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A B S T R A C T  
 

 

This study presents the optimized shape and thickness of thin continuous concrete shell structures, 
minimizing their weight, deflection, and elastic energy change while meeting the performance 

requirements and minimizing material usage. Unlike previous studies that focused on single-objective 

optimization, this research focuses on multi-objective optimization (MOO) by considering three 
objective functions. This combination of objective functions has not been reflected in previous research, 

distinguishing this study. The computational design workflow incorporates a parametric model, multiple 
components for measuring objective functions in the grasshopper of Rhino, and a metaheuristic 

algorithm, the non-dominated sorting multi-objective genetic algorithm (NSGA-II), as the search tool, 

which was coded in Python. This workflow allows us to perform form-finding and optimization 
simultaneously. To demonstrate the effectiveness of this metaheuristic algorithm in structural 

optimization, we applied it in a case study of a well-known shell designed using the physical prototyping 

hanging model technique. Interpretations of samples of optimized results indicate that although solution 
1 weighs nearly the same as solution 2, it has less deflection and strain energy. Solution 3, with a three-

fold mass, has significantly less deflection and strain energy than solution 1 and solution 2, with 

deflection reductions of over 50 and 17%, respectively. Solutions 3 and 4 show better deflection and 
strain energy performance. Furthermore, a comparison of the MOO results with the Isler shell revealed 

that this method found a solution with less weight and deflection while being stiffer, confirming its 

practicality. The study found that MOO is a reliable method for form-finding and optimization, 
generating accurate and reasonable results. 

doi: 10.5829/ije.2024.37.07a.15 
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1. INTRODUCTION 

 

1. 1. Problem Statement               On the one hand, 

concrete's ubiquitous availability, high strength, 

durability, and versatility make it an essential and 

irreplaceable building material, and due to its wide 

accessibility of necessary raw materials; it is the most 

often utilized artificially made material (1-3). In addition, 

concrete shell structures are among the most efficient 

structural systems (4, 5). On the other hand, Carbon 

emissions and global warming threaten our environment, 

according to reports of World Green Building Council 

(6), and Global status report for buildings and 

construction (7), and as indicated by Zhong et al. (8) the 

building sector is responsible for more than 35% of 

global energy consumption and more than 40% of carbon 

emissions (9, 10). In response, architects and researchers 

constantly revise their ways of designing and building 

structures. If we find ways to design and build our 

structures more efficiently, less material will be used, and 

we can reduce and control the environmental impact (11-

13).  

Since the emergence of computer-aided design in 

architectural fields, the appearance of complex free forms 

has materialized. Although computational design has 

paved the way for the design of complex forms, these 

structures are required to be designed in their optimum 

state. Historically, shell structures were form-founded 

and designed by physical prototyping and hanging 

models. Conversely, the optimal design for complex free-

form thin shell structures requires advanced methods. 

Structural optimization plays a crucial role in achieving 

optimal design solutions that meet performance 

requirements while minimizing material usage and 

overall weight. In recent years, metaheuristic algorithms 

have gained prominence as effective tools for solving 

complex optimization problems. This paper focuses on 

the application of a metaheuristic algorithm, specifically 

the non-dominated sorting multi-objective, multi-criteria 

genetic algorithm (MOGA), in the context of structural 

optimization. Hence, in this study, we provide shape and 

thickness optimization of thin concrete shell structures by 

employing metaheuristic algorithms and by minimizing 

the shell structure's weight, deflection, and elastic energy 

change. 

 

1. 2. Related Studies                 Historically, shell 

structures had been designed through physical 

prototyping, including hanging chains and hanging 

models (5, 14). Through the introduction of 

computational methods and advances in Computer-

Aided Design (CAD) methods, researchers have 

developed advanced design methods; one such advanced 

method is utilizing metaheuristic algorithms in the design 

process. Metaheuristic algorithms are able to find 

accurate solutions for complex design problems (15, 16). 

A vast and diverse solution can be generated using 

metaheuristic algorithms, known as 'solution space.' 

These algorithms are able to find the best (fittest) 

solution(s) considering the defined criteria without 

evaluating each solution in the solution space (17, 18). 

Based on knowledge of the domain and simulation of 

Natural or physical laws, these algorithms can find an 

accurate answer to a complex problem.  

Shell structure optimization is reflected in several 

previous research that emphasizes this topic’s 

importance. We have classified previous studies based on 

the objective function of the optimization in two major 

classes; the objective functions of the related studies are 

summarized in Table 1. 

