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Abstract  Hydraulic fracturing is a phenomenon in which cracks propagate through the porous
medium due to high pore fluid pressure. Hydraulic fracturing appears in different engineering disciplines
either as a destructive phenomenon or as a useful technique. Modeling of this phenomenon in isothermal
condition requires analysis of soil deformation, crack and pore fluid pressure interactions. In this paper a
numerical scheme is presented for analysis of soil stresses and deformations and fluid flow in a coupled
manner, which is also capable to detect the initiation of fracture in the medium. Applications of the
model are shown by illustrative examples.
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1. INTRODUCTION

Hydraulic fracturing refers to creation of crack
in porous media due to high pore fluid pressure.
Hydraulic fracturing can be a destructive natural
phenomenon or a technique used in some
engineering disciplines to alter the characteristics
of soils. In case of earth dams, impounding
of the reservoir behind the dam, increases the
amount of pore pressure in dam’s core and
foundation. Pore water pressure, may become
high enough to cause crack in the dam leading to
complete failure. On the other hand hydraulic
fracturing technique is also used, as a tool, to
change the flow characteristics of the ground.
For example for increasing the extraction of oil
from oil wells excavated in heavy oil deposits,
steam at high temperature and pressure is injected
into the well-bores in order to cause crack in
the formation, resulting lower oil viscosity
and higher soil permeability which enhance
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the productivity of the oil well. Other applications
of hydraulic fracturing are in situ stress
determination (in rock engineering), grouting,
soil vapor extraction, etc.

Analysis of hydraulic fracturing has been on
empirical basis for a long time. Although experimental
studies for understanding the mechanism of this
phenomenon (time and place of fracture initiation,
and the pattern of fracture propagation) have been
conducted by several researchers, modeling of
this phenomenon has not been well developed yet.
True modeling of hydraulic fracturing requires
accounting for the interaction between pore fluid
flow and solid deformation. This necessitates that
two basic conservation laws for fluid flow and
applied loads be solved simultaneously. In this
paper, these two equations and their finite element
forms will be presented briefly, then application
of a code named CFEAP, which is developed
specifically for hydraulic fracture modeling will
be illustrated.
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2. EARLIER WORKS

There is a large body of literature on the topic of
fluid flow in porous media without incorporating
the effects of induced fractures. Terzaghi [1] was
the first who proposed a mathematical theory for a
one dimensional consolidation problem. Biot
[2,3,4] generalized Terzaghi’s theory and analyzed a
problem of three-dimensional consolidation in
anisotropic porous media. Sandhu [5] developed
the first finite element formulation for the two-
dimensional consolidation problem. Christian [6]
presented a finite element solution for stress
analysis in soil layer in undrained condition. Later
he and Boehmer [7] extended these ideas and
developed the finite element formulation for
consolidation analysis. Small, Booker and Davis
[8] used the principle of virtual work to formulate
the finite element consolidation equations of a
saturated soil with elastoplastic stress-strain behavior.
This work was extended by Carter et al. [8,9] to
include finite deformations. Lewis et al. [10]
assumed a hyperbolic stress-strain model for the
soil and used a nonlinear law for soil permeability
in their formulation for modeling the consolidation.
There are few contributions on the numerical
modeling of hydraulic fracturing in the geo technical
literature. Modeling of hydraulic fracture was first
attempted in the field of petroleum reservoir
engineering. First generation models of hydraulic
fracturing were pioneered by Zheltov and
Khristianovich [11], Perkins and Kern [12], and
Geertsma and deKlerk [13]. They provided closed
form solutions for predicting fracture length and
width based on a prescribed geometry for a planar
fracture.

Settari and Raisbeck [14,15] developed two of
the early models for simulating hydraulic fracture
during cyclic steam stimulation in oil sands. Their
model was a two-dimensional finite difference
model for single-phase compressible fluid flow in
a linear elastic porous material. Settari et al. [16]
investigated the effects of soil deformations and
fracture on the reservoir in a partially coupled
manner. Advani et al. [17] developed a finite
element program for modeling three-dimensional
hydraulic fractures in multi-layered reservoirs. In
this work, propagation of a tensile planar hydraulic
fracture in layered reservoirs with elastic behavior
was investigated. Pak [18] developed a thermal
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hydro mechanical finite element model, which was
able to detect the hydraulic fracture initiation and
its general pattern of propagation.

