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Abstract In this paper we describe G/G/R+s multi- repairmen machining system with balking. The
system consists of M operating machines, S spare machines, R permanent and s additional repairmen.
Assuming the discrete flow of machines by continuous one, the diffusion approximation technique for
the machine repair system has developed. The system will be in normal working mode if there is M
operating machines. When there are less than M and < m, the system is called as short system. The
failure rates of operating units in short and normal modes are different. By using the mean and square
coefficient of variation of failure and repair time distributions, the queue size distribution has been
established. Various performance indices viz. expected number of failed machines, average operating
machines etc. have been derived.
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INTRODUCTION

In many fields characterized by rapid
technological or theoretical development, the
practice of queuing theory has logged behind
the theoreticians. It is difficult to obtain the
exact solution of general queuing model. The
diffusion process that is based on continuous
time, continuous state process can be used to
approximate a discrete stochastic process of a
general queuing system. The provision of
spares and additional repairmen may improve
the running efficiency and operating utilization
of the machining system having multi-
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components. Whenever a machine fails, any
spare available in standby group replaces it.
The failed machine is sent for repairing to
repairman at once. If two or more machines
are failed at the same time, only one machine
can be checked or repaired at a time. In case
of several repairmen if the number of
machines in operating group at any time more
than the number of repairmen, the more
number of machines will have to wait, until
repairmen are available. The provision of
additional repairmen may be helpful to reduce
the backlog in case of longer queue of failed
machines.
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Several results on the machining system
can be found in Gross and Harris [1],
Kleinrock [2]. Sivazlian and Wang [3] gave
the economic analysis of the M/M/R machine
repair problem with warm standby. Agnihothri
[4] analyzed multi-server finite queue with
general input, general service. He obtained the
characteristics of whole system consisting of the
set of m machines. Knessl [5] analyzed the
transient behavior of the repairmen problem
using singular perturbation method to scaled
equations for the number of failed machines.
Gupta and Rao [6] derived a recursive method to
compute the steady state probabilities of the
M/G/1/m machine interference model. Steady
state solutions of the machine repair problem

with no spares are obtained for the M/E, /1

model by Wang and Kuo [7]. Steady state
solution of the single server machine repair
problem with balking, reneging and an additional
server for longer queues were developed by
Shawky [8]. Ke and Wang [9] gave the cost
analysis of the M/M/R machine repair problem
with balking, reneging and server breakdowns.
Shawky [10] developed M/M/C/K/N machine
interference model with balking, reneging and
spares.

Several researchers studied queuing models
in general frame-works by using diffusion
approximation technique. By using diffusion
approximation technique, one can derive the
steady state queue size distribution for the
expected number of failed units in the system.
The boundary behaviors of a diffusion process to
approximate queuing model are classified into
three categories: the reflecting boundary, the
elementary return boundary and the
instantaneous return boundary. Gaver and
Lehoezky [11] considered repairman problem in
which the failures may be of two types and the
operations may occur simultaneously. The
problem was solved by diffusion approximation
technique. Haryona and Sivazlian [12] gave the
analysis of machine repair problem by using
diffusion approach. Yao and Buzacott [13]
suggested a diffusion approximation for G/G/r
flexible machine interference problem using
elementary return boundaries.

Krichagina [14] studied diffusion
approximation for a queue in a multi- server
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system with multi- stage service. Jain [15]
developed the (m, M) machine repair problem
with spares and state dependent rates by using
diffusion approximation technique with
reflecting boundaries. Sharma and Jain [16]
established refined diffusion approximation for
G/G/m/N queue and derived formulae for the
mean number of customers in the system, delay
probability and mean queue length.

The purpose of this paper is to investigate
the general machine repair problem with
spares, additional repairmen and balking by
using diffusion approximation technique
based on reflecting boundaries. The spares are
considered to be warm standby that may fail
with a rate less than that of operating units.
The repair rates of permanent and additional
repairmen are different. The steady state
queue size distribution is obtained by using
mean and variance of the diffusion process.
Various performance indices are derived in
terms of queue size distribution.