Pugnale et al. (19) utilized a genetic algorithm to 

optimize a shell structure, while the objective function 

was deflection in the Z direction. Additionally, Santhosh 

et al. (20) optimized a Gridshell structure by genetic 

algorithm (GA), while objective functions were shell 

vertical displacement, and they studied different 

geometry patterns for grids. Besides, the total weight of 

the structure was considered the optimization criteria in 

research by Basso et al. (21). A comparable study with 

the same objective function but a different optimization 

technique was conducted by Baghdadi et al. (22). 

Moreover, in the study by Ansola et al. (23) the strain 

energy was considered as the optimization criteria. 

Furthermore, In a study by Kimura and Ohmori (24), the 

topology and thickness distribution of concrete shells 

were studied by considering strain energy as the objective 

function. Also, Yang et al. (25) utilized a particle swarm 

optimization algorithm to minimize the strain energy in a 

free-form shell. In addition, Tomas and Marti (26) 

optimized the design of a shell by considering the total 

structure weight as a single objective optimization, 

repeated that for stress level, and studied it based on 

strain energy. Additionally, strain energy change in a 

Gridshell was considered by Feng and Ge (27) as the 

objective for optimization. Moreover, in the study by 

Hassani et al. (28), the objective was structure weight. 

The total weight was minimized in a similar study by 

Richardson et al. (29). In addition, maximization of the 

stiffness was the optimization criteria in the study by 

Shimoda and Liu (30). Besides, Kaveh et al. (31) 

provided cross-section optimization for Grid shells, and 

Tomei et al. (32) developed the method for grid shells 

constructed by pre-stressed rods. Another example is the 

research by Ansola et al. (33) which optimize thickness 

and topology of the shell structures by considering 

displacement as the objective. Furthermore, Gythiel and 

Schevenels (34) formulated the optimization of a single 

layer reticulated shell by minimizing the elements cross 

section (total mass) of the structure as the objective; In 

this study, size, shape and topology of the structure were 



M. Vatandoost et al. / IJE TRANSACTIONS A: Basics  Vol. 37 No. 07, (July 2024)   1369-1383                                          1371 

 

 

variables while considering multi-criteria in the design. 

Teimouri and Asgari (35) utilized BESO for topology 

optimization while maximizing stiffness of the structure. 

In one of the recent published research, Zhang et al. (36) 

proposed collapse-resistant optimization for a single-

layer grid shell. 

Emami et al. (37) optimized a perforated concrete 

shell concerning daylight and energy performance; 

research with similar objectives was conducted by Liuti 

et al. (38) and Emami (39), where the objectives were 

structure and natural light. In another study, Pugnale (40) 

considered structure and acoustic as the objective 

function for optimization. Turrin et al. (41) also provided 

optimization based on daylight and solar heat gain. 

Furthermore, In the study by Puppa and Trautz (42), 

optimization criteria were buckling load, strain energy, 

and sensitivity to imperfection. Optimization based on 

the strain energy and total weight of the members is 

reflected in a study by Nagata and Honma (43) and Wang 

et al. (44). Henriksson et al. (45) presented the multi-

objective optimization considering total mass and 

deflection. Moreover, in a recognized building, 

‘NESTHiLo’ researchers from the block research group 

at the ETH Zurich (46, 47) designed and built a thin 

concrete shell as a roof and optimized it based on the area 

of glazing, the formwork deviation, and elastic energy 

change. In another study, Zhao et al. (48) found the 

optimal design for a Gridshell based on the length and 

cross-section of elements. Vargas et al. (49) employed 

The differential evolution (DE) algorithm, and 

considered penalty function in the workflow to handle 

constrains in the optimization of different structures, 

while the objective functions were weight and 

displacement. Mirra and Pugnale (50) employed a multi-

objective genetic algorithm to minimize displacement 

and shell footprint from the target shape while 

maximizing the shell height. Nishei and Fujita (51) 

considered strain energy in combination with the collapse 

load factor. In Table 1, previous studies are classified 

based on the objective functions for optimizing the thin 

shell structures. 

