—sequence (DS) spread spectrum
technique. Multiple access interference (MAI) is
the main factor that limits the throughput in a
CDMA system by reducing the number of active
users operating at a specified system bit error rate
(BER).

In practice, the MAI terms in a DS/CDMA
system are independent only when conditioned on
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a set of specific operating circumstances for every
user [2]. Thus, the SGA is not always accurate
enough. This observation has led to the proposal of
an alternative procedure based on the improved
Gaussian approximation (IGA). The point of
departure in an improved Gaussian approximation
is the application of the central limit theorem and
the law of total probability to a conditional
probability of error.

An IGA with a good accuracy is presented in
[3,4] for AWGN channels. In [3,4], evaluation of
the expression used to describe the IGA technique,
requires significant computational complexity.
This is overcome by an accurate Taylor series
expansion based on an approximation presented in
[5]. Also, an improved Gaussian approximation for
single—path Rayleigh fading channel is presented
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in [6].
In this paper, we extend the works in [3] and [6]
to analyze the performance of asynchronous
DS/CDMA systems using Gold sequences [7] over
the multipath flat Rayleigh fading channel, by
modeling the MAI as an improved Gaussian
process.

2. SYSTEM MODEL

Consider K users transmitting asynchronously over
a multipath-fading environment to a single receiver
station. Assume that each transmitter uses a binary
phase shift keying (BPSK) DS/CDMA modulation.
The kth transmitter generates data bits at a rate of
1/T, bits per second. Its data signal, by(t), and the
spreading signal, a,(t), are defined as [8]

by(t) = 3 bUP, (t-nT,) (1)
a, ()= ¥ alP, (t-nT,) @)

here Pr(t) is unit rectangular pulse. The data
symbols, b,®, are considered to be independent
and identically distributed (iid) sequences with
Pr[b,® = —1] = Pr[b,® = +1] = 0.5. T, is the chip
period and we assume T, = N T, with N being the
period of spreading sequence.

First, data are multiplied by the spreading signal
to produce a base band signal. Then, the carrier
modulation is used to get

sk(t):ﬁbk(t)ak(t)cos(mct+ek) 3)

In (3), 6, ., and P represent the phase of the kth
carrier, the common center frequency and the
signal power respectively.

The low pass equivalent impulse response of
the passband-fading channel for the link between
the kth user transmitter and the receiver is

L .
hk (t) = lzl Bl,ks(t - Tl,k ) exp( Jq)l,k) 4)
where By, 01k, and Ty, are, respectively, the Ith path
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gain, phase and time delay of the kth user, and d (.)
is the Dirac delta function.

For any input signal si(t), modeled as (3), the
output signal, yi(t), produced by the composite
multipath fading channel, consists of a sum of
delayed, phase shifted, attenuated replicas of the
input signal,

Yk(t)=z V2P l,kbk(t_Tl.k)

a, (t—T1,,)cos(m.t+¢,,)

&)

where O = Q)[‘k + 9]( — W T In (5), Tk has a

uniform distribution over the interval [0, T}), ¢, is

uniform in [0, 27), and B;; is a Rayleigh random

variable.

The received signal is the sum of signal

components arriving over all paths from the users
along with an additive thermal noise. In fact

r(t)zi i @Bl,kbk(t_rl,k)ak,l(t_Il,k)cos(wct+(pl,k)

k=1 1=1
+n(t),

(6)
where n(f) is a white zero—-mean Gaussian process
with a two—sided noise power spectral density
Ny2.

It is assumed that the signal of user 1 is to be
detected. Furthermore, without loss of generality
[8], we assume that the receiver is locked to the
component of user 1 on 7;; = 0 and ¢;; = 0. The

output of a coherent receiver is
Ty

Z = j r(t)a,(t) cos( o t)dt.

0

(7)
By substituting (6) into (7), we obtain

K L
Z=+\P/2 l,le)I)Tb + P/ZZ z Bl,kvvl,k cos(@;,)+M

k=1 1=l

Lk#11
®)
where we have
Wl,k = [b(—kl)le (Tl,k) + bg)k)RlAk (Tl,k )]
)

b.,* and b,® represent a pair of consecutive data
bits of the kth signal. R (T1x) and RAlk(’ch) are the
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continuous time partial cross—correlation of the kth
and Ist spectral spreading waveforms as defined in
[7].