3. BASIC FORMULATION FOR A COUPLED
HYDRO-MECHANICAL ANALYSIS

There are basically two field equations, which must
be satisfied, in a coupled hydro-mechanical analysis.
These equations are equilibrium equation and continuity
equation. The equilibrium equation for a continuum
can be written as:

60, +6F, =0 (1)

In numerical implementation, the equation is
expressed in incremental integral form. Using the
weighted residual method and substituting total
stress with effective stress and pore fluid pressure
yields:

~ [8aw,dV + [moPw,dv + [ 8t wds + [ 8FwdV =0

2

By discretization of the domain and taking nodal
displacements and pore pressures as state variables,
equation (2) leads to the following form:

- [ (8] (D] (B7 av (8 U] + [ [B]" [m] [Ne] (6

P’ dV+j [N]T [S T4 dS + j INJT[SF]dV =0

3)

When considering fluid flow in a porous medium,
the continuity equation is given by [19]:

1 .
V.(pv)=Gp ==V p) 4

In this equation the compressibility of solid grains
is considered to be small and is not taken into
account. Equation (4) can be expressed in integral
form as:

- Jv,- w; dV+Jv_inI- wds+'[(5:v de—J‘ GwdV =0
% S 1% v

(5)

in Equation 5 it is assumed that fluid is incompressible
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and flow is laminar.

By discretization of the domain and substituting
quantities in terms of state variables, the equation
(5) leads to the following form [19]:

[(B,17 KV +[[B,1 Ky(B,] dyV [P+
j[Np]Tv,.n,.de[Bp]TK (B ]d7V9[5P]+

S

j[N [][B] 5U j[N T'Gav =0

(6)

Where 0 is a number between 0 (fully explicit
scheme) to 1 (fully implicit scheme). Equations (3)
and (6) must be solved simultaneously in order to
consider the interaction between two phenomena.
The matrix equation for coupling two processes
takes the following form [20]:

[[K ~[£] ] [5U] {[W]} &
[£" 6At[H]] |[spy| LIRIAZ

where
[K] = J [B]" [D] [B] dV
SF= J'[N] [S1g] ds + j[N] [SF] dV

j[N 1" [BldV
'K [Bp]d—V
¥

— [(8, 1 K sv~[[B,1 K, [B, ﬁ;[i% -

v

=
|

j[Np]Tan,.de[Np]Tde

S

Solution procedures for equation (7) are described
in [21] and [10].

A finite element program called CFEAP has
been developed in FORTRAN using the above
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formulation. Numerical results obtained from CFEAP
have been tested against analytical solutions of one
and two dimensional consolidation problems and
the results proved to be satisfactory. Validation of
this model has completely been documented elsewhere
[19].

4. HYDRAULIC FRACTURE MODELING

In numerical analysis, different approaches are
used for simulation of fracture, namely, smeared,
dual porosity and discrete approach. In smeared
approach modified material characteristics (e.g.
modified stiffness, permeability, etc.) in the fractured
zone are used in the analysis without introducing
real fracture. This approach is used when fracturing is
so intense that a uniformly damaged material
called fractured zone can represent the whole
medium or certain part of it. Therefore the basic
assumptions of continuum mechanics hold for
smeared approach. On the other hand, discrete
approach is used where few fractures exist. In this
approach after fracturing, a discontinuity is introduced
in the medium and the assumption of continuum is
no longer valid. Dual porosity approach is basically
used for simulation of flow in naturally fractured
reservoirs. This type of reservoir in theory is
modeled as blocks of solid materials stacked over
each other with low porosity and low permeability
with a network of fractures between the blocks
with high permeability, which dominates the flow
regime [18].

There are’ three main categories of fracture
initiation criteria. The first class is the fracture
mechanics criteria, second is the bifurcation criterion
and those originated from theory of plasticity, and
the third class is empirical criteria based on the
laboratory experiments. Fracture mechanics theories,
which were originally developed for metals have
been used successfully for geological materials in
recent years [22]. Linear elastic fracture mechanics
(L.E.F.M.) or elastoplastic fracture mechanics
(E.P.F.M) have been used for analyzing fractures
in soils and rocks [14-29-30]. Modeling of fracture
requires knowledge of geological conditions in the
ground. Local stress field and variation of stresses
between adjacent formations are often thought to
be the main factors, which control fracture orientation
and fracture growth. Regional stresses in the ground
can have an impact on the azimuthal trend of the
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hydraulically induced fractures. It is usually believed
that the fracture propagates perpendicular to the
direction of the minimum principal stress, i.e.,
tensile fracture is the prime mechanism in hydraulic
fracturing. Recently the possibility of shear failure
before tensile failure has been investigated especially
where the fluid leak-off into the formation is
significant. Other class of criteria for crack initiation
and crack growth is the fracture criteria based on
the theory of plasticity. Because of ambiguities in
the hydro-fracturing phenomenon in geomaterials,
validity of usage of the plasticity theories to obtain
suitable fracture criteria should be carefully examined.
Finally criteria based on laboratory studies can be
used for fracture initiation and growth, however,
this type of criteria are valid for special kind of soil
under consideration.