 

 
TABLE 1. Classifying research based on objective functions 
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Objective functions Reference 

deflection 

Pugnale et al.(19), 

Gokul et al. (20) 

Ansola et al. (33) 

f1: daylight 

f2: Energy performance 
Emami et al. (37) 

strain energy 

Kimura and Ohmori. (24) 

Feng and Ge (27), 

Yang et al. (25), 

Wang (52) 

Ansola et al. (23) 

f1: structure 

f2: acoustic (SPL) 
Pugnale (40) 

Material usage (Weight of the 

structure) 

Basso et al. (21), 

Hassani et al. (28), 

Baghdadi et al. (22), 

Kostura et al. (53) 

Richardson et al. (29) 

f1: daylight 

f2: Solar heat gain 
Turrin et al. (41) 

Stiffness Shimoda and Liu (30) 
f1: structure 

f2: Natural light 

Liuti et al. (38), Emami 

(39) 

stress level weight, strain 

energy, (separately) 
Tomas and Marti (26) 

f1: strain Energy 

f2: surface curvature 
Jiang (54) 

Cross-section 

Tomei et al. (32), 

Kaveh et al. (31) 

Gythiel and Schevenels (34) 

f1: strain energy 

f2: Total weight of the members 

Nagata and Honma (43), 

Wang et al. (44) 

   
f1: total mass 

f2: deflection 
Henriksson et al. (45) 

   
f1: strain energy 

f2: collapse load factor 
Nishei and Fujita (51) 

   
f1: elements length 

f2: cross-section 
Zhao et al. (48), 
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f1: strain Energy 

f2: Geometric index 

f3: Economic index 

Cao et al. (55) 

   

f1: displacement 

f2: shell height 

f3: Footprint deviation 

Mirra and Pugnale (50) 

   

f1: Imperfection sensitivity 

f2: buckling load 

f3: strain energy 

Pappu et al. (42) 

   

f1: Elastic energy change 

f2: Glazing surface area 

f3: and formwork deviation 

Veenendaal (46), 

Veenendaal et al. (47) 

 

 
1. 3. Research Objectives                Based on provided 

literature review, most of these studies considered a 

single criterion for optimization, a single-objective 

optimization; however, in some research, two objectives 

were considered as the multi-objective optimization 

problem. Nevertheless, considering three or more 

objective functions to optimize the shell structures is rare. 

The goal of this research and our contribution is 

summarized below. 

• Finding the optimal design solution for the 

continuous concrete shell based on structural 

performance. 

• In the design of concrete shell structures, despite 

most previous research mentioned in the literature 

review, which only considered one objective, 

single-objective optimization, or two objectives for 

the optimization, in this research, we intended to 

perform multi-objective optimization by 

considering three objective functions. 

• This combination of the three considered objective 

functions has not been reflected in previous 

research, distinguishing this study. 

• Multi-objective optimization by considering three 

objective functions: the total weight of the structure, 

the maximum deflection, and elastic energy change 

were competing toward the final optimal solution.  

Apply the optimization workflow in a case study to 

demonstrate the effectiveness of the metaheuristic 

algorithm (NSGA II), and find the optimal solutions 

compared to the hanging model simulation. 
 
 
2. METHOD 
 

To conduct a multi-objective optimization by employing 

metaheuristic algorithms, we need to integrate three 

parts: a parametric model, functions to measure 

objectives, and a solver (56, 57). In this study, the 

parametric model is created in the grasshopper of the 

Rhino 3D. By altering variables, this parametric model 

generates many candidate solutions known as ‘solution 

space.' Moreover, multi-components are added to the 

model to measure and record each solution rank related 

to the considered objective functions. In this study, the 

Karamba 3D plug-in (58) is used to calculate the 

structural performance of the parametric shell. Lastly, a 

solver, the MOGA (the metaheuristic algorithm), is 

employed in the workflow by a series of custom 'Python' 

programing language codes, which can generate multiple 

candidate solutions and rank them, and through mutation, 

crossover and simulation of 'natural selection' law, find 

the best (fittest) solution(s) (59). The concept of utilizing 

a metaheuristic algorithm as a search method is depicted 

in Figure 1. Also, the flowchart of the multi-objective 

genetic algorithm (the non-dominated sorting genetic 

algorithm, NSGA-II) is depicted in Figure 1. 

 

2. 1. Optimization Formulation          Optimization in 

engineering is formulated by Mirjalili and Dong (60), 

Rao (61) as follows: 

𝐹𝑖𝑛𝑑 𝑋 =  {

𝑥1

𝑥2

⋮
𝑥𝑚

} , 𝑤ℎ𝑖𝑐ℎ 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒𝑠 𝐹(𝑥),  (1) 

𝑋 is an array of variables, 𝑋 =  {𝑥1, 𝑥2, ⋯ , 𝑥𝑚  }𝑇 , and in 

the multi-objective optimization, 𝐹(𝑋) is the 

combination of multiple functions which we intended to 

minimize simultaneously; therefore, we have: 

𝐹(𝑋) =  {𝑓1 , 𝑓2, ⋯ , 𝑓𝑛}   (2) 

while satisfying inequality and equality constraints: 

𝑔𝑟(𝑥) ≤ 0  (3) 