THE MODEL

We consider G/G/R machine repair system
with N identical machines. Where N= M
(operating) + S (spare) machines that are
subject to breakdowns and are maintained by R
permanent and s additional repairmen. Each
operating machine fails randomly at failure
rate A. The mean failure rate of spare
machines is o(0<o<A). In case when at

least one permanent repairman is free and all
spare machines are used, the machine fails in

operating group with rate A, (A, <A). However
when all repairmen are busy, the failed
machines may balk with probability B(0<B<1).
Let the service rate for idle repairmen be L.

When all permanent repairmen are busy, the
failed machines are repaired with repair rate

L(U, = W) . If there are greater than or equal to
IK and less than (1+1)K failed machines,
where 1 =1, 2, 3, ..., s-1, then additional
repairmen are available for service with rate
K, . In this model we use the one dimensional
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diffusion process with mean a(x, t) and variance
b (x, t) at time t.

DIFFUSION PROCESS

The continuous probability density function
p (x, t) is taken corresponding to the discrete
probability p,(t), where p, (t)denotes the
probability that there are n machines in the
system at time t. The p (x, t) satisfies the
Forward Kolmogorov (Fokker- Plank)
equation given by (see Cox and Miller,

[17D)

dp(x,t) _1 9’

d
S =59 PG OB, D= =—{p(x, Dax, 0}

(1

where a(x ,t) and b(x ,t) are the mean and
variance of the diffusion process respectively.
Using reflecting boundaries at x=0 and x=
M-+S-m, the steady state solution of Equation
1 is given by

_constant x a(x)
p(x) = pEveren exp{2'[0 b(x) dx} ()

where a (x) and b (x) are respectively, the mean
and variance under steady state. The square
coefficients of variation of inter-failure and repair

time distributions are represented by C> and C?

respectively. Here we treat the two cases, first of
them is S<R and other is R<S.

Case A: S<R The values of state dependent
mean failure rate A, and mean repair rate | are

as follows:
MA+(S—-n)oa  0<n<S
A, =¢(M+S—n)A, S<n<R
(M +S—n)AP R<n<M+S-m

3)

IJE Transactions B: Applications

nl, 1<n<R
_ |Ru R<n<K
B S Ru+n,  IK<n<(+DKI<I<s—I

Ru+sy,  sK<n<M+S-m

“4)

Let the steady state mean and variance be a (x) and
b (x) respectively. The values of a (x) and b (x) for
this case are as follows:

l. For 0<x<S
a (x) = MA+(Sx)o-x U,

b (x) = [MA+HS-x)a]C2+xp, C;

2. For S<x <R

a (x) = (M+S-x) A, -x l4,

b (x) = (M+S-x)A, C2+xp, C?

3. For R<x<K

a(x) = (M+Sx)A B-Rp

b (x) = (M+S-x)A B C2+Rp C?

4. For IK<x <(1+DK,1=12,..,s—1
a(x) = (M+S-x)A B-(Ru+1,)
b(x)=M+Sx)A B C +Ru+1y,)C’
5. For sSK <x<(M+S—-m)

a(x) = (M+Sx)A B-(RU+sHL,)

b()=M+Sx) A B C; +Rpu+sp, ) C!

THE QUEUE SIZE DISTRIBUTION

The steady state queue size distribution p (x) is
obtained by using the values of a (x) and b (x) in
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Equation 2 for various intervals as follows

[Cg,(x) =p,(x),
0<x<S
() _
C e S) gz(x) = pz(X),
S<x<R
C 2 (S)gz R) . = p,(x),
o Oz®) B =P
p(x) = R<x<K
C 2 (S)gz R[4 g2+i(iK) \ =
e.O8®) | N,k Fr™
Pin(x),IK<x<(1+DK,1<1<s5s
c8OBR) ek 26K ()
()2 (R)| 1 2,,,(K) Je,..(5K)
P (X),sSK<x<M+S-m

)

where C is a constant and

Bowoam wgn-or2c2 1
g(0)=]x-—"— x
—=Hn
exp{M} (6)
(Mon - a)Ca
2o (M)
Y Hon-A)* €3 —2(A, +1,)x }
x)=|x-— eXpy————
&0 ( ) p{ (KN —A,)C;
(7
2Ru(l) |

+R ABC? 2
g,(x) = (x —CX—B‘”‘] exp {C—X} (8)

2(Ru+p)(1+m)
S+ Ru+lun J 28

g341(%) Z(x B

2(Ruspy ()

g3+s(x)=(x_l+(R;gsul)nJ a2 exp{zx}
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where