Importance of performing a deformation analysis
for fracture modeling emerges here. Fracturing
criteria are based on the stresses and deformation
in the ground. Therefore, in order to obtain a
realistic model for design purposes, the behavior of
the ground has to be accounted for in any realistic
hydraulic fracturing analysis.

In this study the occurrence of hydraulic fracture
has been detected by the onset of shear/tensile
crack in the medium based on the latest stress state
calculated in the medium. No attempt has been
made to model the propagation of fracturing
therefore no fracture element has been inserted in
the finite element mesh.

A finite element code has been developed in
FORTRAN, which solves two basic equations of
equilibrium and fluid continuity in a fully coupled
manner. What distinguishes this software from its
counterparts is its capability to detect the initiation
of fracture in the medium. CFEAP solves problems
in plane strain condition. Two types of elements
have been coded in the program: 4-node and 8-
node quadrilateral elements. Constitutive laws that
are coded in the program are linear elastic (in
which the Young’s modulus is increased with
increasing the minimum effective stress, in order to
simulate the natural ground conditions where the
modulus usually increases with depth) and nonlinear
hyperbolic model proposed by Duncan and Chang
[20]. CFEAP has the capability of applying
different fracture criteria to detect the initiation of
fracture. A user-defined fracture criterion can be
inserted in the code in order to determine the
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initiation of fracture based on the latest calculated
stress state in the medium. Since fracture mode is
not clear in advance, two criteria for tensile and
shear fracture has been coded in the program as
defaults. For tensile fracture the criterion can simply
be a zero or negative (tensile) stress in the medium.
Whenever the minimum effective stress at a node
becomes zero or negative, the program can detect
the node in which the initiation of fracture is likely.
If the material is cohesive, the amount of cohesion
may be inserted in the model as a flag to detect the
nodes in which the tensile stresses are less than the
material cohesion. For shear fracture, the criterion
is a Mohr-Coulomb type relation. At the end of
each time step, when the program calculates the
stress components, it is checked, at any node,
whether or not this relation is satisfied. In this way
the nodes prone to shear fracture are recognized by
the program. It should be noted that the criterion
that is satisfied first is considered to be the cause of
fracture.

5. MODELING OF ISOTHERMAL
HYDRAULIC FRACTURING EXPERIMENTS

In this part validation of the model and its
capabilities to simulate the experimental studies of
hydraulic fracturing is examined. Komak Panah
and Yanagisawa [23] for obtaining a criterion for
hydraulic fracturing pressure arranged some
experiments on hollow cylindrical sand specimens
with different all around pressures, and applied
inside pressures until fracturing occurred. The
cross section of the specimen is shown in Figure
1. This is a hollow cylindrical specimen with
internal radius of 2cm and external radius of Scm
and height of 12cm. Outside surface of the
specimen is free draining under atmospheric pressure
conditions. In these experiments, fracturing was
identified based on the amount of the water
passed through the sample. An immediate
increase of the water passed through the specimen
indicated the occurrence of hydraulic fracturing
and final destruction of the specimen. The
experiments had been done with confining
pressures of 0.5, 1, 2, and 3 kg/ecm®. The same
confining pressures have been used in the numerical
analysis.