ℎ𝑟(𝑥) = 0r = 1 to k (4) 

Figure 2 depicts the concept of utilizing metaheuristic 

algorithms as a search tool. 
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Figure 1. The flowchart of the MOGA-NSGA-II algorithm 

 

 

 
Figure 2. Utilizing metaheuristic algorithms as the search 

method to find the fittest solution 

 

 

In multi-objective optimization, we intended to 

minimize or maximize competing objective functions 

and find a combination of variables that minimize this 

objective function, which is a complex and multifaceted 

problem (62). This is because a set of variables that 

minimize or maximize one objective function (for 

instance, 𝑓1) might result in an entirely low-rank solution 

while considering another objective (for instance, 𝑓2, 𝑓3) 

(49). 

 
2. 2. Objective Functions                 In this study, the 

structure's total weight, the shell's maximum deflection, 

and the elastic energy change are three competing 

objectives employed as the main design criteria, 

summarized in Table 2.  

The total weight of the structure is related to the shell 

surface and thickness, and the deflection is defined as the 

maximum displacement of the shell in the Z-direction, 

while the shell is under the load combination of the self-

weight and a 1KN equal distribution of the live load. The 

Strain Energy  (Elastic energy change) of the structure is 

defined as the potential energy that is accumulated within 

a structural element due to its elastic deformation (63). 

The strain energy formula is given below: 

𝑈 =  
σ2

2𝐸 ×  𝑉
  (5) 

where, σ = stress, E = Young’s modulus, V = volume of 

the body (Structure). 

Therefore, by measuring Starin Energy, we can 

compare different structures; the structure with the 

lowest elastic energy change is stiffer. 

These three objectives are competing toward the best 

solution. At the same time, a shell with a more significant 

raise-to-span ratio will be stiffer with less deflection and 

less elastic energy but will have more surface, and more 

material will be used and, therefore, will weigh more. 
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TABLE 2. Three objective functions of this study 

 Objectives Unit 

f1 Total weight Kg 

f2 Deflection mm 

f3 Strain Energy (Elastic energy change) KNm 

 
 

2. 3. MOGA, NSGA-II                Multi-objective genetic 

algorithm, MOGA, is one of the fast and reliable 

metaheuristic algorithms (64); that has been inspired by 

nature. The GA is based on the theory of 'natural 

selection’ of Charles Darwin, and Goldberg formalized it 

to be used in engineering optimization (65). The Non-

dominated sorting genetic algorithm (NSGA-II) is the 

subset of GA, which enables us to find a set of optimal 

solutions known as the 'Pareto Frontier' by mutation, 

crossover, and selection functions, based on the defined 

objective function (criteria). 

2. 3. 1. Non-domination Sorting            Non-dominated 

sorting is a technique that selects and stores the solutions 

not dominated by other solutions in the solution space. 

Domination is defined as Equations 5 and 6 (66). 

Solution 1 dominates Solution 2 if and only if, for all 

the objective functions (i), the value of the considered 

objective function for solution 1 is equal to or less than 

solution 2, or there is a solution in which the value of the 

considered objective function for that solution is equal to 

or less than solution 2. Additionally, to select diverse 

solutions from the Pareto front, a fitness value named 

'crowding distance' is defined and assigned to each 

solution in the Pareto Frontier, which relates the solution 

density to ranking, which lets the diverse solution be 

chosen. The solution with the heist crowding distance 

means the solutions far from each other will be chosen in 

the Pareto Frontier (67), depicted in Figure 3. 

 

Solution1 dominates, solution 2 if and only if: 

All For each objective, (i)   ∀𝑖 :   𝑓𝑖
𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛1 ≤  𝑓𝑖

𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛2
 (Universal quantification) (6) 

Any There is a solution that: ∃𝑖 :    𝑓𝑖
𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛1 <  𝑓𝑖

𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛2
 (Existential quantification) (7) 

 

 

Crowding distance is calculated by Equation 7. For 

boundary solutions, the solutions with the heists and 

lowest quantities, infinite distance (𝑑𝑠 = ∞), are 

assigned to make sure this is involved in the Pareto 

frontier (68). 