Since data bits are assumed to be equiprobable,
the bit error probability is

P,=Pr(Z<0 | b =+1 (10)

3. PROBABILITY OF BIT ERROR
WITH IGA

An improved Gaussian approximation was presented
in [3,4], and it was shown that this approximation
provides an accurate result for the probability of bit
error in asynchronous DS/CDMA, using a random
sequence in an AWGN channel. In this section, we
extend the work in [3] and evaluate the probability
of bit error for asynchronous DS/CDMA in multipath
Rayleigh fading channel, using the improved
Gaussian approximation. Following the approach
n[3],let 7.=1 (T, = N), b,’=1, and P =2. Then
we have

K L
Z = BI,IN + Z Z Bl,kW
k=1 =1

Lk # 1,1

L Cos( @)+ M

3y

As in [3], let ¥ denote the variance of the MAI
conditioned on the path gains, delays and phases of
all interfering signals and of the desired sequence
structure, through a quantity B = (N—1-C)/2 where
C is the discrete aperiodic autocorrelation of the
signature sequence of receiver 1,

1 1 12
c="5"aath) (12)
J=0
and
E[B]:Nz_l (13)
BBt =0, (14)

Therefore, the conditioned variance, 'V, is given by
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Y = Var[MAI | Tiks Qi Piks B]

1]
M-

L
Z E[(B],kwl,k COs (P],k)2 | T],k’(P],k’Bl,k’B]
1=

1

1

b

#1,1

L
Z Xl,k’

1 1=1
Lk #1,1

2

sz

-

(15)
Xixe = E[(Bux cos9)” | Buie 9] E((W10)° | 711 B]
=(Bixcos@i)’ E[(Wii’ | Ty B]. (16)
The second term of X is equal to [3]
E[(W)* | TBI= 2B + (S - Si) + N (17)

where S|k is Tjx normalized on 7, Thus, Xj;
becomes

X =(Bricos@u) 2(2B + 1)(Si’ — Si) + NI (18)

In what follows, we first assume that MAI is the
major source of error. Then, the effect of the
thermal noise is also taken into account. The
accurate probability of bit error conditioned on f3;
can be found by evaluating

1>b|[3L1 By = g Pbmujw@u,\y)p(\y)d\y (19)

where p(¥) is the pdf of ¥ and P,|g (B,¥) is the
probability of bit error conditioned on ¥ for a
fixed B and is given by

NP

/‘P +P .
noise

To obtain the probability of bit error, we must
evaluate the integral

Pb | Bv\lf (Ba ¥) =Q( )- (20)

=) PbusL1 By, ppB; By 21)
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The computation of (19) requires evaluating the
pdf of ¥, which is very cumbersome, especially
when multipath fading is considered. Holtzman
[5] has used a simple approximation for the
computation of probability of bit error for
asynchronous DS/CDMA in an AWGN channel
that does not require the pdf of ¥ directly. By
using a similar approach, we have computed the
probability of bit error over the multipath-fading
channel. The objective here is to compute (19)
without carrying out the integration. This can be
done by expanding Py|p (B, V') using the Taylor
series.

To simplify the notation, we denote Py (B ,'¥)
as P(¥). Using the Taylor series, P(W) can be
written as

PC¥) = P(iy) + (¥ =, )PV (1) + ..
BT (22)
PG PO (1, ) +
n!

where L, is the mean of ¥ and P(“)(u\,,) is the nth
derivative of P(¥) evaluated at ¥ = p,. Taking
the expectation of (22) with respect to ¥, one
obtains

2

E[P(¥)] = P(uw)+ PO, ) FaZl UL, )
23)

where G\,,z is the variance of ¥ and W, is the nth
moment given by E[(Y — w,)"]. The second
derivative of P(¥) — in which ¥ is a random
variable — can be approximated by the Stirling’s
formula:

P(¥ + h)— 2P(¥)+ P(¥ — h)
h2

PP (Y) =

(24)
where h is the step—size. A appropriate value for h
ish =13 oy [5]. We assume that only the first two

terms in (23) are important. Substituting (24) into
(23), gives

E[P(¥)] = S P(k,) + = P(h, + 450,
1 (25)
+ EP(““’ - \/gcw)
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Now, we find the mean and the variance of ¥,

ZE{i i(BlkCOS(plk 2(ZB+1)(Slzk =S, + NI}

Lk#11

iiE[Bik E[cos? @, JE[2(2B+ )2, —S,,)+ N]
o (26)

Since B;; is a Rayleigh random variable, using
(13), we have

u v — I<L3—_1 (2 02) (27)

The variance of W can be written as

o} =E(¥?) - E*(¥)

K L
=E{Y, (B, cos,,) 2B+ 1S}, —S,,) + NI}
k=1 1=1
Lk#11
-(W,)’
(28)
Using (14), one obtains
2 2
o, = (KL - 1)7N+—2N_1(2402) - (KL - 1)N—(402)
40 9
+ (K?L? - 2KL - K+2) (4(5 )
(29)

If we substitute (19), (27) and (29) into (25), and
incorporate the effect of thermal noise, the
probability of bit error conditioned on f;
becomes

2 1 1
Pb\[il_l (Bl,l) = 5 P, (Bl,l ) +g P, (Bl,] ) +g P, (Bl,l) (30)

where P(f3 ) is given by

Pi(Bii) = Q(lSD#) (31)

1

and Dy’s are
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N, KL -1

D, =[—%+ 267%)]°7 32
I [Eb N (207)] (32)

N

0, KL-1, 2. ~3 _ .05 (33)
D2_[Eb + N (26%)+ NGW]

N iR

_r0 KL-1, 2, V3 _ 405 (34)
D3_[Eb+ N (209~ oy]

Now, substituting (30) into (21), we can calculate
the probability of bit error

P, :%‘;fpl (B, ey 0B | + é;sz B, )p(B, DB, |
1 (e o)

+ 6 6[P3 (Bl,l)p(Bl,l )dBLl

(35)

4. NUMERICAL RESULTS AND
CONCLUSIONS

Figure 1 depicts the probability of bit error for an
asynchronous DS/CDMA system over a flat
Rayleigh fading channel for Ey/Ny = oo, N = 63,
and parameter L. Note that as L increases, the
discrepancy between the SGA and the IGA
decreases. This result complies with the central
limit theorem.

Figure 2 shows the probability of bit error for
an asynchronous DS/CDMA system over a flat
Rayleigh fading channel for E,/Ny = o, L =2, and
parameter N. We observe that the accuracy of the
SGA does not depend on N. The difference
between the bit error rate curve for the SGA and
the IGA remains almost the same when N changes.
Figure 3 illustrates the probability of bit error for
an asynchronous DS/CDMA system over a flat
Rayleigh fading channel for L = 2, N = 63, and
parameter E,/No. From this figure, we note that
when E,/Nj increases, the probability of bit error
decrease. Also, the difference between the SGA
and IGA remains the same when E,/N, changes.
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Figure 1. Probability of bit error versus No. of users for IGA,
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Figure 2. Probability of bit error versus No. of users for IGA,
SGA, and the simulation results based on the parameter N ( L
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Figure 3. Probability of bit error versus No. of users for IGA,
SGA, and the simulation results based on the parameter Ey/N,
(L=2,N=63).
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In this paper, we analyzed the performance of
asynchronous DS/CDMA system over multipath
Rayleigh fading channels. The probability of bit
error was computed using two methods. In the first
method we assumed that the MAI is Gaussian,
while in the second one, we modeled the MAI as
an improved Gaussian. The main conclusion is that
the computation of the probability of bit error,
based on the Gaussian approximation for the MAI,
is not accurate, especially for a small number of
simultaneous users, which corresponds to a low
probability of bit error. However, it was shown
that, when the channel exhibits deep fading (large
L), the standard Gaussian approximation and the
improved Gaussian approximation give similar
results.
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