Material parameters, which were compacted
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l a=2 cm
b=5cm

Figure 1. Sample section used in experiments performed by
Komak-panah and Yanagisawa.

silty clay are as follows [23]:

LL = 49.28% PL = 25.54%

PI =24.28% Ga=2.1
O.M.C. = 36% Cu=0.11kp/;}
G.=6.5° C’=0.05 kg/cm’

6. FINITE ELEMENT MODELING

The conducted hydraulic fracturing experiments
have been simulated using the program CFEAP.
Section of the specimen used in the hydraulic

fracturing test was discretized as shown in Figure
2

Hydraulic fracturing pressure in two states,
namely initiation of fracture and final destruction
of the specimen was obtained. Hydraulic fracturing
pressure was obtained by trial and error, which
required a great number of analyses. It was assumed
that fracturing initiates when only one node in the
finite element mesh satisfies the maximum tensile
stress criterion for tensile fractures or a Mohr-
Coulomb type criterion for shear fracture. Final
failure occurs when one of the above-mentioned
criteria is satisfied in all Gauss points (integration
points) throughout the thickness of the specimen.

Time marching is carried out for solving the
equations and at the end of each time step pore
pressures and displacements are updated. It should
be noted that in any coupled analysis of consolidation,
the choice of time increment is crucial and unsuitable
At may render instability in some cases. Time
increment should not be large due to the limitations
of equilibrium equation and on the other hand, it
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Figure 2. Finite element mesh of sample section.

should not be too small because of continuity
equation. For choosing the appropriate At for
consolidation problems some criteria has been
proposed [24,25]. For improving the results in
some cases a fully implicit scheme (6 =1) has been
adopted.

7. RESULTS OF THE NUMERICAL
SIMULATION OF LABORATORY TESTS
USING ELASTIC MODEL

By using CFEAP, a number of numerical simulations
with elastic model have been performed. Modulus
of elasticity in the elastic model is variable with
minimum effective stress and the parameters of the
model are the same as those of hyperbolic model,
which will be presented later.

Numerical simulation have been performed
for 4 different states of all around pressures i.e.
0.5, 1.0, 2.0, and 3.0 kg/cm2 (approximately
equal to 50-300 N/cm2), and hydraulic fracturing
pressures have obtained for initiation of fracture
as well as final destruction of the sample. Figure
2 shows the finite element mesh assuming plane
strain condition.

Figure 3 shows a comparison between experimental
results and numerically obtained pressure for initiation
of hydraulic fracturing. High conformity between
these two results is interesting. Pi in Figure 3
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Figure 3. Comparison between experimental results and numerically obtained pressure for initiation of
hydraulic fracture using elastic model.
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Figure 4. Comparison between initial and final hydraulic fracturing pressures
obtained by CFEAP using elastic model.

represents the pressure required for initiation of
hydraulic fracture based on numerical modeling.
Figure 4 shows a comparison between initial
and final hydraulic fracturing pressures, both of
which are obtained from numerical simulation. It is
clear that although the results of final hydraulic
fracturing pressure (specimen destruction) with
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different confining pressures also make a straight
line, but the difference between initial and final
pressures (for crack initiation and a crack
throughout the thickness of the specimen) is
appreciable. Pi and Pl are pressures required for
initiation of hydraulic fracture and final destruction
of the specimens respectively.

IJE Transactions B: Applications



400

- Pi
350 |

< Komak Panah |
== L.inear (Pi)

300 = = = Linear (Komak Panah) ‘

250

200

P{kN/m)

150

100

50

Pr= 1.0589q, + 7.3763
’* = 0.9999

+ + +
0 50 100 150

+ +
200 250 300 350

G (kN/m’)

Figure 5. Comparison between experimental results and hydraulic fracture initiation pressure obtained
by CFEAP using hyperbolic model.

8. RESULTS OF THE NUMERICAL
SIMULATION OF LABORATORY TESTS
USING HYPERBOLIC MODEL

A number of simulations have also been performed
using hyperbolic model to determine initial and
final pressure of hydraulic fracturing. Model
parameters are as follows: k = 600; n = 0.45; Rf=
0.7; kb = 50; m = 0.2; A® = 0 (These parameters
are defined at the end of the paper).

Finite element mesh is the same as that used in
the elastic solution (Figure 2). Numerical
simulation has been performed in four different
conditions of confining pressure of 50, 100, 200

and 300 NKCm2 and initial and final pressure of
hydraulic fracturing have been obtained. Figure 5,
shows a comparison between experimental results
and the pressure corresponding to the initiation of
hydraulic  fracturing obtained by numerical
modeling. Similarity between these two results is
remarkable.

Figure 6 depicts a comparison between initial
and final pressure of hydraulic fracturing both
obtained from numerical modeling. It is very
important to note that contrary to the elastic model,
difference between initial and final pressure of
hydraulic fracturing in this case is negligible. This
is more consistent with the observations during the
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experimental studies.