𝑑𝑠 =  ∑
𝑓𝑖 (𝑠+1)− 𝑓𝑖 (𝑠−1) 

𝑓𝑖
𝑚𝑎𝑥− 𝑓𝑖

𝑚𝑖𝑛
𝑙
𝑖=1   

(8) 
S = 1 to k 

S: Number of solutions in the Pareto frontier 
 

Therefore, NSGA-II, in each cycle, ranks and sorts 

the solutions in a set called the 'Pareto Frontier.' The 

solutions in the Pareto Frontier are the solutions that are 

superior to other solutions but have no advantages over 

each other, and every solution in the 'Pareto Frontier' 

 

 

  
Figure 3. The non-dominated sorting arranges solutions in 

hierarchies (fronts); the solutions in the same Front are 

superior to other solutions while not dominated by each 

other (left). The Crowding distance fitness value enables to 

elimination of similar solutions and having a more diverse 

set of solutions in the Pareto front (right)  

founded by NSGA-II can be considered as the final 

design solution (69).  

 

2. 4. Unified Workflow           As described before, the 

workflow of MOO consists of three parts: a parametric 

model, objective functions calculator, and a 

metaheuristic algorithm. This integration workflow is 

shown in Figure 4. 

 

2. 4. 1. Stopping Criteria              In contrast to the 

Exhaustive search method, which considers all the 

solutions known as the 'Brut force' method, the 

metaheuristic algorithms will find the fitness solution 

without measuring every solution, making it 

computationally faster. While utilizing metaheuristic 

algorithms, either it will converge to a satisfactory 

solution or infinite looping. To avoid infinite looping, a 

stopping criterion for the search operation must be 

defined. We have defined the stopping criteria when 

either of these four occurs (Figure 5): a) an acceptable 

number of iterations reached, b) algorithm convenient 

cycles, c) slow or no progress encountered, and d) a 

solution does not exist. 

 

 

3. APPLICATION 
 

To show the effectiveness of the MOGA algorithm in 

structural optimization, we have employed it in a case 

study. In this case study, we have chosen to optimize one 
 



M. Vatandoost et al. / IJE TRANSACTIONS A: Basics  Vol. 37 No. 07, (July 2024)   1369-1383                                          1375 

 

 

 

 
Figure 4. The integrated workflow of multi-objective optimization 

 

 

 
Figure 5. Stopping criteria in the operation of the 

metaheuristic algorithm 
 

 

of the well-known previously built concrete thin shell 

structures. As described before, these shell structures were 

form-funded and designed by physical modeling and 

hanging models. We intended to optimize it based on the 

mentioned objective functions and compare the results. 

3. 1. Intro to the Case Study               The ‘Wyss Garden,' 

designed and built by Isler in 1962, is selected as the case 

study to be optimized. The details of the base model are 

extracted from literature (70) (see Figure 6). According to 

Chilton and Isler (2), this was the first  Isler’s ‘free-form’ 

shell with 650 m2 of surfaces generated by circular curves. 

At that time, CAD modeling and optimization techniques 

were unavailable, and this shell was designed based on the 

hanging model. Therefore, we will compare the optimized 

shell results with Isler's built shell. 

Throughout the computational design process, various 

potential solutions were developed. For each of these 

solutions, the objective function(s) are calculated, and the 

resulting data for each solution should be saved. Due to 

the necessity for repetition across various potential 

solutions. This procedure is time-consuming and 

computationally costly. Therefore, it is crucial to establish 

a parametric model that is both simple and accurate in the 

first stages of the design  (71). 

This study employs networks of Non-uniform rational 

basis splines (NURBS), a widely used method in the field 

for representing surfaces and curves, to mathematically 

represent and model shells (72). It provides exceptional 
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adaptability and accuracy when it comes to manipulating 

modeled and analytical shapes that are defined by 

standard mathematical formulas. 

By considering Isler's 'Wyss Garden' as the base, we 

have defined the parametric model with a set of eight 

boundary NURB curves, based on Isler's 'Wyss Garden'. 

By adjusting the position of the control points on these 

curves, we can create different topologies. This 

modification allows for 16 variables to be manipulated, 

resulting in various shell shapes. Figure 7 illustrates the 

specific information. Moreover, Table 3 establishes the 

limits for the variables. In this case study, there are eight 

control points. The problem variables are the x or y 

positions of these points, together with the z position that 

determines the shell topology. In Figure 7, the position of 

'n1' can range from zero to 5.00 meters in the y-direction 

and from zero to 10.00 meters in the Z-direction. 

 

Variables 

To have a parametric model and be able to generate  

 

NSGA-II hyper parameters 

The algorithm hyper-parameters are summarized in Table 

4. 

The main material for the shell is lightweight concrete 

C50/60, and the material properties are summarized in 

Table 5. Concrete Design Properties is provided 

according to EN1992-1-1 (γc = 1.50, fyk = 500 MPa)1. 