2

¢=Mx+3a,n=%,y=(M+S)xl,c=(M+S)w

(an

We obtain the value of C by using the following
normalizing condition

;\/H—Sfmp(x)dx — 1
ie.
Jop ()dx + [ p, () + [ ps (x)dx + (12)
n-1 ((+DK M+S—m

= )ik P (X)dx + LK P (x)dx =1

The approximate value of p,, is determined as follows:

f) — Jn+l/2p(x)dx

n n-1/2

1<n<M+S-m (13)

SOME PERFORMANCE INDICES

Let E (F,) be the expected number of failed machines
in the system, then

M+S—mA

E(FA) = znpn
n=1
R n+ +
= z_‘lnjnill//jpl(x)dx + S[j:ﬁl/zpl(x)dx + jss 1/zpz(x)dx]+
_Z;, lnf:fll//;pz(x)dx + R[f;l/zpz(x)dx + j§+l/2p3(x)dx]+

K1 n+ +
_ER, lnjnfll//zzp3(x)dx + K[Lil/zp3(x)dx + Lf 1/2p4 (x)dx]+

s—1 (I+DK-1

s—1
IR nJ:ff,’jpm<x)dx+§<1+1>1< oD ()dx+

+1)K-1/2
= (1+1)

(HDK+/2 MHSm-l - ira
J(IH)K p4+l(x)dx]+ Kzl n n_1/2p3+s (X)dX

SK+]

+ (M+S—-m)[ " (x)dx

M+S-m-1/2 p3+5

(14)

The expected number of operating machines in the
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system E (O,) is given by

s M+S—m
E0,)= M%pn + 2(M+S-n)p,

n=S+!
S s
=M I:zo.[n—l/z p(x)dx + .[S—l/z p(x)dx +

R-1
B0 dx [t S (M4 S—n) [ 2p, (x)dx +

n=S+1

R+1/2

(M+S—R) [ [o ) dx + [ p, (x)dx]+

K-1
> M+S—n) " p,(x)dx +(M+S-K)

n=R+l

[ .[112—1/2 p;(x)dx + J11<<+1/2p4(x) dx]+

s—1 (I+D)K-1 n+l
Y (M+S-n) Jn,f Py (X)dx +
2

1=l n=IK+l

Y M+S—+DK] [0 L ps 0 dx+

H1)K-1/2
5 (+1)

DK+ M+S-m-1 n+1/2
B puoax S M5 [p,. () dx

n=sK+ n-1/2

+ mJIl\\/IA:SS__:_I/z p3+s (X) dX
(15)
where p,,,s_,, 1S approximated by
A M+S—-m

pM+S—m = M+S—m—1/2p3+s (X)dX (16)

Case B: R<S In this case the state dependent
failure and repair rates are as follows:

n

_[MA+(S-n)a, 0<n<S
M+S-nAB, S<n<M+S-m

(17)
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ni, o<n<R

Ru, R<n<K

Ru+iu, IK<n<(+1)K,[=12...,s—1
Ru+sy, sK<n<M+S—-m

My =

(18)

The value of a (x) and b (x) for different intervals are
given below:

1. For0<x<R

a(x)=MA +(S-x) 0. -X Lo

b (x) = [MA+(S-x) 0] C2 +x o C2

2. Fr R<x<S
a(x)=MA+(Sx)o-Ru

b (x) = [MA+(S-x)0.]C2 +Rp C?

3. ForS<x<K
a(x)=(M+Sx)AB-Ru

b (x) = M+Sx)AB C2 +Rp C?

4. For IK<x<(1+DK, 1=1,2,...,51
a(x) = (M+Sx) A R+ )

b(x) = (M+S-x) A C2+Ru+Iw ) C?
5. ForsK <x<M+S—m
a(x)=(M+Sx)AB-(RpL+spu)

b (x) = M+Sx)AB C. +Ru+s ) C;

For this case the queue size distribution under
steady state, is determined by using the values of
a (x) and b (x) in Equation 2 for different intervals
as follows:
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[C’g,(x)=p,(x),0<x <R

/gl(R) ’ — ’

C g,2(R)g2(x)_p2(x),RSXSS

e RGO ,

C g,Z(R)gg(s)g3(><)—p3(x),S<x<K

C,gl(R)g;(S) g’ (iK)
g5, (R)gy(S) | i1 g5, (IK)