Figure 7 shows a comparison between the
experimental results and final pressure of hydraulic
fracturing obtained from numerical solution. In
this case final pressure of hydraulic fracturing
obtained using hyperbolic model is conformable
with laboratory results.

Figure 8 shows the pressures required for initial
and final hydraulic fracturing both obtained from
numerical modeling using hyperbolic model along
with the hydraulic fracture pressures recorded
during the experiments. Similarity among all
results is remarkable.

9. CONCLUSIONS

According to the importance of hydraulic fracturing
phenomenon in civil and reservoir engineering
fields, and noting that there is no commercial
software available that is able to simulate the
hydraulic fracturing process (initiation and
propagation), a numerical model is developed and
introduced in this paper. The fully coupled hydro-
mechanical scheme presented in this paper is
capable of analyzing hydraulic fracturing phenomenon
in porous media. The proposed scheme can use
linear elastic and hyperbolic constitutive models in
the analysis. By simulating the hydraulic fracturing
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Figure 6. Comparison between initial and final hydraulic fracture pressure obtained
by CFEAP using hyperbolic model.
400
- PL
50 < Komak Panah
Linear (PL)

300 = = = [inear (Komak Panah)

. Pr= 1.0487c, + 12.713

250 R? = 0.9997
& 200
=
=

150

100

50

0 S0 100 150

200 250 300 350

ou(kN/m?)

Figure 7. Comparison between experimental results and final pressure of hydraulic fracture
obtained by CFEAP using hyperbolic model.

experiments it has been shown that pressures
corresponding to the initiation and end of
hydraulic fracturing in the elastic analysis are very
different, but using hyperbolic model greatly
improves the results and decreases the difference
considerably. Experimental results demonstrate a
very good conformity with the final pressure of
hydraulic fracturing using hyperbolic model.
Capability of CFEAP for evaluating the real
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hydraulic fracturing pressure was demonstrated in
this paper. This software can determine the mode
of the fracture (tensile or shear) as well as the
locations where the possibility of fracture is high.
The obtained results confirm that CFEAP has
captured the basic aspects of soil fracture behavior.
The developed model can be effectively used to
find the in-situ stresses in soils/rocks. It can also be
used in analyzing earth dams, grouting projects and
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Figure 8. Comparison between experimental results and hydraulic fracturing initiation
and final pressures obtained by CFEAP using hyperbolic model.

soil vapor extraction technique to obtain the fluid
pressure that causes fracturing in the ground.

10. APPENDIX

Shape functions that have been used in the code for
coupled analysis are as follows:

1. For displacements 8-node rectangular elements:
[N]=

G, 0 @, 0 D 0 @ 0 O 0 O 0 @ 0 DO
0 @® 0 @, 0 D, 0 B, 0 d, 0 D 0 B 0 &

2. For corner nodes:

@, = (1+E& )i+ XE&, +nm, -1)

i=1,2,3,4
3. For mid-nodes £=0:

1 5 .
‘D.=5(1—§ fi+mm,) i=5,7
4. For mid-nodes n=0:

@, = (- )i+E) i=6,8

5. For pore pressures, 4-node or 8-node rectangular
elements can be used. For 4-node element:
<N,>=<®, &, &, ®, 0 0 0 0>
where

@, = (+& i+nn,) i=1,2,3,4
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11. NOTATION

Stress tensor at any point

external loads

surface traction

indices taking 1,2 and 3 representing coordinate axis
weighting function

vector equal tom=[1 1 1 0 0 0" in
3IDandm=[1 1 0]"in 2D condition

pore fluid pressure

density of Nuid

velocity vector of flowing fluid

specified velocity vector

fluid volume from sink or source
variable increment

gradient operator

volume

unit vector normal to the surface of the boundary
permeability tensor

total head

volumetric strain

pore pressure

shape function matrix

derivatives of shape functions matrix
shape function matrix for pore pressure
derivative of shape functions for pore pressure
constitutive matrix

unit weight

nodal displacements

nodal pore pressures

undrained shear strength

undrained friction angle

specific gravity

optimum moisture content
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. Zheltov,

effective cohesion

effective friction angle

modulus number (hyperbolic model)
modulus exponent (hyperbolic model)
bulk modulus number (hyperbolic model)
bulk modulus exponent (hyperbolic model)
failure ratio

a value between 0 and 1
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