 

 

 

 
 

Figure 6. The ‘Wyss Garden’ by Isler, source: (2, 70, 73) 

 

 
TABLE 3. Variable bounds 

Variable Lower bound (m) Upper Bound (m) 

x0, x2,  x4,  x6    0. 5.00 

x1, x3,  x5,  x7    -7.00 0. 

z0, z1,  …,  z7    0. 10.00 

t 0.08 0.20 

 

 
1  fyk: Steel characteristic yield strength; γc: Concrete partial material 

safety factor 

TABLE 4. NSGA-II hyperparameters in the case study 

NSGA-II hyper parameters 

Number of populations 50 

Number of generations 10 

Number of Genes 4 

Mutation rate % 0.2 

Crossover rate % 0.8 

Number of Objectives 3 

 

 
TABLE 5. Lightweight Concrete, Material Properties 

Compressive strength (fc) 50 MPa (~500 kg/cm2 ) 

Tensile strength 4.07 MPa 

Modulus of Elasticity (E) 37278 MPa 

Density 2400 kg/m3 (150 lb/ft3) 

Poisson's ratio 0.2 

Shear strength 6 MPa 

Thickness (t) 8 - 20 cm 

 

 

4. RESULTS AND DISCUSSIONS 
 

Thin shell concrete structures can adequately withstand 

forces in compression but are sensitive to tension forces. 

The hanging model method is based on the form resulting 

by using fabric and other tensile materials under the self-

weight with the defined boundary conditions (loading and 

supports); the fabric will fall in the equilibrium position in 

pure tension. By reversing the resulted form, we will have 

a structured act in pure compression (5). Historically, 

shell structures were designed based on hanging models. 

Thus, first, we generate the result by computer simulation 

of the hanging model using Kangaroo physics (74) in the 

grasshopper of Rhino to provide a general idea and a good 

guess about the acceptable result based on the structural 

performance . In addition, in our parametric model, by 

setting out the parameters from the built model, we 

provided the structural performance of the ‘Wyss Garden’ 

for Evaluation and compared the results of the Isler shell 

with the MOO results; these results are summarized in 

Figure 10, and Table 6. 

The result by MOO is provided in Figure 8; the 

parallel plot of all considered solutions in the optimization 

search is depicted. Each vertical coordinate represents a 

variable (17 in this case study, refer to Table 3) and 

corresponding objective function values (three in this case 

study, refer to Table 2). In this case study, 498 solutions 

were considered  
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a) base geometry b) Front view c) plan view 

 
Figure 7. The defined parametric model in this Case study 

 

 

to find the optimized solutions. The solutions in the 

Pareto Frontier that are non-dominated and have 

superiority over other solutions are shown in Figure 9. 

Each blue dot represents a candidate solution that can be 

chosen as the final solution.  

In addition, in Figure 9, the objective functions were 

compared two by two; The solutions distribution in the 

Pareto frontier indicates that f1 (total weight) and f2 

(deflection) are competing toward the best solution when 

f1 is reduced, f2 has increased and vice versa. Similarly, 

f2 (deflection) and f3 (strain energy) have an equivalent 

relation and are in conflict toward finding fitness 

solutions. However, based on the provided charts, f2 and 

f3 have a linear relation; when f2 reduces, f3 reduces based 
 

 

 
Figure 8. Parallel plot of the solution space; 498 solutions were considered in this case study 

 

   
a) scatter plot, f1-f2 b) scatter plot, f1-f3 c) scatter plot, f2-f3 

 
d) 3D-scatter plot, f1-f2-f3 e) Parallel Plot of the objective functions 

Figure 9. Pareto Frontier of the Case study I, f1: Total weight, f2: Deflection, f3: Elastic Energy Change 
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on similarly. In Addition, the Parallel plot is depicted in 

Figure 9 indicates how these three objectives are 

competing. 

In a similar study conducted by Turrin et al. (41), they 

utilized genetic algorithm to find the optimal design 

solution based on structural performance. In their 

research, the design alternative could be generated by 

GA. In another study by Sassone and Pugnale (75), the 

maximum displacement was the objective function for 

structural. Dispite the above mentioned related studies, in 

this research we have provided multi-objective 

optimization of the ligthweigth continious thin shell 

structures, by combining three objective function, which 

is scarse in the literature. The provided workflow, 

enables us to find diverse set of candidate solutions based 

on the defined criteria. Additionally, Veenendaal (46), 

Veenendaal et al. (47), in their built research project, 

which is a roof of a building, provided the Pareto Frontier 

of a thin shell based on three objective functions, Elastic 

energy change, glazing surface area and formwork 

deviation, which validates this method for finding the 

optimal design solution. The design alternative was 

chosen based on the head clearance and architectural 

requirments, and developed.  