P, (x),IK<x<(+DK,I<l<s
C,gl(R)g;(S) ﬁg2+1(lK) g,3+s—1(SK)X
g, (R)gi(S) | =i g5, (IK) ) g, (sK)

g,3+s(X)Ep,3+s(X),SKSXSM+S—m

p(x) = g%, (x) =

(19)

where C”is an arbitrary constant and

[ 2Ru(1+n)

g§<x)=(x—w» el exp{z—’j} 20)
o C

a

[ 2Ru+m)

g;<x>=(x——C+R““ e exp{%} @

AB

a

2Ry )(l+n)]7l

, Ry +1y, c2
g31(X) :(X——C+( i[;_ mon e
2
exp{c—z} 22)

2(Ru+su1)<1+n}

where 1<1<s

1
X

2x
exp{c—j} (23)

To obtain the value of C”, we use the normalizing

, (. C+Ru+su)n
g3+s(X) - (X }\«B
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condition

‘]-M-*—Sfmp(x)dx — 1

0

1e.

Jo pr()dx + [ p5(x)dx + [¢ ph(x)dx +

s—1 (I+DHK
1=1 1K

M+S-m __»

Pra()dx+ [ Pl () dx =1
(24)

If expected number of failed machines in E (FB)
denotes the system, then

M+S-m

E(FB) = %nﬁn

RL nt1/2 R
= %n]ml/zpl(x)dx +R|fp_,,,p(x)dx +

S-1

Py dxt 3 on) 20 dx +

n=R+1

S sS-l/zp; (x)dx + "-s+1/2p; (x) dXJ+

S
Kb w2, DK ,
n:Zsﬂnjm/zm(x)dx+K w1, P3(X) dx +

s=1 (I+)K-1

+1/2
+Z z n,‘.:_l/zp,%—l(x)dx"_
1=l 1K+l

K+1/2 _» ]

< p,(x)dx

SA+nREM b dx Uy o dx

I1=1

M+S-m-1

n"'n+l/2 ’ (X)dX+

n-1/2 P3s
sK+1

(M + S _ m)J-M+S—m

’
M+S-m-1/2 p3+5

(x)dx
25)

The expected number of operating units in the
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system is
M+S-m

E(Op) = MZP + X (M+S-n)p,
n=S+1

Rl on+
:M[Zjn 11//22 1(x)dx+jR P (x)dx +
J'll:+l/2 ’ )dX+ 2 J~n+11//22p/2 )dX+

+ ’ +
J51,Pa () dx+ [T pl(x) dx

S M+S—n)["2p’ (x) dx + (M +S—K)

n-1/
n=S+1

K-1

s, s=1 (141
[IK 1/2p3(X)dX +.[K 1/2p4(x)dX]+121, 11(2

1

s—1
(M +S—n)[""p, (x)dx + % [M+S—-1+DK]

(I4DK (HDK+1/2_,
[J.(H—l)K 12 Paa (x)dx + .[(1+1)K Pyt (X) dX]+

M+S—-m-1

Y (M+S—n)[""7pl (x)dx+

n-1/2 p3+S
n=sK+1

J-M+S m (X) dX

M+S-m-1/2 p3+S
(26)

Similarly we can get some more results by using
the following formulae. The probability of short
system is

M+S—x’r\1

p.= P 27

i=S+1

The probability of system failure is
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M+S—m

Pr =Puisom = j D3 (X)dx, forS <R

IM+S—-m—1/2
(28)
pM+S m JM:SS ;:1 1/2 p3+S (X)dX forS>R
29)

The expected number of spare machines in the
system as standby is

s

E(S)=3(S=mp, (30)
n=0

The expected number of idle repairmen is

R-1
E(I)=) (R-n)p, 31)
n=0

DISCUSSION

In this investigation, one dimensional diffusion
equation is used to obtain the approximate
value of queue size distribution under steady
state. Since the diffusion equation depends
upon the mean and variance of the process,
this process is easily applicable to the
problem having general independent failure
and general repair process. For solution
purpose, we have imposed the reflecting
boundaries at x = 0 and x = M+S-m. Some
performance measures obtained can be easily
computed by using Gauss formula for numerical
integration.
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