Furthermore, the results of this study which is 

depicted in Figures 10 and 11 and Table 6 consist of the 

resulting shell based on hanging model simulation and 

the Isler shell remodeling, along with five solutions from 

the Pareto frontier as samples. Either of these five 

solutions or any other solutions from the Pareto Frontier 

(Figure 12) can be chosen by the Decision Maker 

(architect) as the final solution for further design 

development. However, a reliable scientific method for 

this selection is required, and it must be developed.  

By comparing two samples of MOO's optimized 

results with the Isler shell, we can conclude: the total 

mass of solution 1 is less than Isler shell. At the same 

time, solution 2 weighs nearly the same as Isler, but the 

deflection and strain energy of solution 2 is reduced 

compared to Isler. 

Furthermore, based on the provided results in Figure 

10 and Table 6, although the total mass of the structure in 

the solution 3 is about three times the mass of the 

solutions 1 and 2, the deflection and strain energy of this 

solution is much less than these two candidate solutions; 

the deflection in comparison to solutions 1 and 2 is 

reduced more than 50 and 17%, respectively. Besides, 

solutions 3 and 4 have better deflection and strain energy 

performance than solutions1 and 2. 

Based on the provided results, and observing that 

there are some candidate solutions among the best 

candidate solution in Pareto Frontier that are similar to 

the Isler model, we can conclude that physical 

prototyping and hanging model methods are valid 

methods for form-finding of thin shell structures, and 

they can give the architecture a good starting point and  
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Figure 10. The results of the case study, selected sample of the optimized solutions are depicted 
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Figure 11. Hanging model simulation 

 

 
TABLE 6. Comparison of the objective functions 

Objective functions Isler shell Starting position 
Optimized Solutions 

Solution-1 Solution-2 Solution-3 Solution-4 Solution-5 

t Thickness (cm) 8 8 8 8 19 17 8 

f1 Total mass (kg) 110022.8248 93214.154691 98080.815803 110570.452284 301837.474533 253604.394806 109828.6 

f2 Deflection (cm) 0.5357 0.711381 1.035417 0.344302 0.058893 0.074598 0.535816 

f3 Strain energy (kNm) 0.39055 0.643162 0.67408 0.31626 0.070759 0.082373 0.333121 

 

 

 
Figure 12. Optimized solution in Pareto Frontier (blue dots) and Isler model (red dot) 

 

 

basic understanding of the load paths; however, these 

methods are not able to consider other criteria in the 

design, such as acoustic, energy, environmental and other 

criteria. 

It is worth note that however, if we consider other 

criteria in design, such as the structure's acoustic, energy, 

and environmental performance, the result provided by 

the hanging method will be different from the fittest 

solution. 
 
 

4. CONCLUSION 
 

This study presented the optimal design solution based 

on structural performance by minimizing three objective 

functions. The topology and thickness of the thin, 

lightweight shell structure were optimized by minimizing 

the structure's total weight, deflection, and strain energy.   

We have utilized the non-dominated sorting multi-

objective, multi-criteria genetic algorithm in the 

computational design of thin shell structures. In our 

workflow, we combined a parametric model, multiple 

components for measuring defined objectives, and the 

metaheuristic algorithm (NSGA-II) which was coded in 

Python. Utilizing metaheuristic algorithms in the design 

will provide diverse optimal solutions instead of one 

single solution. To show the effectiveness of this 

metaheuristic algorithm in structural optimization, we 

have employed it in a case study for topology and 

thickness optimization of a shell, which was form-

founded based on the hanging model method. By 

utilizing MOGA, we were able to find a solution with less 

weight and less deflection while being stiffer, which 

confirms the practicality of this method. However, a 

comparison of the results of the Isler concrete thin shell 

as the base model and the optimized model reveals that 

since our objective function was the structural 

performance of the shell, there are a set of diverse 
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solutions in the provided Pareto front that are similar to 

the Isler solution (for instance, see solutions 2 and 5 in 

Table 5 and Figure 12). This result indicates that MOO is 

a reliable method for form-finding and optimization and 

is able to generate accurate and good results. 

 

 

5. FUTURE RESEARCH DIRECTION 
 

Based on the existing limitation in current methods, 

suggestions for the future research direction could be 

listed as follows: 

• Utilizing more criteria and objective functions in 

the design of concrete thin shell structures, such as 

‘Embodied Carbon assessment,' ‘life cycle 

assessment,' cost, measuring energy performance, 

acoustic performance of the structure, and 

considering fabrication methods as an objective and 

other criteria. 

• Utilizing other metaheuristic algorithms in the 

design of thin shell structures that have not been 

employed before, such as Particle swarm 

optimization algorithm, Graywolf optimization 

algorithm, Dolphin Echolocation algorithms, and 

other algorithms, to compare the convergence rate, 

accuracy, and speed of these algorithms. 

• Developing a scientific method to select a final 

solution from the set of optimal solutions in the 

Pareto Frontier. 

• Utilizing Machine Learning techniques (76) to find 

the optimal design solutions, constructing reliable 

Datasets, and training algorithms to find optimal 

solutions (prediction) even without computing (77), 

(78).  
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10. APPENDIX 
 

TABLE 7. Abbreviations Table 

SOO 
Simple objective 

optimization 
DM Decision Maker 

MOO 
Multi-objective 

optimization 
GA Genetic Algorithm 

NURBS 
Non-Uniform 

Rational B-spline 
PSO 

Particle Swarm 

Optimization 

NSGA-II 

Non-dominated 

Sorting Genetic 
Algorithm 

DE 
differential evolution 

(DE) algorithm 

MOGA 
Multi-objective 

Genetic Algorithm 
PF Pareto Optimal Front 

MOGWO 
Multi-objective 

gray wolf optimizer 
BESO 

Bi-directional 

Evolutionary Structural 
Optimization algorithm 
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Persian Abstract 

 چکیده 
  ی رساند در حالی آنها را به حداقل م کی الاست  یانرژ رییو تغ  قائم  وزن، انحرافشده است که نازک ارائه   وستهیپ ی پوسته بتن یهاسازهشکل و ضخامت ی سازنهیمطالعه به نیادر 

 قیتحق  نی، امورد توجه قرار گرفته استتک هدفه    یساز  نهیبهبیشتر  که    یرساند. برخلاف مطالعات قبلیرا به حداقل م  صالحکند و مصرف میرا برآورده م  یکه الزامات عملکرد

کند. گردش ی م  ز یمطالعه را متما  نیاکه  منعکس نشده است    یقبل  قات یاز توابع هدف در تحق  ب یترک  نیهدفه تمرکز دارد. اچند  یسازنهیبر به  ،با در نظر گرفتن سه تابع هدف

چندهدفه   ک یژنت  تم یالگور  ،یفراابتکار  تمیالگور  ک یو    نوی را  هاپرگرس توابع هدف در    ی ریاندازه گ  یمتعدد برا  یمؤلفه ها  ،یکمدل پارامتر  کیشامل    ی محاسبات  ی کار طراح

ابزار جستجو است که  NSGA-IIغالب )ر یغ  یسازمرتب  به عنوان  برنامه نویسی  (،  ا   کدنویسی  پایتون در زبان  امکان م   ن یشده است.  ما  به  تا فرمی گردش کار  و    یابیدهد 

پوسته شناخته شده   کی  در  ی، مطالعه مورد  کیما آن را در    ،هازهسا  یسازنهیدر به  یفراابتکار  تمیالگور  نیا  موثر بودندادن    ننشا  ی. برامیرا به طور همزمان انجام ده  یسازنهیبه

 2-پاسخمشابه    با  یتقر  1-پاسخکه اگرچه وزن    دهدی نشان م   شده  نه یبه  جینتا از  نمونهچند   ری . تفاسمیبه کار برد  آویختهمدل  ی کیزیف  سازیشبیه   کیشده با استفاده از تکن   یطراح

  ب یبه ترت دارد که    2  پاسخو    1  پاسخاز    یکمتر   یبه طور قابل توجه  یکرنش  ی و انرژ  قائم  ، با جرم سه برابر، انحراف3-پاسخدارد.    یکمتر   قائم  انحرافی و  کرنشی  است، اما انرژ

 بهینه سازی چندهدفه   ج ینتا سهیمقا  ن،یدهند. علاوه بر ا  ی نشان می کرنش  انرژی   و   انحراف قائم  ای بهتری در عملکرد سازه   4-پاسخ و  3-پاسخاست.  کمتر    ٪17  و   ٪50از    شیب

  د ییرا تأ این روشبودن  کاربردیکرد و   دایتر پختسای سازهحال  نیکمتر و در ع قائم با وزن و انحراف ایپاسخ سازه روش  نینشان داد که ا Isler ایسلرطرح شده  با پوسته

 کند.یم جادیا قابل قبولیو  قی دق جیاست که نتا های پوستهسازنهیو به یابیفرم یقابل اعتماد برا یروش سازی چندهدفهبهینهمطالعه نشان داد که  نیکرد. ا
 
 

 
 

 


